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Foreword

This volume contains the main papers presented at the International Conference
on Analytic Tableaux and Related Methods (TABLEAUX 2000) held on July
3–7, 2000 in St Andrews, Scotland. This conference succeeded other meetings on
the same topic held in Lautenbach (1992), Marseille (1993), Abingdon (1994),
St Goar (1995), Terrasini (1996), Pont-à-Mousson (1997), Oisterwijk (1998) and
Saratoga Springs (1999).

Tableaux and related methods, such as Gentzen calculi, are convenient and
effective for automating deduction not just in classical logic but also in various
non-standard logics. Examples taken from this meeting alone include temporal,
description, non-monotonic, tense, modal, epistemic, fuzzy and intuitionistic lo-
gics. Areas of application include verification of software and computer systems,
deductive databases, knowledge representation and system diagnosis. The con-
ference brought together researchers interested in all aspects – theoretical foun-
dations, implementation techniques, systems development, experimental compa-
rison and applications – of the automation of reasoning by means of tableaux or
related methods.

Each research paper was formally evaluated by three referees, mainly mem-
bers of the programme committee. From the 42 submissions received, 23 original
research papers and 2 original system descriptions were chosen by the programme
committee for presentation at the conference and for inclusion in these procee-
dings, together with the 3 invited lectures. Also included are a summary of
the non-classical systems Comparison (TANCS), descriptions of the Compari-
son entries, and the titles and authors of position papers and tutorials, which
were also presented at the conference. Eight systems designers expressed inte-
rest for TANCS: two abandoned submission plans because of inefficiency and one
because of unsoundness. All submitted systems were installed (a most painful
process) and checked for soundness: submitted data were sampled for coherence.

Acknowledgements First, I thank my colleagues Andrew Adams, Helen
Bremner, Martin Dunstan, Brian McAndie and Joy Thomson, who helped with
secretarial and technical aspects of the conference, Second, I thank my students
Hanne Gottliebsen and Mairead Nı́ Eineachain for their practical help. Third,
I thank the PC members and other referees for their tireless work reviewing
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year’s meeting). Fourth, I thank Peter Schmitt for his encouragement to organise
the meeting at St Andrews and for his guiding role in the development of the
TABLEAUX series. Finally, I thank the authors (e.g. for their patience with my
strictures about style and typography), the speakers, the tutorial organisers, the
Comparison entrants, and, last but not least, the sponsors.
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Matthias Baaz, Christian Fermüller and Helmut Veith . . . . . . . . . . . . . . . . . . 112
A Tableau Method for Inconsistency-Adaptive Logics

Diderik Batens and Joke Meheus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
A Tableau Calculus for Integrating First-Order and
Elementary Set Theory Reasoning

Domenico Cantone and Calogero G. Zarba . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
Hypertableau and Path-Hypertableau Calculi for Some
Families of Intermediate Logics

Agata Ciabattoni and Mauro Ferrari . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .160
Variants of First-Order Modal Logics

Marta Cialdea Mayer and Serenella Cerrito . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175
Complexity of Simple Dependent Bimodal Logics
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Tableau Algorithms for Description Logics

Franz Baader and Ulrike Sattler

Theoretical Computer Science, RWTH Aachen, Germany

Abstract. Description logics are a family of knowledge representation
formalisms that are descended from semantic networks and frames via
the system Kl-one. During the last decade, it has been shown that
the important reasoning problems (like subsumption and satisfiability)
in a great variety of description logics can be decided using tableau-
like algorithms. This is not very surprising since description logics have
turned out to be closely related to propositional modal logics and logics
of programs (such as propositional dynamic logic), for which tableau
procedures have been quite successful.
Nevertheless, due to different underlying intuitions and applications,
most description logics differ significantly from run-of-the-mill modal
and program logics. Consequently, the research on tableau algorithms
in description logics led to new techniques and results, which are, howe-
ver, also of interest for modal logicians. In this article, we will focus on
three features that play an important rôle in description logics (number
restrictions, terminological axioms, and role constructors), and show how
they can be taken into account by tableau algorithms.

1 Introduction

Description logics (DLs) are a family of knowledge representation languages
which can be used to represent the terminological knowledge of an application
domain in a structured and formally well-understood way. The name description
logics is motivated by the fact that, on the one hand, the important notions of
the domain are described by concept descriptions, i.e., expressions that are built
from atomic concepts (unary predicates) and atomic roles (binary predicates)
using the concept and role constructors provided by the particular DL. On the
other hand, DLs differ from their predecessors, such as semantic networks and
frames [44,37], in that they are equipped with a formal, logic-based semantics,
which can, e.g., be given by a translation into first-order predicate logic.

Knowledge representation systems based on description logics (DL systems)
provide their users with various inference capabilities that allow them to deduce
implicit knowledge from the explicitly represented knowledge. For instance, the
subsumption algorithm allows one to determine subconcept-superconcept relati-
onships: C is subsumed by D iff all instances of C are also instances of D, i.e.,
the first description is always interpreted as a subset of the second description.
In order to ensure a reasonable and predictable behaviour of a DL system, the
subsumption problem for the DL employed by the system should at least be

Roy Dyckhoff (Ed.): TABLEAUX 2000, LNAI 1847, pp. 1–18, 2000.
c© Springer-Verlag Berlin Heidelberg 2000



2 F. Baader and U. Sattler

decidable, and preferably of low complexity. Consequently, the expressive power
of the DL in question must be restricted in an appropriate way. If the imposed
restrictions are too severe, however, then the important notions of the appli-
cation domain can no longer be expressed. Investigating this trade-off between
the expressivity of DLs and the complexity of their inference problems has been
one of the most important issues in DL research. Roughly, this research can be
classified into the following four phases.

Phase 1: First system implementations. The original Kl-one system [12] as
well as its early successor systems (such as Back [43], K-Rep [36], and Loom
[35]) employ so-called structural subsumption algorithms, which first normalise
the concept descriptions, and then recursively compare the syntactic structure
of the normalised descriptions (see, e.g., [38] for the description of such an algo-
rithm). These algorithms are usually very efficient (polynomial), but they have
the disadvantage that they are complete only for very inexpressive DLs, i.e., for
more expressive DLs they cannot detect all the existing subsumption relations-
hips (though this fact was not necessarily known to the designers of the early
systems).

Phase 2: First complexity and undecidability results. Partially in parallel with
the first phase, the first formal investigations of the subsumption problem in DLs
were carried out. It turned out that (under the assumption P �= NP) already
quite inexpressive DLs cannot have polynomial subsumption algorithms [10,39],
and that the DL used by the Kl-one system even has an undecidable subsump-
tion problem [49]. In particular, these results showed the incompleteness of the
(polynomial) structural subsumption algorithms. One reaction to these results
(e.g., by the designers of Back and Loom) was to call the incompleteness of the
subsumption algorithm a feature rather than a bug of the DL system. The de-
signers of the Classic system [42,9] followed another approach: they carefully
chose a restricted DL that still allowed for an (almost) complete polynomial
structural subsumption algorithm [8].

Phase 3: Tableau algorithms for expressive DLs and thorough complexity ana-
lysis. For expressive DLs (in particular, DLs allowing for disjunction and/or ne-
gation), for which the structural approach does not lead to complete subsump-
tion algorithms, tableau algorithms have turned out to be quite useful: they are
complete and often of optimal (worst-case) complexity. The first such algorithm
was proposed by Schmidt-Schauß and Smolka [50] for a DL that they called ALC
(for “attributive concept description language with complements”).1 It quickly
turned out that this approach for deciding subsumption could be extended to
various other DLs [28,26,4,1,23] and also to other inference problems such as the
instance problem [24]. Early on, DL researchers started to call the algorithms
obtained this way “tableau-based algorithms” since they observed that the ori-
ginal algorithm by Schmidt-Schauß and Smolka for ALC, as well as subsequent
algorithms for more expressive DL, could be seen as specialisations of the tab-

1 Actually, at that time the authors were not aware of the close connection between
their rule-based algorithm working on constraint systems and tableau procedures for
modal and first-order predicate logics.



Tableau Algorithms for Description Logics 3

leau calculus for first-order predicate logic (the main problem to solve was to find
a specialisation that always terminates, and thus yields a decision procedure).
After Schild [47] showed that ALC is just a syntactic variant of multi-modal K,
it turned out that the algorithm by Schmidt-Schauß and Smolka was actually a
re-invention of the known tableau algorithm for K.

At the same time, the (worst-case) complexity of a various DLs (in particular
also DLs that are not propositionally closed) was investigated in detail [20,21,19].

The first DL systems employing tableau algorithms (Kris [5] and Crack
[13]) demonstrated that (in spite of their high worst-case complexity) these al-
gorithms lead to acceptable behaviour in practice [6]. Highly optimised systems
such as FaCT [30] have an even better behaviour, also for benchmark problems
in modal logics [29,31].

Phase 4: Algorithms and efficient systems for very expressive DLs. Motivated
by applications (e.g., in the database area), DL researchers started to investi-
gate DLs whose expressive power goes far beyond the one of ALC (e.g., DLs
that do not have the finite model property). First decidability and complexity
results for such DLs could be obtained from the connection between propositio-
nal dynamic logic (PDL) and DLs [47]. The idea of this approach, which was
perfected by DeGiacomo and Lenzerini, is to translate the DL in question into
PDL. If the translation is polynomial and preserves satisfiability, then the known
EXPTIME-algorithms for PDL can be employed to decide subsumption in expo-
nential time. Though this approach has produced very strong complexity results
[16,17,18] it turned out to be less satisfactory from a practical point of view.
In fact, first tests in a database application [33] showed that the PDL formulae
obtained by the translation technique could not be handled by existing efficient
implementations of satisfiability algorithms for PDL [41]. To overcome this pro-
blem, DL researchers have started to design “practical” tableau algorithms for
very expressive DLs [32,33].

The purpose of this article is to give an impression of the work on tableau
algorithms done in the DL community, with an emphasis on features that, though
they may also occur in modal logics, are of special interest to description logics.
After introducing some basic notions of description logics in Section 2, we will
describe a tableau algorithm for ALC in Section 3. Although, from the modal
logic point of view, this is just the well-known algorithm for multi-modal K, this
section will introduce the notations and techniques used in description logics,
and thus set the stage for extensions to more interesting DLs. In the subsequent
three section we will show how the basic algorithm can be extended to one
that treats number restrictions, terminological axioms, and role constructors of
different expressiveness, respectively.

2 Description Logics: Basic Definitions

The main expressive means of description logics are so-called concept descripti-
ons, which describe sets of individuals or objects. Formally, concept descriptions
are inductively defined with the help of a set of concept constructors, starting
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Table 1. Syntax and semantics of concept descriptions.

Construct name Syntax Semantics
negation ¬C ΔI \ CI

conjunction C �D CI ∩DI

disjunction C �D CI ∪DI

existential restriction ∃r.C {x ∈ ΔI | ∃y : (x, y) ∈ rI ∧ y ∈ CI}
value restriction ∀r.C {x ∈ ΔI | ∀y : (x, y) ∈ rI → y ∈ CI}
at-least restriction (�nr.C) {x ∈ ΔI | #{y ∈ ΔI | (x, y) ∈ rI ∧ y ∈ CI} ≥ n}
at-most restriction (�nr.C) {x ∈ ΔI | #{y ∈ ΔI | (x, y) ∈ rI ∧ y ∈ CI} ≤ n}

with a set NC of concept names and a set NR of role names. The available con-
structors determine the expressive power of the DL in question. In this paper,
we consider concept descriptions built from the constructors shown in Table 1,
where C,D stand for concept descriptions, r for a role name, and n for a non-
negative integer. In the description logic ALC, concept descriptions are formed
using the constructors negation, conjunction, disjunction, value restriction, and
existential restriction. The description logic ALCQ additionally provides us with
(qualified) at-least and at-most number restrictions.

The semantics of concept descriptions is defined in terms of an interpretation
I = (ΔI , ·I). The domain ΔI of I is a non-empty set of individuals and the
interpretation function ·I maps each concept name P ∈ NC to a set P I ⊆ ΔI

and each role name r ∈ NR to a binary relation rI ⊆ ΔI×ΔI . The extension of
·I to arbitrary concept descriptions is inductively defined, as shown in the third
column of Table 1.

From the modal logic point of view, roles are simply names for accessibility
relations, and existential (value) restrictions correspond to diamonds (boxes) in-
dexed by the respective accessibility relation. Thus, any ALC description can be
translated into a multi-modal formula and vice versa. For example, the descrip-
tion P � ∃r.P � ∀r.¬P corresponds to the formula p ∧ 〈r〉p ∧ [r]¬p, where p is
an atomic proposition corresponding to the concept name P . As pointed out by
Schild [47], there is an obvious correspondence between the semantics of ALC
and the Kripke semantics for multi-modal K, which satisfies d ∈ CI iff the world
d satisfies the formula φC corresponding to C in the Kripke structure correspon-
ding to I. Number restrictions also have a corresponding construct in modal
logics, so-called graded modalities [53], but these are not as well-investigated as
the modal logic K.

One of the most important inference services provided by DL systems is
computing the subsumption hierarchy of a given finite set of concept descriptions.

Definition 1. The concept description D subsumes the concept description C
(C � D) iff CI ⊆ DI for all interpretations I; C is satisfiable iff there exists
an interpretation I such that CI �= ∅; and C and D are equivalent iff C � D
and D � C.
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In the presence of negation, subsumption can obviously be reduced to satisfia-
bility: C � D iff C � ¬D is unsatisfiable.2

Given concept descriptions that define the important notions of an applica-
tion domain, one can then describe a concrete situation with the help of the
assertional formalism of description logics.

Definition 2. Let NI be a set of individual names. An ABox is a finite set of
assertions of the form C(a) ( concept assertion) or r(a, b) ( role assertion), where
C is a concept description, r a role name, and a, b are individual names.

An interpretation I, which additionally assigns elements aI ∈ ΔI to indivi-
dual names a, is a model of an ABox A iff aI ∈ CI ((aI , bI) ∈ rI) holds for
all assertions C(a) (r(a, b)) in A.

The Abox A is consistent iff it has a model. The individual a is an instance
of the description C w.r.t. A iff aI ∈ CI holds for all models I of A.

Satisfiability (and thus also subsumption) of concept descriptions as well as the
instance problem can be reduced to the consistency problem for ABoxes: (i) C
is satisfiable iff the ABox {C(a)} for some a ∈ NI is consistent; and (ii) a is an
instance of C w.r.t. A iff A ∪ {¬C(a)} is inconsistent.

Usually, one imposes the unique name assumption on ABoxes, i.e., requires
the mapping from individual names to elements of ΔI to be injective. Here, we
dispense with this requirement since it has no effect for ALC, and for DLs with
number restrictions we will explicitly introduce inequality assertions, which can
be used to express the unique name assumption.

3 A Tableau Algorithm for ALC
Given an ALC-concept description C0, the tableau algorithm for satisfiability
tries to construct a finite interpretation I that satisfies C0, i.e., contains an ele-
ment x0 such that x0 ∈ CI

0 . Before we can describe the algorithm more formally,
we need to introduce an appropriate data structure in which to represent (partial
descriptions of) finite interpretations. The original paper by Schmidt-Schauß and
Smolka [50], and also many other papers on tableau algorithms for DLs, intro-
duce the new notion of a constraint system for this purpose. However, if we look
at the information that must be expressed (namely, the elements of the inter-
pretation, the concept descriptions they belong to, and their role relationships),
we see that ABox assertions are sufficient for this purpose.

It will be convenient to assume that all concept descriptions are in negation
normal form (NNF), i.e., that negation occurs only directly in front of con-
cept names. Using de Morgan’s rules and the usual rules for quantifiers, any
ALC-concept description can be transformed (in linear time) into an equivalent
description in NNF.

Let C0 be an ALC-concept in NNF. In order to test satisfiability of C0,
the algorithm starts with A0 := {C0(x0)}, and applies consistency preserving
2 This was the reason why Schmidt-Schauß and Smolka [50] added negation to their

DL in the first place.
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The →�-rule
Condition: A contains (C1�C2)(x), but it does not contain both C1(x) and C2(x).
Action: A′ := A ∪ {C1(x), C2(x)}.

The →�-rule
Condition: A contains (C1 � C2)(x), but neither C1(x) nor C2(x).
Action: A′ := A ∪ {C1(x)}, A′′ := A ∪ {C2(x)}.

The →∃-rule
Condition: A contains (∃r.C)(x), but there is no individual name z such that

C(z) and r(x, z) are in A.
Action: A′ := A∪{C(y), r(x, y)} where y is an individual name not occurring in A.

The →∀-rule
Condition: A contains (∀r.C)(x) and r(x, y), but it does not contain C(y).
Action: A′ := A ∪ {C(y)}.

Fig. 1. Transformation rules of the satisfiability algorithm for ALC.

transformation rules (see Fig. 1) to this ABox. The transformation rule that
handles disjunction is nondeterministic in the sense that a given ABox is trans-
formed into two new ABoxes such that the original ABox is consistent iff one
of the new ABoxes is so. For this reason we will consider finite sets of ABoxes
S = {A1, . . . ,Ak} instead of single ABoxes. Such a set is consistent iff there is
some i, 1 ≤ i ≤ k, such that Ai is consistent. A rule of Fig. 1 is applied to a
given finite set of ABoxes S as follows: it takes an element A of S, and replaces
it by one ABox A′ or by two ABoxes A′ and A′′.

Definition 3. An ABox A is called complete iff none of the transformation
rules of Fig. 1 applies to it. The ABox A contains a clash iff {P (x),¬P (x)} ⊆ A
for some individual name x and some concept name P . An ABox is called closed
if it contains a clash, and open otherwise.

The satisfiability algorithm for ALC works as follows. It starts with the
singleton set of ABoxes {{C0(x0)}}, and applies the rules of Fig. 1 (in arbitrary
order) until no more rules apply. It answers “satisfiable” if the set Ŝ of ABo-
xes obtained this way contains an open ABox, and “unsatisfiable” otherwise.
Correctness of this algorithm is an easy consequence of the following lemma.

Lemma 1. Let C0 be an ALC-concept in negation normal form.

1. There cannot be an infinite sequence of rule applications

{{C0(x0)}} → S1 → S2 → · · · .

2. Assume that S ′ is obtained from the finite set of ABoxes S by application of
a transformation rule. Then S is consistent iff S ′ is consistent.
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3. Any closed ABox A is inconsistent.
4. Any complete and open ABox A is consistent.

The first part of this lemma (termination) is an easy consequence of the facts
that (i) all concept assertions occurring in an ABox in one of the sets Si are of
the form C(x) were C is a subdescription of C0; and (ii) if an ABox in Si contains
the role assertion r(x, y), then the maximal role depth (i.e., nesting of value and
existential restrictions) of concept descriptions occurring in concept assertions
for y is strictly smaller than the maximal role depth of concept descriptions
occurring in concept assertions for x. A detailed proof of termination (using an
explicit mapping into a well-founded ordering) for a set of rules extending the
one of Fig. 1 can, e.g., be found in [4].

The second and third part of the lemma are quite obvious, and the fourth
part can be proved by defining the canonical interpretation IA induced by A:

1. The domain ΔIA of IA consists of all the individual names occurring in A.
2. For all concept names P we define P IA := {x | P (x) ∈ A}.
3. For all role names r we define rIA := {(x, y) | r(x, y) ∈ A}.

By definition, IA satisfies all the role assertions in A. By induction on the
structure of concept descriptions, it is easy to show that it satisfies the concept
assertions as well, provided that A is complete and open.

It is also easy to show that the canonical interpretation has the shape of a
finite tree whose depth is linearly bounded by the size of C0 and whose branching
factor is bounded by the number of different existential restrictions in C0. Con-
sequently, ALC has the finite tree model property , i.e., any satisfiable concept
C0 is satisfiable in a finite interpretation I that has the shape of a tree whose
root belongs to C0.

To sum up, we have seen that the transformation rules of Fig. 1 reduce
satisfiability of an ALC-concept C0 (in NNF) to consistency of a finite set Ŝ of
complete ABoxes. In addition, consistency of Ŝ can be decided by looking for
obvious contradictions (clashes).

Theorem 1. It is decidable whether or not an ALC-concept is satisfiable.

Complexity issues. The satisfiability algorithm for ALC presented above may
need exponential time and space. In fact, the size of the complete and open
ABox (and thus of the canonical interpretation) built by the algorithm may be
exponential in the size of the concept description. For example, consider the
descriptions Cn (n ≥ 1) that are inductively defined as follows:

C1 := ∃r.A � ∃r.B,

Cn+1 := ∃r.A � ∃r.B � ∀r.Cn.

Obviously, the size of Cn grows linearly in n. However, given the input descrip-
tion Cn, the satisfiability algorithm generates a complete and open ABox whose
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canonical interpretation is a binary tree of depth n, and thus consists of 2n+1−1
individuals.

Nevertheless, the algorithm can be modified such that it needs only poly-
nomial space. The main reason is that different branches of the tree model to
be generated by the algorithm can be investigated separately, and thus the tree
can be built and searched in a depth-first manner. Since the complexity class
NPSPACE coincides with PSPACE [46], it is sufficient to describe a nondeter-
ministic algorithm using only polynomial space, i.e., for the nondeterministic
→�-rule, we may simply assume that the algorithm chooses the correct alterna-
tive. In principle, the modified algorithm works as follows: it starts with {C0(x0)}
and

1. applies the →�- and →�-rules as long as possible and checks for clashes;
2. generates all the necessary direct successors of x0 using the →∃-rule and

exhaustively applies the →∀-rule to the corresponding role assertions;
3. successively handles the successors in the same way.

Since the successors of a given individual can be treated separately, the algorithm
needs to store only one path of the tree model to be generated, together with
the direct successors of the individuals on this path and the information which
of these successors must be investigated next. Since the length of the path is
linear in the size of the input description C0, and the number of successors is
bounded by the number of different existential restrictions in C0, the necessary
information can obviously be stored within polynomial space.

This shows that the satisfiability problem for ALC-concept descriptions is
in PSPACE. PSPACE-hardness can be shown by a reduction from validity of
Quantified Boolean Formulae [50].

Theorem 2. Satisfiability of ALC-concept descriptions is PSPACE-complete.

The consistency problem for ALC-ABoxes. The satisfiability algorithm
described above can also be used to decide consistency of ALC-ABoxes. Let A0
be an ALC-ABox such that (w.l.o.g.) all concept descriptions in A are in NNF.
To test A0 for consistency, we simply apply the rules of Fig. 1 to the singleton
set {A0}. It is easy to show that Lemma 1 still holds. Indeed, the only point that
needs additional consideration is the first one (termination). Thus, the rules of
Fig. 1 yield a decision procedure for consistency of ALC-ABoxes.

Since now the canonical interpretation obtained from a complete and open
ABox need no longer be of tree shape, the argument used to show that the sa-
tisfiability problem is in PSPACE cannot directly be applied to the consistency
problem. In order to show that the consistency problem is in PSPACE, one can,
however, proceed as follows: In a pre-completion step, one applies the transfor-
mation rules only to old individuals (i.e., individuals present in the original ABox
A0). Subsequently, one can forget about the role assertions, i.e., for each indivi-
dual name in the pre-completed ABox, the satisfiability algorithm is applied to
the conjunction of its concept assertions (see [25] for details).

Theorem 3. Consistency of ALC-ABoxes is PSPACE-complete.
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4 Number Restrictions

Before treating the qualified number restrictions introduced in Section 2, we
consider a restricted form of number restrictions, which is the form present in
most DL systems. In unqualified number restrictions, the qualifying concept is
the top concept �, where � is an abbreviation for P �¬P , i.e., a concept that is
always interpreted by the whole interpretation domain. Instead of (�nr.�) and
(�nr.�), we write unqualified number restrictions simply as (�nr) and (�nr).
The DL that extends ALC by unqualified number restrictions is denoted by
ALCN .

Obviously, ALCN - and ALCQ-concept descriptions can also be transformed
into NNF in linear time.

4.1 A Tableau Algorithm for ALCN
The main idea underlying the extension of the tableau algorithm for ALC to
ALCN is quite simple. At-least restrictions are treated by generating the requi-
red role successors as new individuals. At-most restrictions that are currently
violated are treated by (nondeterministically) identifying some of the role suc-
cessors. To avoid running into a generate-identify cycle, we introduce explicit
inequality assertions that prohibit the identification of individuals that were
introduced to satisfy an at-least restriction.

Inequality assertions are of the form x � .= y for individual names x, y, with
the obvious semantics that an interpretation I satisfies x � .= y iff xI �= yI . These
assertions are assumed to be symmetric, i.e., saying that x � .= y belongs to an
ABox A is the same as saying that y � .= x belongs to A.

The satisfiability algorithm for ALCN is obtained from the one for ALC by
adding the rules in Fig. 2, and by considering a second type of clashes:

– {(�nr)(x)} ∪ {r(x, yi) | 1 ≤ i ≤ n + 1} ∪ {yi � .= yj | 1 ≤ i < j ≤ n + 1} ⊆ A
for x, y1, . . . , yn+1 ∈ NI , r ∈ NR, and a nonnegative integer n.

The nondeterministic →≤-rule replaces the ABox A by finitely many new ABo-
xes Ai,j . Lemma 1 still holds for the extended algorithm (see e.g. [7], where this
is proved for a more expressive DL). This shows that satisfiability (and thus also
subsumption) of ALCN -concept descriptions is decidable.

Complexity issues. The ideas that lead to a PSPACE algorithm for ALC can
be applied to the extended algorithm as well. The only difference is that, before
handling the successors of an individual (introduced by at-least and existential
restrictions), one must check for clashes of the second type and generate the
necessary identifications. However, this simple extension only leads to a PSPACE
algorithm if we assume the numbers in at-least restrictions to be written in base
1 representation (where the size of the representation coincides with the number
represented). For bases larger than 1 (e.g., numbers in decimal notation), the
number represented may be exponential in the size of the representation. Thus,
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The →≥-rule
Condition: A contains (�nr)(x), and there are no individual names z1, . . . , zn

such that r(x, zi) (1 ≤ i ≤ n) and zi  .= zj (1 ≤ i < j ≤ n) are contained in A.
Action: A′ := A ∪ {r(x, yi) | 1 ≤ i ≤ n} ∪ {yi  .= yj | 1 ≤ i < j ≤ n}, where

y1, . . . , yn are distinct individual names not occurring in A.

The →≤-rule
Condition: A contains distinct individual names y1, . . . , yn+1 such that (�nr)(x)

and r(x, y1), . . . , r(x, yn+1) are in A, and yi  .= yj is not in A for some i = j.
Action: For each pair yi, yj such that i < j and yi  .= yj is not in A, the ABox

Ai,j := [yi/yj ]A is obtained from A by replacing each occurrence of yi by yj .

Fig. 2. The transformation rules handling unqualified number restrictions.

we cannot introduce all the successors required by at-least restrictions while only
using space polynomial in the size of the concept description if the numbers in
this description are written in decimal notation.

It is not hard to see, however, that most of the successors required by the at-
least restrictions need not be introduced at all. If an individual x obtains at least
one r-successor due to the application of the→∃-rule, then the→≥-rule need not
be applied to x for the role r. Otherwise, we simply introduce one r-successor
as representative. In order to detect inconsistencies due to conflicting number
restrictions, we need to add another type of clashes: {(�nr)(x), (�mr)(x)} ⊆ A
for nonnegative integers n < m. The canonical interpretation obtained by this
modified algorithm need not satisfy the at-least restrictions in C0. However, it
can easily by modified to an interpretation that does, by duplicating r-successors
(more precisely, the whole subtrees starting at these successors).

Theorem 4. Satisfiability of ALCN -concept descriptions is PSPACE-complete.

The consistency problem for ALCN -ABoxes. Just as for ALC, the exten-
ded rule set for ALCN can also be applied to arbitrary ABoxes. Unfortunately,
the algorithm obtained this way need not terminate, unless one imposes a specific
strategy on the order of rule applications. For example, consider the ABox

A0 := {r(a, a), (∃r.P )(a), (�1r)(a), (∀r.∃r.P )(a)}.

By applying the →∃-rule to a, we can introduce a new r-successor x of a:

A1 := A0 ∪ {r(a, x), P (x)}.

The →∀-rule adds the assertion (∃r.P )(x), which triggers an application of the
→∃-rule to x. Thus, we obtain the new ABox

A2 := A1 ∪ {(∃r.P )(x), r(x, y), P (y)}.
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The →choose-rule
Condition: A contains (�nr.C)(x) and r(x, y), but neither C(y) nor ¬C(y).
Action: A′ := A ∪ {C(y)}, A′′ := A ∪ {¬C(y)}.

Fig. 3. The →choose-rule for qualified number restrictions.

Since a has two r-successors in A2, the →≤-rule is applicable to a. By replacing
every occurrence of x by a, we obtain the ABox

A3 := A0 ∪ {P (a), r(a, y), P (y)}.

Except for the individual names (and the assertion P (a), which is, however,
irrelevant), A3 is identical to A1. For this reason, we can continue as above to
obtain an infinite chain of rule applications.

We can easily regain termination by requiring that generating rules (i.e., the
rules →∃ and →≥) may only be applied if none of the other rules is applicable.
In the above example, this strategy would prevent the application of the →∃-
rule to x in the ABox A1 ∪ {(∃r.P )(x)} since the →≤-rule is also applicable.
After applying the →≤-rule (which replaces x by a), the →∃-rule is no longer
applicable since a already has an r-successor that belongs to P .

In order to obtain a PSPACE algorithm for consistency of ALCN -ABoxes,
the pre-completion technique sketched above for ALC can also be applied to
ALCN [25].

Theorem 5. Consistency of ALCN -ABoxes is PSPACE-complete.

4.2 A Tableau Algorithm for ALCQ
An obvious idea when attempting to extend the satisfiability algorithm for
ALCN to one that can handle ALCQ is the following (see [53]):

– Instead of simply generating n new r-successors y1, . . . , yn in the →≥-rule,
one also asserts that these individuals must belong to the qualifying concept
C by adding the assertions C(yi) to A′.

– The →≤-rule only applies if A also contains the assertions C(yi) (1 ≤ i ≤
n + 1).

Unfortunately, this does not yield a correct algorithm for satisfiability in ALCQ.
In fact, this simple algorithm would not detect that the concept description
(�3r) � (�1r.P ) � (�1r.¬P ) is unsatisfiable. The (obvious) problem is that,
for some individuals a and concept descriptions C, the ABox may neither con-
tain C(a) nor ¬C(a), whereas in the canonical interpretation constructed from
the ABox, one of the two must hold. In order to overcome this problem, the
nondeterministic →choose-rule of Fig. 3 must be added [26]. Together with the
→choose-rule, the simple modification of the →≥- and →≤-rule described above
yields a correct algorithm for satisfiability in ALCQ [26].
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Complexity issues. The approach that leads to a PSPACE-algorithm for ALC
can be applied to the algorithm for ALCQ as well. However, as with ALCN , this
yields a PSPACE-algorithm only if the numbers in number restrictions are assu-
med to be written in base 1 representation. For ALCQ, the idea that leads to a
PSPACE-algorithm for ALCN with decimal notation does no longer work: it is
not sufficient to introduce just one successor as representative for the role suc-
cessors required by at-least restrictions. Nevertheless, it is possible to design a
PSPACE-algorithm for ALCQ also w.r.t. decimal notation of numbers [52]. Like
the PSPACE-algorithm for ALC, this algorithm treats the successors separately.
It uses appropriate counters (and a new type of clashes) to check whether quali-
fied number restrictions are satisfied. By combining the pre-completion approach
of [25] with this algorithm, we also obtain a PSPACE-result for consistency of
ALCQ-ABoxes.

Theorem 6. Satisfiability of ALCQ-concept descriptions as well as consistency
of ALCQ-ABoxes are PSPACE-complete problems.

5 Terminological Axioms

DLs systems usually provide their users also with a terminological formalism.
In its simplest form, this formalism can be used to introduce names for complex
concept descriptions. More general terminological formalisms can be used to
state connections between complex concept descriptions.

Definition 4. A TBox is a finite set of terminological axioms of the form C
.=

D, where C,D are concept descriptions. The terminological axiom C
.= D is

called concept definition iff C is a concept name.
An interpretation I is a model of the TBox T iff CI = DI holds for all

terminological axioms C
.= D in T .

The concept description D subsumes the concept description C w.r.t. the
TBox T (C �T D) iff CI ⊆ DI for all models I of T ; C is satisfiable w.r.t. T
iff there exists a model I of T such that CI �= ∅. The Abox A is consistent w.r.t.
T iff it has a model that is also a model of T . The individual a is an instance
of C w.r.t. A and T iff aI ∈ CI holds for each model I of A and T .

In the following, we restrict our attention to terminological reasoning (i.e.,
the satisfiability and subsumption problem) w.r.t. TBoxes; however, the me-
thods and results also apply to assertional reasoning (i.e., the instance and the
consistency problem for ABoxes).

5.1 Acyclic Terminologies

The early DL systems provided TBoxes only for introducing names as abbrevia-
tions for complex descriptions. This is possible with the help of acyclic termino-
logies.
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Definition 5. A TBox is an acyclic terminology iff it is a set of concept defi-
nitions that neither contains multiple definitions nor cyclic definitions. Multiple
definitions are of the form A

.= C,A
.= D for distinct concept descriptions C,D,

and cyclic definitions are of the form A1
.= C1, . . . , An

.= Cn, where Ai occurs
in Ci−1 (1 < i ≤ n) and A1 occurs in Cn. If the acyclic terminology T contains
a concept definition A

.= C, then A is called defined name and C its defining
concept.

Reasoning w.r.t. acyclic terminologies can be reduced to reasoning without
TBoxes by unfolding the definitions: this is achieved by repeatedly replacing
defined names by their defining concepts until no more defined names occur.
Unfortunately, unfolding may lead to an exponential blow-up, as the following
acyclic terminology (due to Nebel [39]) demonstrates:

{A0
.= ∀r.A1 � ∀s.A1, . . . , An−1

.= ∀r.An � ∀s.An}.

This terminology is of size linear in n, but unfolding applied to A0 results in
a concept description containing the name An 2n times. Nebel [39] also shows
that this complexity can, in general, not be avoided: for the DL FL0, which
allows for conjunction and value restriction only, subsumption between concept
descriptions can be tested in polynomial time, whereas subsumption w.r.t. acyclic
terminologies is coNP-complete.

For more expressive languages, the presence of acyclic TBoxes may or may
not increase the complexity of the subsumption problem. For example, subsump-
tion of concept descriptions in the language ALC is PSPACE-complete, and so
is subsumption w.r.t. acyclic terminologies [34]. Of course, in order to obtain
a PSPACE-algorithm for subsumption in ALC w.r.t. acyclic terminologies, one
cannot first apply unfolding to the concept descriptions to be tested for sub-
sumption since this may need exponential space. The main idea is that one uses
a tableau algorithm like the one described in Section 3, with the difference that
it receives concept descriptions containing defined names as input. Unfolding is
then done on demand : if the tableau algorithm encounters an assertion of the
form A(x), where A is a name occurring on the left-hand side of a definition
A

.= C in the terminology, then it adds the assertion C(x). However, it does not
further unfold C at this stage. It is not hard to show that this really yields a
PSPACE-algorithm for satisfiability (and thus also for subsumption) of concepts
w.r.t. acyclic terminologies in ALC [34].

Theorem 7. Satisfiability w.r.t. acyclic terminologies is PSPACE-complete in
ALC.

Although this technique also works for many extensions of ALC (such as
ALCN and ALCQ), there are extensions for which it fails. One such example
is the language ALCF , which extends ALC by functional roles as well as agree-
ments and disagreements on chains of functional roles (see, e.g., [34] for the de-
finition of these constructors). Satisfiability of concept descriptions is PSPACE-
complete for this DL [27], but satisfiability of concept descriptions w.r.t. acyclic
terminologies is NEXPTIME-complete [34].
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5.2 General TBoxes

For general terminological axioms of the form C
.= D, where C may also be a

complex description, unfolding is obviously no longer possible. Instead of con-
sidering finitely many such axiom C1

.= D1, . . . , Cn
.= Dn, it is sufficient to

consider the single axiom Ĉ
.= �, where

Ĉ := (¬C1 �D1) � (C1 � ¬D1) � · · · � (¬Cn �Dn) � (Cn � ¬Dn)

and � is an abbreviation for P � ¬P .
The axiom Ĉ

.= � just says that any individual must belong to the concept
Ĉ. The tableau algorithm for ALC introduced in Section 3 can easily be modified
such that it takes this axiom into account: all individuals are simply asserted to
belong to Ĉ. However, this modification may obviously lead to nontermination
of the algorithm.

For example, consider what happens if this algorithm is applied to test con-
sistency of the ABox A0 := {(∃r.P )(x0)} modulo the axiom ∃r.P .= �: the
algorithm generates an infinite sequence of ABoxes A1,A2, . . . and individuals
x1, x2, . . . such that Ai+1 := Ai ∪{r(xi, xi+1), P (xi+1), (∃r.P )(xi+1)}. Since all
individuals xi (i ≥ 1) receive the same concept assertions as x1, we may say that
the algorithms has run into a cycle.

Termination can be regained by trying to detect such cyclic computations,
and then blocking the application of generating rules: the application of the
rule →∃ to an individual x is blocked by an individual y in an ABox A iff
{D | D(x) ∈ A} ⊆ {D′ | D′(y) ∈ A}. The main idea underlying blocking is that
the blocked individual x can use the role successors of y instead of generating new
ones. For example, instead of generating a new r-successor for x2 in the above
example, one can simply use the r-successor of x1. This yields an interpretation I
with ΔI := {x0, x1, x2}, P I := {x1, x2}, and rI := {(x0, x1), (x1, x2), (x2, x2)}.
Obviously, I is a model of both A0 and the axiom ∃r.P .= �.

To avoid cyclic blocking (of x by y and vice versa), we consider an enu-
meration of all individual names, and define that an individual x may only be
blocked by individuals y that occur before x in this enumeration. This, together
with some other technical assumptions, makes sure that a tableau algorithm
using this notion of blocking is sound and complete as well as terminating both
for ALC and ALCN (see [14,2] for details).

Theorem 8. Consistency of ALCN -ABoxes w.r.t. TBoxes is decidable.

It should be noted that the algorithm is no longer in PSPACE since it may
generate role paths of exponential length before blocking occurs. In fact, even
for the language ALC, satisfiability modulo general terminological axioms is
known to be EXPTIME-complete [48].

Blocking does not work for all extensions of ALC that have a tableau-based
satisfiability algorithm. An example is again the DL ALCF , for which satisfia-
bility is decidable, but satisfiability w.r.t. general TBoxes undecidable [40,3].



Tableau Algorithms for Description Logics 15

6 Expressive Roles

The DLs considered until now allowed for atomic roles only. There are two ways
of extending the expressivity of DLs w.r.t. roles: adding role constructors and
allowing to constrain the interpretation of roles.

Role constructors can be used to build complex roles from atomic ones. In
the following, we will restrict our attention to the inverse constructor, but other
interesting role constructors have been considered in the literature (e.g., Boolean
operators [15] or composition and transitive closure [1,47]). The inverse r− of a
role name r has the obvious semantics: (r−)I := {(y, x) | (x, y) ∈ rI}.

Constraining the interpretation of roles is very similar to imposing frame con-
ditions in modal logics. One possible such constraint has already been mentioned
in the previous section: in ALCF the interpretation of some roles is required to
be functional. Here, we will consider transitive roles and role hierarchies. In a
DL with transitive roles, a subset N+

R of the set of all role names NR is fixed
[45]. Elements of N+

R must be interpreted by transitive binary relations. (This
corresponds to the frame condition for the modal logic K4.) A role hierarchy is
given by a finite set of role inclusion axioms of the form r � s for roles r, s.
An interpretation I satisfies the role hierarchy H iff rI ⊆ sI holds for each
r � s ∈ H.

DLs with transitive roles and role hierarchies have the nice property that
reasoning w.r.t. TBoxes can be reduced to reasoning without TBoxes using a
technique called internalisation [3,30,32]. Like in Section 5.2, we may assume
that TBoxes are of the form T = {Ĉ .= �}. In SH, the extension of ALC with
transitive roles and role hierarchies, we introduce a new transitive role name
u and assert in the role hierarchy that u is a super-role of all roles occurring
in Ĉ and the concept description C0 to be tested for satisfiability. Then, C0
is satisfiable w.r.t. T iff C � Ĉ � ∀u.Ĉ is satisfiable. Extending this reduction
to inverse roles consists simply in making u also a super-role of the inverse
of each role occurring in Ĉ or C0 [32]. This reduction shows that a tableau
algorithm for SH must also employ some sort of blocking to ensure termination
(see Section 5.2).

Things become even more complex if we consider the DL SHIF , which
extends SH by the inverse of roles and functional roles. In fact, it is easy to
show that SHIF no longer has the finite model property, i.e., there are satis-
fiable SHIF-concept descriptions that are not satisfiable in a finite interpreta-
tion [32]. Instead of directly trying to construct an interpretation that satisfies
C0 (which might be infinite), the tableau algorithm for SHIF introduced in
[32,33] first tries to construct a so-called pre-model, i.e., a structure that can be
“unravelled” to a (possibly infinite) canonical (tree) interpretation. To ensure
termination (without destroying correctness), the algorithm employs blocking
techniques that are more sophisticated than the one described in Section 5.2. In-
terestingly, an optimised implementation of this algorithm in the system I-FaCT
behaves quite well in realistic applications [33]. A refinement of the blocking
techniques employed for SHIF can be used to prove that satisfiability in SI
(i.e., the extension of ALC by transitive and inverse roles) is in PSPACE [51,33].
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Finally, let us briefly comment on the difference between transitive roles and
transitive closure of roles. Transitive closure is more expressive, but it appears
that one has to pay dearly for this. In fact, whereas there exist quite efficient im-
plementations for very expressive DLs with transitive roles, inverse roles, and role
hierarchies (see above), no such implementations are known (to us) for closely
related logics with transitive closure, such as converse-PDL (which is a notatio-
nal variant of the extension of ALC by transitive closure, union, composition,
and inverse of roles [47]). One reason could be that the known tableau algorithm
for converse-PDL [22] requires a “cut” rule, which is massively nondeterministic,
and thus very hard to implement efficiently. An other problem with transitive
closure is that a blocked individual need no longer indicate “success”, as is the
case in DLs with transitive roles (see, e.g., the discussion of “good” and “bad”
cycles in [1]).

References

1. Franz Baader. Augmenting concept languages by transitive closure of roles: An
alternative to terminological cycles. In Proc. of IJCAI-91, Sydney, Australia, 1991.

2. Franz Baader, Martin Buchheit, and Bernhard Hollunder. Cardinality restrictions
on concepts. Artificial Intelligence, 88(1–2):195–213, 1996.

3. Franz Baader, Hans-Jürgen Bürckert, Bernhard Nebel, Werner Nutt, and Gert
Smolka. On the expressivity of feature logics with negation, functional uncertainty,
and sort equations. J. of Logic, Language and Information, 2:1–18, 1993.

4. Franz Baader and Philipp Hanschke. A schema for integrating concrete domains
into concept languages. Technical Report RR-91-10, DFKI, Kaiserslautern, Ger-
many, 1991. An abridged version appeared in Proc. of IJCAI-91.

5. Franz Baader and Bernhard Hollunder. A terminological knowledge representation
system with complete inference algorithm. In Proc. of PDK’91, volume 567 of
LNAI, pages 67–86. Springer-Verlag, 1991.

6. Franz Baader, Bernhard Hollunder, Bernhard Nebel, Hans-Jürgen Profitlich, and
Enrico Franconi. An empirical analysis of optimization techniques for terminologi-
cal representation systems. In Proc. of KR-92, pages 270–281. Morgan Kaufmann,
1992.

7. Franz Baader and Ulrike Sattler. Expressive number restrictions in description
logics. J. of Logic and Computation, 9(3):319–350, 1999.

8. Alexander Borgida and Peter F. Patel-Schneider. A semantics and complete algo-
rithm for subsumption in the CLASSIC description logic. J. of Artificial Intelli-
gence Research, 1:277–308, 1994.

9. Ronald J. Brachman. “Reducing” CLASSIC to practice: Knowledge representation
meets reality. In Proc. of KR-92, pages 247–258. Morgan Kaufmann, 1992.

10. Ronald J. Brachman and Hector J. Levesque. The tractability of subsumption in
frame-based description languages. In Proc. of AAAI-84, pages 34–37, 1984.

11. Ronald J. Brachman and Hector J. Levesque, editors. Readings in Knowledge
Representation. Morgan Kaufmann, 1985.

12. Ronald J. Brachman and James G. Schmolze. An overview of the KL-ONE know-
ledge representation system. Cognitive Science, 9(2):171–216, 1985.



Tableau Algorithms for Description Logics 17

13. Paolo Bresciani, Enrico Franconi, and Sergio Tessaris. Implementing and testing
expressive description logics: Preliminary report. Working Notes of the 1995 De-
scription Logics Workshop, Technical Report, RAP 07.95, Dip. di Inf. e Sist., Univ.
di Roma “La Sapienza”, pages 131–139, Rome (Italy), 1995.

14. Martin Buchheit, Francesco M. Donini, and Andrea Schaerf. Decidable reasoning
in terminological knowledge representation systems. J. of Artificial Intelligence
Research, 1:109–138, 1993.

15. Giuseppe De Giacomo. Decidability of Class-Based Knowledge Representation For-
malisms. PhD thesis, Dip. di Inf. e Sist., Univ. di Roma “La Sapienza”, 1995.

16. Giuseppe De Giacomo and Maurizio Lenzerini. Boosting the correspondence bet-
ween description logics and propositional dynamic logics. In Proc. of AAAI-94,
pages 205–212. AAAI Press/The MIT Press, 1994.

17. Giuseppe De Giacomo and Maurizio Lenzerini. Concept language with number
restrictions and fixpoints, and its relationship with μ-calculus. In A. G. Cohn,
editor, Proc. of ECAI-94, pages 411–415. John Wiley & Sons, 1994.

18. Giuseppe De Giacomo and Maurizio Lenzerini. TBox and ABox reasoning in
expressive description logics. In L. C. Aiello, J. Doyle, and S. C. Shapiro, editors,
Proc. of KR-96, pages 316–327. Morgan Kaufmann, 1996.

19. Francesco M. Donini, Bernhard Hollunder, Maurizio Lenzerini, Alberto Marchetti
Spaccamela, Daniele Nardi, and Werner Nutt. The complexity of existential quan-
tification in concept languages. Artificial Intelligence, 2–3:309–327, 1992.

20. Francesco M. Donini, Maurizio Lenzerini, Daniele Nardi, and Werner Nutt. The
complexity of concept languages. In J. Allen, R. Fikes, and E. Sandewall, editors,
Proc. of KR-91, pages 151–162. Morgan Kaufmann, 1991.

21. Francesco M. Donini, Maurizio Lenzerini, Daniele Nardi, and Werner Nutt. Trac-
table concept languages. In Proc. of IJCAI-91, pages 458–463, Sydney, 1991.

22. Giuseppe De Giacomo and Fabio Massacci. Tableaux and algorithms for proposi-
tional dynamic logic with converse. In Proc. of CADE-96, pages 613–628, 1996.

23. Philipp Hanschke. Specifying role interaction in concept languages. In Proc. of
KR-92, pages 318–329. Morgan Kaufmann, 1992.

24. Bernhard Hollunder. Hybrid inferences in KL-ONE-based knowledge representa-
tion systems. In Proc. of GWAI’90, volume 251 of Informatik-Fachberichte, pages
38–47. Springer-Verlag, 1990.

25. Bernhard Hollunder. Consistency checking reduced to satisfiability of concepts in
terminological systems. Annals of Mathematics and Artificial Intelligence, 18(2–
4):133–157, 1996.

26. Bernhard Hollunder and Franz Baader. Qualifying number restrictions in concept
languages. In Proc. of KR-91, pages 335–346, 1991.

27. Bernhard Hollunder and Werner Nutt. Subsumption algorithms for concept lan-
guages. Technical Report RR-90-04, DFKI, Kaiserslautern, Germany, 1990.

28. Bernhard Hollunder, Werner Nutt, and Manfred Schmidt-Schauß. Subsumption
algorithms for concept description languages. In Proc. of ECAI-90, pages 348–353,
London, 1990. Pitman.

29. Ian Horrocks. The FaCT system. In Harrie de Swart, editor, Proc. of TABLEAUX-
98, volume 1397 of LNAI, pages 307–312. Springer-Verlag, 1998.

30. Ian Horrocks. Using an expressive description logic: FaCT or fiction? In Proc. of
KR-98, pages 636–647, 1998.

31. Ian Horrocks and Peter F. Patel-Schneider. Optimizing description logic subsump-
tion. J. of Logic and Computation, 9(3):267–293, 1999.

32. Ian Horrocks and Ulrike Sattler. A description logic with transitive and inverse
roles and role hierarchies. J. of Logic and Computation, 9(3):385–410, 1999.



18 F. Baader and U. Sattler

33. Ian Horrocks, Ulrike Sattler, and Stephan Tobies. Practical reasoning for expressive
description logics. In Proc. of LPAR’99, LNAI. Springer-Verlag, 1999.

34. Carsten Lutz. Complexity of terminological reasoning revisited. In Proc. of
LPAR’99, volume 1705 of LNAI. Springer-Verlag, 1999.

35. Robert MacGregor. The evolving technology of classification-based knowledge
representation systems. In John F. Sowa, editor, Principles of Semantic Networks,
pages 385–400. Morgan Kaufmann, 1991.

36. Eric Mays, Robert Dionne, and Robert Weida. K-REP system overview. SIGART
Bulletin, 2(3), 1991.

37. Marvin Minsky. A framework for representing knowledge. In J. Haugeland, editor,
Mind Design. The MIT Press, 1981. Republished in [11].

38. Bernhard Nebel. Reasoning and Revision in Hybrid Representation Systems, vo-
lume 422 of LNAI. Springer-Verlag, 1990.

39. Bernhard Nebel. Terminological reasoning is inherently intractable. Artificial
Intelligence, 43:235–249, 1990.

40. Bernhard Nebel. Terminological cycles: Semantics and computational properties.
In John F. Sowa, editor, Principles of Semantic Networks, pages 331–361. Morgan
Kaufmann, 1991.

41. Peter F. Patel-Schneider. DLP. In Proc. of DL’99, pages 9–13. CEUR Electro-
nic Workshop Proceedings, 1999. http://sunsite.informatik.rwth-aachen.de/
Publications/CEUR-WS/Vol-22/.

42. Peter F. Patel-Schneider, Deborah L. McGuiness, Ronald J. Brachman, Lori Alpe-
rin Resnick, and Alexander Borgida. The CLASSIC knowledge representation sy-
stem: Guiding principles and implementation rational. SIGART Bulletin, 2(3):108–
113, 1991.

43. Christof Peltason. The BACK system – an overview. SIGART Bulletin, 2(3):114–
119, 1991.

44. M. Ross Quillian. Word concepts: A theory and simulation of some basic capabi-
lities. Behavioral Science, 12:410–430, 1967. Republished in [11].

45. Ulrike Sattler. A concept language extended with different kinds of transitive
roles. In G. Görz and S. Hölldobler, editors, Proc. of KI’96, volume 1137 of LNAI.
Springer-Verlag, 1996.

46. Walter J. Savitch. Relationship between nondeterministic and deterministic tape
complexities. J. of Computer and System Science, 4:177–192, 1970.

47. Klaus Schild. A correspondence theory for terminological logics: Preliminary re-
port. In Proc. of IJCAI-91, pages 466–471, Sydney, Australia, 1991.

48. Klaus Schild. Terminological cycles and the propositional μ-calculus. In J. Doyle,
E. Sandewall, and P. Torasso, editors, Proc. of KR-94, pages 509–520, Bonn, 1994.
Morgan Kaufmann.

49. Manfred Schmidt-Schauß. Subsumption in KL-ONE is undecidable. In R. J. Brach-
man, H. J. Levesque, and R. Reiter, editors, Proc. of KR-89, pages 421–431. Mor-
gan Kaufmann, 1989.

50. Manfred Schmidt-Schauß and Gert Smolka. Attributive concept descriptions with
complements. Artificial Intelligence, 48(1):1–26, 1991.

51. Edith Spaan. The complexity of propositional tense logics. In Maarten de Rijke,
editor, Diamonds and Defaults, pages 287–307. Kluwer Academic Publishers, 1993.

52. Stephan Tobies. A PSPACE algorithm for graded modal logic. In Proc. of CADE-
99, volume 1632 of LNCS. Springer-Verlag, 1999.

53. Wiebe Van der Hoek and Maarten De Rijke. Counting objects. J. of Logic and
Computation, 5(3):325–345, 1995.



Modality and Databases

Melvin Fitting

Dept. Mathematics and Computer Science
Lehman College (CUNY), Bronx, NY 10468
e-mail: fitting@alpha.lehman.cuny.edu

web page: comet.lehman.cuny.edu/fitting

Abstract. Two things are done in this paper. First, a modal logic in
which one can quantify over both objects and concepts is presented; a
semantics and a tableau system are given. It is a natural modal logic, ex-
tending standard versions, and capable of addressing several well-known
philosophical difficulties successfully. Second, this modal logic is used to
introduce a rather different way of looking at relational databases. The
idea is to treat records as possible worlds, record entries as objects, and
attributes as concepts, in the modal sense. This makes possible an intui-
tively satisfactory relational database theory. It can be extended, by the
introduction of higher types, to deal with multiple-valued attributes and
more complex things, though this is further than we take it here.

1 Introduction

A few years ago my colleague, Richard Mendelsohn, and I finished work on our
book, “First-Order Modal Logic,” [2]. In it, non-rigidity was given an exten-
sive examination, and formal treatments of definite descriptions, designation,
existence, and other issues were developed. I next attempted an extension to
higher-order modal logic. After several false starts (or rather, unsatisfactory
finishes) this was done, and a book-length manuscript is on my web page in-
viting comments, [1]. Carrying out this extension, in turn, led me to rethink
the first-order case. There were two consequences. First, I came to realize that
the approach in our book could be extended, without leaving the first-order le-
vel, to produce a quite interesting logic with a natural semantics and a tableau
proof procedure. And second, I realized that this modal logic provided a natural
alternative setting for relational databases, which are usually treated using first-
order classical logic. In this paper I want to sketch both the modal logic and its
application to databases.

In a full treatment of first-order modal logic, one must be able to discourse
about two kinds of things: individual objects and individual concepts. “George
Washington” and “Millard Fillmore” denote individual objects, while “the Presi-
dent of the United States” denotes an individual concept, which in turn denotes
various individuals at different times. Or again, at the time I am writing this
the year is 2000. This particular year is an individual object. “The current year”
is an individual concept, and will not always denote 2000. In [2] we had quan-
tifiers ranging over individual objects, and constant symbols with values that
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were individual concepts. That was a good combination to elucidate a number
of well-known philosophical problems, but it is not a full picture. In this paper
the formal system presented will have quantifiers over individual objects, and
also a second kind of quantifier ranging over individual concepts. Likewise there
will be two kinds of constant symbols. The system of [2] can be embedded in the
present one. (Of course this is only approximate. In our book we had function
symbols, and we do not have them here. There are other differences as well, but
the embedability claim is essentially correct.) I’ll begin with a presentation of
the logic, and then consider its applications to databases.

In a sense, using the modal logic of this paper to supply a semantics for rela-
tional databases does not give us anything new. We are able to treat things that,
previously, had been treated using classical first-order logic. The modal point of
view is substantially different, and hence interesting, but does not expand our
concept of relational database. The real significance lies in what comes next,
just after the conclusion of this paper. The modal logic presented here is the
first-order fragment of a higher-order modal logic, with both extensional and in-
tensional objects at each level. When such a logic is applied to database theory,
we get a natural setting within which to model multiple-valued relations, relati-
ons having a field whose values are sets of attributes, and more complex things
yet. Think of the present paper, then, as providing a different point of view on
what is generally understood, and as signaling the approach of an extension,
which can be glimpsed down the road.

2 Syntax

The syntax of this version of first-order modal logic is a little more complex than
usual, and so some care must be taken in its presentation.

There are infinitely many variables and constants, in each of two categories:
individual objects and individual concepts. I’ll use lowercase Latin letters x, y,
z as object variables, and lowercase Greek letters α, β, γ as concept variables.
(Based on the notion that the ancient Greeks were the theoreticians, while the
Romans were the engineers.) The Greek letter �, with or without subscripts,
represents a variable of either kind. For constants, I’ll use lowercase Latin letters
such as a, b, c for both kinds, and leave it to context to sort things out.

Definition 1 (Term). A constant symbol or a variable is a term. It is an
object term if it is an individual object variable or constant symbol. Similarly
for concept terms.

If t is a concept term, ↓t is an object term. It is called a relativized term.

The idea is, if t is a concept term, ↓t is intended to designate the object
denoted by t, in a particular context. Sometimes I’ll refer to ↓ as the evaluate at
operator.

Since there are two kinds of variables and constants, assigning an arity to
relation symbols is not sufficient. By a type I mean a finite sequence of o’s and c’s,
such as 〈c, o, c〉. Think of an o as marking an object position and a c as marking
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a concept position. There are infinitely many relation symbols of each type. In
particular there is an equality symbol, =, of type 〈o, o〉. That is, equality is a
relation on individual objects. One could also introduce a notion of equality for
individual concepts, but it will not be needed here. I allow the empty sequence
〈〉 as a type. It corresponds to what are sometimes called propositional letters,
taking no arguments.

Definition 2 (Formula). The set of formulas, and their free variables, is de-
fined as follows.

1. If P is a relation symbol of type 〈〉, it is an atomic formula, and has no free
variables.

2. Suppose R is a relation symbol of type 〈n1, n2, . . . , nk〉 and t1, t2, . . . , tk is
a sequence of terms such that ti is an individual object term if ni = o and
is an individual concept term if ni = c. Then R(t1, t2, . . . , tk) is an atomic
formula. Its free variables are the variable occurrences that appear in it.

3. if X is a formula, so are ¬X, �X, and �X. Free variable occurrences are
those of X.

4. If X and Y are formulas, so are (X ∧ Y ), (X ∨ Y ), and (X ⊃ Y ). Free
variable occurrences are those of X together with those of Y .

5. If X is a formula and � is a variable (of either kind), (∀�)X and (∃�)X are
formulas. Free variable occurrences are those of X, except for occurrences of
�.

6. If X is a formula, � is a variable (again of either kind), and t is a term
of the same kind as �, 〈λ�.X〉(t) is a formula. Free variable occurrences are
those of X, except for occurrences of �, together with those of t.

As usual, parentheses will be omitted from formulas to improve readability.
Also = (x, y) will be written as x = y. And finally, a formula like

〈λ�1.〈λ�2.〈λ�3.X〉(t3)〉(t2)〉(t1)

will be abbreviated by the simpler expression

〈λ�1, �2, �3.X〉(t1, t2, t3)

and similarly for other formulas involving iterated abstractions.

3 Semantics

I will only formulate an S5 logic—the ideas carry over directly to other logics,
but S5 is simplest, the ideas are clearest when stated for it, and it is all that is
actually needed for databases.

Frames essentially disappear, since we are dealing with S5. A model has a
set of possible worlds, but we can take every world to be accessible from every
other, and so no explicit accessibility relation is needed.
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The usual constant/varying domain dichotomy is easily ignored. For first-
order modal logics generally, a constant domain semantics can simulate a varying
domain version, through the use of an explicit existence predicate and the rela-
tivization of quantifiers to it. Here I’ll take object domains to be constant—not
world dependent—which makes things much simpler.

Since the language has two kinds of terms, we can expect models to have
two domains—two sorts, in other words. There will be a domain of individual
objects, and a domain of individual concepts. Concepts will be functions, from
possible worlds to individual objects. It is not reasonable, or desirable, to insist
that all such functions be present. After all, if there are countably many possible
worlds, there would be a continuum of such concept functions even if the set of
individual objects is finite, and this probably cannot be captured by a proof
procedure. But anyway, the notion of an individual concept presupposes a kind
of coherency for that individual concept—not all functions would be acceptable
intuitively. I simply take the notion of individual concept as basic; I do not try
to analyize any coherency condition. It is allowed that some, not necessarily all,
functions can serve as individual concepts.

Definition 3 (Model). A model is a structure M = 〈G,Do,Dc, I〉, where:

1. G is a non-empty set, of possible worlds;
2. Do is a non-empty set, of individual objects;
3. Dc is a non-empty set of functions from G to Do, called individual concepts;
4. I is a mapping that assigns:

a) to each individual object constant symbol some member of Do;
b) to each individual concept constant symbol some member of Dc;
c) to each relation symbol of type 〈〉 a mapping from G to {false, true};
d) to each relation symbol of type 〈n1, n2, . . . , nk〉 a mapping from G to the

power set of Dn1×Dn2×· · ·×Dnk
. It is required that I(=) be the constant

mapping that is identically the equality relation on Do.

Some preliminary machinery is needed before truth in a model can be cha-
racterized.

Definition 4 (Valuation). A valuation v in a model M is a mapping that
assigns to each individual object variable some member of Do, and to each indi-
vidual concept variable some member of Dc.

Definition 5 (Value At). Let M = 〈G,Do,Dc, I〉 be a model, and v be a
valuation in it. A mapping (v ∗ I) is defined, assigning a meaning to each term,
at each possible world. Let Γ ∈ G.

1. If � is a variable, (v ∗ I)(�, Γ ) = v(�).
2. If c is a constant symbol, (v ∗ I)(c, Γ ) = I(c).
3. If ↓t is a relativized term, (v ∗ I)(↓t, Γ ) = (v ∗ I)(t)(Γ ).
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Item 3 is especially significant. If ↓t is a relativized term, t must be a constant
or variable of concept type, and so (v ∗ I)(t) has been defined for it in parts 1
and 2, and is a function from worlds to objects. Thus (v ∗ I)(t)(Γ ) is a member
of Do.

Now the main notion, which is symbolized byM, Γ �v Φ, and is read: formula
Φ is true in modelM, at possible world Γ , with respect to valuation v. To make
reading easier, the following special notation is used. Let �1, . . . , �k be variables
of any type, and let d1, . . . , dk be members of Do ∪ Dc, with di ∈ Do if the
variable �i is of object type, and di ∈ Dc if �i is of concept type. Then

M, Γ �v Φ[�1/d1, . . . , �k/dk]

abbreviates: M, Γ �v′ Φ where v′ is the valuation that is like v on all variables
except �1, . . . , �k, and v′(�1) = d1, . . . , v′(�k) = dk.

Here is the central definition. For simplicity, take ∨, ⊃, ∃, and � as defined
symbols, in the usual way.

Definition 6 (Truth in a Model). Let M = 〈G,Do,Dc, I〉 be a model, and v
be a valuation in it.

1. If P is of type 〈〉, M, Γ �v P iff I(P )(Γ ) = true.
2. If R(t1, . . . , tk) is atomic, M, Γ �v R(t1, . . . , tk) iff
〈(v ∗ I)(t1, Γ ), . . . , (v ∗ I)(tk, Γ )〉 ∈ I(R)(Γ ).

3. M, Γ �v ¬Φ iff M, Γ ��v Φ.
4. M, Γ �v Φ ∧ Ψ iff M, Γ �v Φ and M, Γ �v Ψ .
5. M, Γ �v (∀x)Φ iff M, Γ �v Φ[x/d] for all d ∈ Do.
6. M, Γ �v (∀α)Φ iff M, Γ �v Φ[α/d] for all d ∈ Dc.
7. M, Γ �v �Φ iff M, Δ �v Φ for all Δ ∈ G.
8. M, Γ �v 〈λ�.Φ〉(t) if M, Γ �v Φ[�/d], where d = (v ∗ I)(t, Γ ).

Definition 7 (Validity). A closed formula X is valid in a model if it is true
at every world of it.

A notion of consequence is a little more complicated because, in modal set-
tings, it essentially breaks in two. These are sometimes called local and global
consequence notions. For a set S of formulas, do we want X to be true at every
world at which members of S are true (local consequence), or do we want X to
be valid in every model in which members of S are valid (global consequence).
These have quite different flavors. Fortunately, for S5, the situation is somewhat
simpler than it is for other modal logics since, to say X is valid in a model is
just to say �X is true at some world of it. So, if we have a notion of local con-
sequence, we can define a corresponding global consequence notion simply by
introducing necessity symbols throughout. So, local consequence is all we need
here.

Definition 8 (Consequence). A closed formula X is a consequence of a set
S of closed formulas if, in every model, X is true at each world at which all the
members of S are true.
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4 Rigidity

An individual concept term t can vary from world to world in what it designates.
Call t rigid in a model if it is constant in that model, designating the same object
at each world. This is a notion that plays an important role in philosophy. For
instance Kripke [3], among others, asserts that names are rigid designators. The
notion of rigidity can be captured by a formula. Assume c is an individual concept
constant symbol in the following.

〈λx.�(x =↓c)〉(↓c) (1)

It is quite straightforward to show that (1) is valid in a model if and only if the
interpretation of c is rigid in that model. In [2] this, in turn, was shown to be
equivalent to the vanishing of the de re/de dicto distinction, though this will not
be needed here.

One can also speak of relativized notions of rigidity. Let us say the interpre-
tation of c is rigid on a particular subset G0 of the collection G of possible worlds
of a model provided it designates the same object throughout G0. And let us say
c is rigid relative to d in a model provided the interpretation of c is rigid on any
subset of worlds on which the interpretation of d is rigid. (Of course, this notion
applies to individual concept terms that are variables as well. I’m using constant
symbols just as a matter of convenience.) The notion of c being rigid relative to
d is captured by formula (2).

〈λx, y.�[x =↓d ⊃ y =↓c]〉(↓d, ↓c) (2)

One can also consider more complicated situations. Formula (3) asserts that
c is rigid relative to the rigidity of d and e jointly.

〈λx, y, z.�[(x =↓d ∧ y =↓e) ⊃ z =↓c]〉(↓d, ↓e, ↓c) (3)

Finally, one can even say that all individual concepts are rigid relative to
c. This is done in formula (4). Individual concept quantification is obviously
essential here.

(∀α)〈λx, y.�[x =↓c ⊃ y =↓α]〉(↓c, ↓α) (4)

5 Databases with a Single Relation

In this section we begin taking a look at relational databases. What we consider
is quite basic, and can be found in any textbook on databases—[4] is a good
source. Relational databases are commonly reasoned about using classical first-
order logic. I want to show that modal logic is also a natural tool for this purpose.
For now, only a single relation will be considered—this will be extended later.
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The record is the basic unit of a relational database, yet it is not a first-class
object in the sense that it is not something we can get as an answer to a query.
We could get a record number, perhaps, but not a record. We will take the
records of a relational database to be the possible worlds of a Kripke model. In
any standard modal language possible worlds, in fact, cannot be directly spoken
of. The accessibility relation will be the usual S5 one, though there could be
circumstances where something more complex might be appropriate.

Entries that fill fields of a relational database generally can be of several data
types. To keep things simple, let’s say there is just one data type used for this
purpose. (In examples I’ll use strings.) Looking at this in terms of modal logic,
these field entries will be the individual objects of a Kripke model.

Next come the attributes themselves. If the database is one listing family
relationships, say, and there is an attribute recording “father-of,” it has a value
that varies from record to record, but in every case that value is what we have
taken to be an individual object. In other words, attributes are simply individual
concepts.

The next question is, what about things like functional dependencies, keys,
and so on? Let’s begin with the notion of functional dependency. Say we have
a relational database in which there are two attributes, call them c and d, and
c is functionally dependent on d. Then, if we are at an arbitrary possible world
(record) at which c and d have particular values, at any other world at which
d has the value it has in this one, c must also have the same value it has in
this one. This can be expressed by requiring validity of the following formula, in
which we assume c and d of the Kripke model also occur as individual concept
constants of the language, and designate themselves.

〈λx, y.�[x =↓d ⊃ y =↓c]〉(↓d, ↓c)
But this is just formula (2), and says c is rigid relative to d. In this case, a
functional dependency can be expressed by a relative rigidity assertion.

More complicated functional dependencies also correspond to relative rigidity
formulas. For instance, if c is functionally dependent on {d, e}, this is expressed
by (3).

Next, what about the notion of keys? As usually treated, to say an attribute
c is a key is to say there cannot be two records that agree on the value of c.
We cannot quite say that, since records cannot directly be spoken of. What we
can say is that two possible worlds agreeing on the value of c must agree on the
values of all attributes. More formally, this is expressed by the validity of the
following formula.

(∀α)〈λx, y.�[x =↓c ⊃ y =↓α]〉(↓c, ↓α)

Note that this is our earlier formula (4).
Now, what does the design of a relation schema look like from the present

modal point of view? We must specify the domain for atomic values of the re-
lation schema. Semantically, that amounts to specifying the set Do of a modal
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model. Proof-theoretically, it amounts to saying what the individual object con-
stant symbols of the formal language are. (I’ll generally assume that constant
symbols of the language can also occur in models, and designate themselves.)

Next, we must specify what the attributes for the relation schema are. This
amounts to specifying the set Dc of a model, or the set of individual concept
constant symbols of a language.

Finally, we must impose some constraints, such as requiring that some at-
tribute or set of attributes be a key, or that various functional dependencies
must hold. This corresponds to taking appropriate relative rigidity formulas as
axioms.

6 A Simple Example

In this section I’ll show how a simple, standard, example translates into modal
language both semantically and proof-theoretically. Consider the relation schema
with five attributes: NAME, SSN, BIRTHDATE, JOBNUMBER, and JOBTITLE. It will be
assumed that SSN is the primary key, and JOBNUMBER is functionally dependent
on JOBTITLE.

We set up a formal language with “NAME,” “SSN,” “BIRTHDATE,” “JOBNUMBER,”
and “JOBTITLE” as individual concept constant symbols. Then we adopt the fol-
lowing two constraint axioms.

1. �(∀α)〈λx, y.�[x =↓SSN ⊃ y =↓α]〉(↓SSN, ↓α)
2. �〈λx, y.�[x =↓JOBTITLE ⊃ y =↓JOBNUMBER]〉(↓JOBTITLE, ↓JOBNUMBER)

Table 1 displays a particular relation instance of this relation schema.

Table 1. The relation PERSONS

NAME SSN BIRTHDATE JOBNUMBER JOBTITLE

Adam 1 01/06/-4004 1 Gardener
Eve 2 01/08/-4004 2 Explorer
Cain 3 10/21/-4004 1 Gardener
Abel 4 11/05/-4003 2 Shepherd
Seth 5 02/04/-3983 2 Explorer

To represent this relation instance as a modal axiomatic theory, we add the
following to the constraint axioms above; we call them instance axioms.

3. �[(↓NAME = Adam) ∧ (↓SSN = 1) ∧ (↓BIRTHDATE = 01/06/-4004) ∧
(↓JOBNUMBER = 1) ∧ (↓JOBTITLE = Gardener)]

4. �[(↓NAME = Eve) ∧ (↓SSN = 2) ∧ (↓BIRTHDATE = 01/08/-4004) ∧
(↓JOBNUMBER = 2) ∧ (↓JOBTITLE = Explorer)]

5. �[(↓NAME = Cain) ∧ (↓SSN = 3) ∧ (↓BIRTHDATE = 10/03/-4004) ∧
(↓JOBNUMBER = 1) ∧ (↓JOBTITLE = Gardener)]



Modality and Databases 27

6. �[(↓NAME = Abel) ∧ (↓SSN = 4) ∧ (↓BIRTHDATE = 08/05/-4003) ∧
(↓JOBNUMBER = 2) ∧ (↓JOBTITLE = Shepherd)]

7. �[(↓NAME = Seth) ∧ (↓SSN = 5) ∧ (↓BIRTHDATE = 02/04/-3983) ∧
(↓JOBNUMBER = 2) ∧ (↓JOBTITLE = Explorer)]

This, of course, assumes individual object constant symbols, “01/06/-4004,”
“Adam,” and so on have been added to the language. I’ll also assume these sym-
bols are intended to designate distinct objects. This gives us a (long) list of
axioms.

8. ¬(1 = 2), ¬(Adam = Eve), etc.

Corresponding to this, semantically, we have the following S5 model. There
are five possible worlds, one for each of the five rows of Table 1; call them
Γ1, Γ2, Γ3, Γ4, and Γ5. Do = {Adam, 1, 01/06/-4004, . . . }. Dc = {N̂AME, ŜSN,

̂BIRTHDATE, ̂JOBNUMBER, ̂JOBTITLE}, where N̂AME is the function that maps Γ1

to Adam, Γ2 to Eve, and so on. I(Adam) = Adam, . . . , I(NAME) = N̂AME, and so on.
Finally, here are some sample queries, in modal language. First, who are the

explorers? This corresponds to the following, in which appropriate keys (social
security numbers) are desired.

〈λx.�[(↓SSN = x) ∧ (↓JOBTITLE = Explorer)]〉 (5)

Suppose we abbreviate formula (5) by Q. Then, on the one hand, Q(z) is true
in the modal model we constructed just in case z is 2 or 5. On the other hand,
Q(z) is provable in the axiom system we constructed just in case z is 2 or 5.

Here is a second sample query: is there more than one gardener?

(∃x)(∃y){�[(↓SSN = x) ∧ (↓JOBTITLE = Gardener)] ∧
�[(↓SSN = y) ∧ (↓JOBTITLE = Gardener)] ∧
¬(x = y)}

(6)

Formula (6) is derivable from our axioms, and true in our model.

7 Connections

In the example of the previous section we saw that being a consequence of certain
axioms and being true in a particular model could coincide. Now we examine to
what extent this is generally the case.

Suppose we have a relation schema R and a corresponding set of constraints
concerning keys and functional dependencies. Associated with R is a set of con-
straint axioms, which I’ll denote axiom(R), consisting of formulas like (2), (3),
and (4). I’ll omit an exact definition—axioms 1 and 2 of the example in the pre-
vious section is a sufficient guide. Note that these axioms are either quantifier
free, or else involve just universal quantifiers, and � is the only modal operator.
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Next, suppose we have a relation instance r of the relation schema R—a
particular set of tuples. Associated with this is a set of instance axioms, all of
which are quantifier free. Again I omit an exact definition, but axioms 3–7 of the
previous section illustrate the notion sufficiently. Finally there are distinctness
axioms, as in axiom 8 of the previous section. By axiom(r) I mean the collection
of these instance axioms and distinctness axioms, together with the members of
axiom(R). Clearly, to say r is an instance of R and satisfies the constraints, is
just to say axiom(r) is a consistent set of model axioms.

Next, we want a designated modal model to correspond to relation instance
r. Again, the example of the previous section serves as a guide. We want the
model, denote it by model(r), meeting the following conditions. The collection
of possible worlds G is the collection of tuples in r. The domain Do of individual
objects is just the collection of table entries in r. The domain Dc of individual
concepts is the collection of attributes of relation schema R. The interpretation
I maps each table entry (as a constant of the modal language) to itself (as a
member of Do). And I maps each attribute ATT to the function whose value at
tuple (possible world) Γ is the entry in the tuple Γ corresponding to ATT. The
only relation symbol is =, which is interpreted as equality on Do.

Question: what are the connections between axiom(r) and model(r)? I don’t
know the most general answer to this, but here is something that accounts for
what was seen in the previous section. Note that the queries considered there,
formulas (5) and (6), were either quantifier free or involved existential quantifiers
of individual object type only. This is significant.

Definition 9. Call a closed modal formula simple existential if it is of the form

(∃x1) · · · (∃xn)�Φ

where Φ is quantifier and modality free, and contains only = as a relation symbol.

Proposition 1. For a relation instance r and a simple existential sentence X,
X is a consequence of axiom(r) if and only if X is true in model(r).

I’ll postpone a proof of this to Section 12.3.

8 Partial Concepts

We have taken individual concepts to be total functions on the set of possible
worlds of a modal model. But there are many circumstances where a more general
notion is desirable. “The King of France,” for instance, designates an individual
at many points in history, but not at all of them. Fortunately, it is straightforward
to allow partiality.

Definition 3, of modal model, is changed as follows. From now on Dc will be a
non-empty set of functions, each from some subset of G to Do, where that subset
can be proper. If Γ is not in the domain of some individual concept f , we will
write f(Γ ) = ⊥, where ⊥ is an arbitrary item not a member of Do. Definition 5,
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value at, can be used with no change in wording, but notice that the scope of
part 3 has been extended. If ↓t is a relativized term, and Γ is not in the domain
of (v ∗ I)(t), then (v ∗ I)(↓t, Γ ) = (v ∗ I)(t)(Γ ) = ⊥.

Now Definition 6, truth in a model, must also be modified. I’ll follow the
pretty obvious general principle that one cannot ascribe properties to what is
designated by a non-designating term. In the Definition, item 2 is changed to
read as follows.

2. If R(t1, . . . , tk) is atomic,
a) if any of (v∗I)(t1, Γ ), . . . , (v∗I)(tk, Γ ) is ⊥ thenM, Γ ��v R(t1, . . . , tk);
b) otherwise M, Γ �v R(t1, . . . , tk) iff 〈(v ∗ I)(t1, Γ ), . . . , (v ∗ I)(tk, Γ )〉 ∈
I(R)(Γ ).

Also item 8 must be changed.

8. For an abstract 〈λ�.Φ〉(t),
a) if (v ∗ I)(t, Γ ) = ⊥, M, Γ ��v 〈λ�.Φ〉(t);
b) otherwiseM, Γ �v 〈λ�.Φ〉(t) ifM, Γ �v Φ[�/d], where d = (v ∗ I)(t, Γ ).

Notice that, with the definitions modified in this way, ↓t =↓t is true at a
world of a model if and only if the term t “designates” at that world. This
makes possible the following piece of machinery.

Definition 10 (Designation Formula). D abbreviates the abstract 〈λα. ↓
α =↓α〉.
Clearly M, Γ �v D(t) iff (v ∗ I)(t, Γ ) �= ⊥, where M = 〈G,Do,Dc, I〉. Thus D
really does express the notion of designation.

Now our earlier notions of rigidity and relative rigidity must be modified. We
say c is rigid if it designates the same thing in all worlds in which it designates
at all. This means formula (1) must be replaced with the following, if we want
to express a notion of rigidity allowing for partial concepts.

D(c) ⊃ 〈λx.�[D(c) ⊃ (x =↓c)]〉(↓c) (7)

Likewise, c being rigid relative to d must be modified. It should now say: if d
designates in two worlds, and designates the same thing, then if c also designates
in those worlds, it must designate the same thing at both. This means formula
(2) must be replaced with the following.

(D(c) ∧D(d)) ⊃ 〈λx, y.�[(D(c) ∧D(d) ∧ x =↓d) ⊃ (y =↓c)]〉(↓d, ↓c) (8)

Similar changes must be made to the other notions from Section 4. In par-
ticular, (4), expressing that every attribute is rigid relative to c, gets expressed
as follows.

(∀α){(D(c) ∧D(α)) ⊃ 〈λx, y.�[(D(c) ∧D(α) ∧ x =↓c) ⊃ (y =↓α)]〉(↓c, ↓α)}
(9)
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9 Relational Databases More Generally

A relational database generally has more than one relation involved. Now that
partial individual concepts are available, this is easy to handle. Suppose we add
to the database containing the relation given in Table 1 a second relation, given
in Table 2.

Table 2. The relation LOCATION

JOBNUMBER WHERE

1 Home
2 Away

We allowed, in our modal language, relation symbols of type 〈〉. Let us in-
troduce two specific ones, PERSONS and LOCATION, intended to distinguish the
two relations we now have. The idea is, we will have two kinds of possible
worlds, those at which LOCATION is true and those at which PERSONS is true.
The first kind of world should correspond to a row of the LOCATION table, and
so JOBNUMBER and WHERE should be defined, but nothing else. Similarly for the
second kind. This gives us the following new kinds of constraint axioms.

1. �{PERSONS ⊃ [D(JOBNUMBER) ∧ ¬D(WHERE) ∧D(NAME) ∧D(SSN)
∧D(BIRTHDATE) ∧D(JOBTITLE)]}

2. �{LOCATION ⊃ [D(JOBNUMBER) ∧D(WHERE) ∧ ¬D(NAME) ∧ ¬D(SSN)
∧¬D(BIRTHDATE) ∧ ¬D(JOBTITLE)]}

We still want the functional dependencies we had before, but these need to
be modified to take partiality of intensional concepts into account. We also want
a new dependency saying WHERE is functionally dependent on JOBNUMBER. These
take the following form.

3. �(∀α){(D(SSN) ∧ D(α)) ⊃ 〈λx, y.�[(D(SSN) ∧ D(α) ∧ x =↓SSN) ⊃ (y =↓
α)]〉(↓SSN, ↓α)}

4. �{(D(JOBNUMBER) ∧D(JOBTITLE)) ⊃
〈λx, y.�[(D(JOBNUMBER) ∧D(JOBTITLE) ∧ x =↓JOBTITLE) ⊃
(y =↓JOBNUMBER)]〉(↓JOBTITLE, ↓JOBNUMBER)}

5. �{(D(JOBNUMBER) ∧D(WHERE)) ⊃
〈λx, y.�[(D(JOBNUMBER) ∧D(WHERE) ∧ x =↓WHERE) ⊃
(y =↓JOBNUMBER)]〉(↓WHERE, ↓JOBNUMBER)}

Next we need the instance axioms. These are quite straightforward.

6. �[LOCATION ∧ (↓JOBNUMBER = 1) ∧ (↓WHERE = Home)]
7. �[LOCATION ∧ (↓JOBNUMBER = 2) ∧ (↓WHERE = Away)]
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8. �[PERSONS∧ (↓NAME = Adam)∧ (↓SSN = 1)∧ (↓BIRTHDATE = 01/06/-4004)∧
(↓JOBNUMBER = 1) ∧ (↓JOBTITLE = Gardener)]

9. �[PERSONS ∧ (↓NAME = Eve) ∧ (↓SSN = 2) ∧ (↓BIRTHDATE = 01/08/-4004) ∧
(↓JOBNUMBER = 2) ∧ (↓JOBTITLE = Explorer)]

10. �[PERSONS∧ (↓NAME = Cain)∧ (↓SSN = 3)∧ (↓BIRTHDATE = 10/03/-4004)∧
(↓JOBNUMBER = 1) ∧ (↓JOBTITLE = Gardener)]

11. �[PERSONS∧ (↓NAME = Abel)∧ (↓SSN = 4)∧ (↓BIRTHDATE = 08/05/-4003)∧
(↓JOBNUMBER = 2) ∧ (↓JOBTITLE = Shepherd)]

12. �[PERSONS∧ (↓NAME = Seth)∧ (↓SSN = 5)∧ (↓BIRTHDATE = 02/04/-3983)∧
(↓JOBNUMBER = 2) ∧ (↓JOBTITLE = Explorer)]

Finally we assume that all our object constant symbols are distinct.

13. ¬(1 = 2), ¬(Home = Away), ¬(Adam = Eve), etc.

10 Tableaus

Since consequence issues are important, a sound and complete proof procedure
can be useful. Fortunately, standard tableau methods using prefixed formulas
adapt quite naturally.

Proofs, and derivations, will be of closed formulas. As usual, in order to
handle existential quantifiers, parameters will be introduced. We can think of
these as being additional constant symbols, added to the language for the pur-
pose of proof construction. Since we have two kinds of quantifiers, object and
concept, we will have two kinds of parameters as well. I’ll use po, qo, etc. as
object parameters, and pc, qc, etc. as concept parameters.

A prefix for S5 is simply a positive integer, which we can intuitively think
of as the name of a possible world in some model. Unlike in more conventional
treatments of modal logic, we must allow not only formulas, but also certain
terms to have prefixes. For example, if c is an individual concept constant symbol,
its designation in a model will vary from world to world. Think of c with prefix
n as the individual object that c designates at the world named by n. To keep
notation simple, I’ll violate the literal meaning of the word “prefix,” and display
them as subscripts. Thus cn is an example of a prefixed concept constant symbol.
In our proofs, individual concept constants and individual concept parameters
may have prefixes.

A little more formally, by an extended formula I mean one that may con-
tain parameters, and in which individual concept constants and parameters may
have prefixes. A prefixed concept constant or parameter is considered to be an
individual object term. All proofs will be of closed formulas, but closed extended
formulas will appear in proofs.

A prefixed formula is a closed extended formula, with a prefix, and here we
actually write them as prefixes. Thus, if X is a closed, extended formula, and n
is a positive integer, nX is a prefixed formula.

As usual, a tableau proof of a sentence X is a tree with 1¬X at the root,
and meeting certain other conditions which we will specify. Think of the initial
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prefixed formula as intuitively asserting there is a world of a model, denoted
by 1, at which X is not true. The tableau is constructed using various branch
extension rules. In them σ is an arbitrary prefix.

Conjunctive Rules

σX ∧ Y
σX
σ Y

σ ¬(X ∨ Y )
σ ¬X
σ ¬Y

σ ¬(X ⊃ Y )
σX
σ ¬Y

Double Negation Rule

σ ¬¬X
σX

Disjunctive Rules

σX ∨ Y
σX σ Y

σ ¬(X ∧ Y )
σ ¬X σ ¬Y

σX ⊃ Y
σ ¬X σ Y

Necessity Rules For any positive integer n that already occurs on the branch,

σ �X
nX

σ ¬�X
n¬X

Possibility Rules If the positive integer n is new to the branch,

σ �X
nX

σ ¬�X
n¬X

Concept Existential Rules In the following, pc is an individual concept pa-
rameter that is new to the tableau branch.

σ (∃α)Φ(α)
σ Φ(pc)

σ ¬(∀α)Φ(α)
σ ¬Φ(pc)

Object Existential Rules In the following, po is an individual object para-
meter that is new to the tableau branch.

σ (∃x)Φ(x)
σ Φ(po)

σ ¬(∀x)Φ(x)
σ ¬Φ(po)

Concept Universal Rules In the following, τ is any individual concept con-
stant symbol or parameter.

σ (∀α)Φ(α)
σ Φ(τ)

σ ¬(∃α)Φ(α)
σ ¬Φ(τ)

Object Universal Rules In the following, τ is any individual object constant
symbol or parameter, or a prefixed individual concept constant symbol or para-
meter.

σ (∀x)Φ(x)
σ Φ(τ)

σ ¬(∃x)Φ(x)
σ ¬Φ(τ)
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Concept Abstract Rules In the following, τ is an individual concept constant
symbol or parameter.

σ 〈λα.Φ(α)〉(τ)
σ Φ(τ)

σ ¬〈λα.Φ(α)〉(τ)
σ ¬Φ(τ)

Object Abstract Rules In the following, τ is an individual object constant
symbol, parameter, or a prefixed individual concept constant symbol or parame-
ter.

σ 〈λx.Φ(x)〉(τ)
σ Φ(τ)

σ ¬〈λx.Φ(x)〉(τ)
σ ¬Φ(τ)

Before giving the next set of abstract rules, recall that we are allowing indi-
vidual concepts to be partial functions in models. If τ is an individual concept
constant symbol or parameter, what is the status of ↓τ? If we are at a world in
the domain of the individual concept named by τ , ↓τ should be the individual
object designated by that concept at that world, and otherwise it should be ⊥.
Now, if we know 〈λx.Φ(x)〉(↓τ) is true at a world, it must be that ↓τ is not
⊥ at that world, since an abstract applied to ⊥ is false. In such a case we can
introduce a name for the object designated by τ at the world; we do this by
prefixing (subscripting) τ . On the other hand, if we know 〈λx.Φ(x)〉(↓τ) is false,
it could be that τ does not designate, or it could be that it does, but designates
something making Φ false. In such cases we need other information to conclude
whether or not ↓τ is ⊥. This gives us the motivation for the following rules.

Mixed Abstract Rules In the two rules following, τ is an individual concept
constant symbol or parameter.

σ 〈λx.Φ(x)〉(↓τ)
σ Φ(τσ)

In addition, if τσ already occurs on the tableau branch, the following rule may
be applied.

σ ¬〈λx.Φ(x)〉(↓τ)
σ ¬Φ(τσ)

Rules similar to these apply to atomic formulas as well.

Atomic Rules In the two rules following, τ is an individual concept constant
symbol or parameter, R is a relation symbol, and . . . represents a sequence of
terms.

σ R(. . . , ↓τ, . . . )
σ R(. . . , τσ, . . . )

And, if τσ already occurs on the tableau branch, the following rule may be
applied.

σ ¬R(. . . , ↓τ, . . . )
σ ¬R(. . . , τσ, . . . )
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Finally, we have the rules for equality. The first one corresponds to the se-
mantic fact that equality is interpreted the same at every world; if individual
objects are equal at some world, they are equal at every world.

Equality Transfer Rule If τ1 and τ2 are individual object constant symbols
or parameters, or prefixed individual concept constant symbols or parameters,
and if σ′ is a prefix that already occurs on the branch

σ (τ1 = τ2)
σ′ (τ1 = τ2)

Reflexivity Rule If τ is an individual object constant symbol, parameter, or
a prefixed individual concept constant symbol or parameter, and the prefix σ
already occurs on the branch,

σ (τ = τ)

Substitutivity Rule If τ1 and τ2 are individual object constant symbols or
parameters, or prefixed individual concept constant symbols or parameters

σ Φ(τ1)
σ′ (τ1 = τ2)

σ Φ(τ2)

This concludes the presentation of the branch extension rules.

Definition 11 (Closed). A tableau branch is closed if it contains σX and
σ ¬X for some X. A tableau is closed if every branch is closed.

Definition 12 (Proof and Derivation). A sentence Φ (without parameters)
is provable if there is a closed tableau beginning with 1¬Φ. Likewise, Φ has a
derivation from a set S of sentences if there is a closed tableau beginning with
1¬Φ, in which 1X can be added to any branch at any point, for any X that is
a member of S.

This concludes the description of the tableau system.

11 A Derivation Example

The example given here is a derivation of

¬�[LOCATION ∧ (↓JOBNUMBER = 1) ∧ (↓WHERE = Away)] (10)

from the axioms of Section 9. It establishes that �[LOCATION ∧ (↓JOBNUMBER =
1) ∧ (↓WHERE = Away)] cannot be inserted into the database, because it violates
an integrity constraint. Before presenting the derivation itself, here is a derived
rule that will shorten the presentation.
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Derived Rule Suppose τ is an individual concept constant symbol or parame-
ter.

σ ↓τ = a
σD(τ) ⊃ Φ

σ Φ

Think of this as abbreviating the following tableau construction.

σ ↓τ = a 1.
σD(τ) ⊃ Φ 2.
σ τσ = a 3.

�
� �

�
σ ¬D(τ) 4. σ Φ 5.
σ ¬〈λx. ↓x =↓x〉(τ) 6.
σ ¬(↓τ =↓τ) 7.
σ ¬(τσ = τσ) 8.
σ (τσ = τσ) 9.

Explanation: 3 is from 1 by an atomic rule; 4 and 5 are from 2 by a disjunctive
rule; 6 is 4 unabbreviated; 7 is from 6 by a concept abstract rule; 8 is from
7 by an atomic rule, making use of the fact that τσ occurs in 3; 9 is by the
reflexivity rule. The left branch is closed, and the right branch gives the effect
of the conclusion of the derived rule.

Now, the derivation of formula (10) is in Figure 1. The explanation of Figure 1
is as follows: 2 is from 1 by the double negation rule; 3 is from 2 by a possibility
rule; 4, 5, and 6 are from 3 by repeated uses of a conjunction rule; 7 introduces
axiom 5 of Section 9; 8 is from 7 by a necessity rule; 9 is from 5, 6, and 8 by
repeated uses of the derived rule above; 10 is from 9 by a mixed abstract rule;
11 is from 10 by an object abstract rule; 12 is axiom 7 of Section 9; 13 is from 12
by a possibility rule; 14, 15, and 16 are from 13 by repeated conjunction rules;
17 is from 11 by a necessity rule; 18 is from 15, 16, and 17 by the derived rule
above (slightly modified); 19 and 20 are from 18 by a disjunctive rule; 21 is from
16 by an atomic rule, as are 22 from 20, 23 from 19, 24 from 5, 25 from 6, and
26 from 15; 27 is from 25 by an equality transfer rule, as is 28 from 24; 29 is
from 23 and 27 by a substitutivity rule, as are 30 from 22 and 28, 31 from 27
and 29, and 32 from 26 and 30; 33 is by the reflexivity rule; 34 is by axiom 13
of Section 9; and 35 is from 34 by an equality transfer rule.

As another, and simpler, example, you might try giving a derivation of the
following, essentially establishing that Eve is someone who works Away.

〈λx, y.(∃z){�[PERSONS ∧ (↓NAME = x) ∧ (↓JOBNUMBER = z)]
∧�[LOCATION ∧ (↓JOBNUMBER = z) ∧ (↓WHERE = y)]}〉(Eve, Away)

(11)
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12 Completeness et. al.

In this section I’ll sketch soundness and completeness arguments for the tableau
system, as well as give a proof for Proposition 1. Nothing is given in much
detail, because proofs are straightforward adaptations of what are, by now, fairly
standard arguments.

12.1 Soundness

Soundness is by the usual tableau method. One defines a notion of satisfiability
for prefixed formulas—a set S is satisfiable if there is a modelM, a mapping m
assigning to each prefix σ a possible world m(σ) of M, and a formula Φ is true
at world m(σ) ofM whenever σ Φ ∈ S. A tableau is called satisfiable if the set of
prefixed formulas on one of its branches is satisfiable. Then one shows that each
tableau rule preserves tableau satisfiability. This requires a case by case check.

Now, if there is a closed tableau for 1¬X, then X must be valid. For, other-
wise, there would be some model in which X was false at some world. It follows
that the set {1¬X} is satisfiable, so we begin with a satisfiable tableau. Then
we can only get satisfiable tableaus, and since we had a closed tableau for 1¬X
we have the impossible situation of having a closed, satisfiable tableau.

12.2 Completeness

Suppose X is a sentence that has no tableau proof—it must be shown that X
is not valid. Again the methodology is standard. Also, while the proof sketch
below is just for tableau provability, and not derivability, the argument extends
directly. I’m giving the simpler version, for simplicity.

Begin by constructing a tableau for 1¬X, and do so systematically, in such
a way that all tableau rules are fairly applied. That is, during the tableau con-
struction, any rule that could eventually be applied is. There are many such
fair tableau construction procedures—I’ll leave the details to you. The result is
a tableau that does not close—say it has an open branch θ (König’s lemma is
needed to guarantee such a branch exists, if the tableau construction is infinite).

Now, construct a model as follows.

1. The set G of possible worlds is the set of prefixes that occur on branch θ.
2. The domain Do of objects is the set consisting of: all individual object con-

stant symbols of the language, all individual object parameters that occur
on θ, and all subscripted (prefixed) individual concept constant symbols and
parameters that occur on θ.

3. if f is an individual concept constant symbol, or individual concept parame-
ter that occurs on θ, a function f̂ is defined as follows. The domain of f̂ is
the set of prefixes σ such that fσ occurs on θ. And if σ is in the domain of
f̂ then f̂(σ) = fσ. Note that f̂ maps a subset of G to Do. The domain Dc of
concepts is the set of all these f̂ .

4. For the interpretation I:
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a) I assigns to each member of Do itself.
b) I assigns to each f that is an individual concept constant or parameter

(on θ) the function f̂ .
c) I assigns to a relation symbol P of type 〈〉 the mapping from G to
{false, true} such that I(P )(σ) = true iff σ P occurs on θ.

d) To make this clause easier to state, I’ll use the following notation. If f

is an object symbol, set f̂ = f . If f is a concept constant or parameter,
f̂ has already been defined. Now, I assigns to a relation symbol R of
type 〈n1, n2, . . . , nk〉 a mapping on G such that 〈t̂1, . . . , t̂k〉 ∈ I(R)(σ)
iff σ R(t1, . . . , tk) occurs on θ.

This completes the definition of a model, call it M. Actually, the equality
symbol may not be interpreted by equality, but leaving this aside for the moment,
one can show by standard methods involving an induction on formula degree
that, for any valuation v:

– If σ Φ occurs on θ then M, σ �v Φ.
– If σ ¬Φ occurs on θ then M, σ ��v Φ.

The valuation v can be arbitrary because free variables do not occur in tableaus.
Since 1¬X begins the tableau, it occurs on θ, and hence X is not valid in M
since it is false at world 1.

Finally, one “factors” the modelM using the equivalence relation that is the
interpretation of the equality symbol, turning it into a normal modal model. The
Equality Transfer Rule tells us that the interpretation of the equality symbol will
be the same at every world of M. I’ll leave details to you.

12.3 A Sketch of Proposition 1

Assume r is a relation instance and X a simple existential sentence X. All
members axiom(r) are true in model(r), so if X is a consequence of axiom(r),
then X will be true in model(r). It is the converse direction that needs work.

Suppose X is not a consequence of axiom(r). Then X does not have a tableau
derivation from axiom(r). Suppose we now carry out the steps of the comple-
teness argument, from Section 12.2. We begin a tableau for 1¬X, carry out its
construction systematically and, since it is a derivation, we introduce members
of axiom(r) onto the branch during the construction. As usual, I’ll omit details.

Members of axiom(r) that are constraint axioms all involve � in a positive
location—they do not involve �. The sentence X is simple existential, and so
¬X contains � in a negative location—it behaves like �. None of these formulas,
then, can invoke applications of a possibility rule. Only the instance axioms of
axiom(r) can do this. So, if there are n members of axiom(r) that are instance
axioms, an open tableau branch will have exactly n + 1 different prefixes on
it: prefix 1 with which we started, and the n additional prefixes introduced by
possibility rule applications to instance axioms.

Now, proceed with the construction of a model, using an open tableau branch,
as outlined in Section 12.2. We get a model with n+1 worlds, with X is false at
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world 1, and a world corresponding to each instance axiom. Because of the form
of X (only existential quantifiers and a single possibility symbol), since it is false
at world 1, it is also false at every world. If we now consider the submodel in
which world 1 is dropped, it is not hard to check that truth values of members
of axiom(r) do not change at remaining worlds, nor does the truth value of X.
And the resulting model is (isomorphic to) model(r).

13 Conclusion

I want to finish by describing two plausible directions for future work, one having
to do with the modal logic directly, the other with its applications to databases.

The tableau proof procedure given here used parameters and, as such, is me-
ant for human application. But it should be possible to develop a free-variable
version that can be automated. The S5 modality itself is a kind of quantifier,
but it is of a simple nature. Object quantification is essentially classical. Con-
cept quantification may create some difficulty—I don’t know. Equality plays a
fundamental role, but it is a rather simple one. Perhaps what is needed can be
captured efficiently in an automated proof procedure.

The databases considered here were all conventional relational ones. This is
what the first-order modal language can handle. But one could consider multiple-
valued databases, say, in which entries can be sets. Or for a more complicated ex-
ample, consider this. Say a record represents a person, and among a person’s at-
tributes are these three: FAVORITE BOOK, FAVORITE MOVIE, and MOST IMPORTANT.
The first two attributes have the obvious meaning. The MOST IMPORTANT attri-
bute records which that person considers most important in evaluating someone,
FAVORITE BOOK or FAVORITE MOVIE. Thus MOST IMPORTANT is an attribute whose
value is an attribute. (This example is meant to be easily described, and hence
is rather artificial. More realistic examples are not hard to come by.) The mo-
dal logic of this paper is really the first-order fragment of a higher-type system,
presented in full in [1]. If one uses that, one can easily have sets of objects, or
attributes, as entries. Indeed, one can consider much more complex things yet.
Of course the proof procedure also becomes more complex, as one would expect.
Whether such things are of use remains to be seen.
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1¬¬�[LOCATION ∧ (↓JOBNUMBER = 1) ∧ (↓WHERE = Away)] 1.
1 �[LOCATION ∧ (↓JOBNUMBER = 1) ∧ (↓WHERE = Away)] 2.
2 LOCATION ∧ (↓JOBNUMBER = 1) ∧ (↓WHERE = Away) 3.
2 LOCATION 4.
2 (↓JOBNUMBER = 1) 5.
2 (↓WHERE = Away) 6.
1 �{(D(JOBNUMBER) ∧D(WHERE)) ⊃

〈λx, y.�[(D(JOBNUMBER) ∧D(WHERE) ∧ x =↓WHERE) ⊃
(y =↓JOBNUMBER)]〉(↓WHERE, ↓JOBNUMBER)} 7.

2 (D(JOBNUMBER) ∧D(WHERE)) ⊃
〈λx, y.�[(D(JOBNUMBER) ∧D(WHERE) ∧ x =↓WHERE) ⊃
(y =↓JOBNUMBER)]〉(↓WHERE, ↓JOBNUMBER) 8.

2 〈λx, y.�[(D(JOBNUMBER) ∧D(WHERE) ∧ x =↓WHERE) ⊃
(y =↓JOBNUMBER)]〉(↓WHERE, ↓JOBNUMBER) 9.

2 〈λx, y.�[(D(JOBNUMBER) ∧D(WHERE) ∧ x =↓WHERE) ⊃
(y =↓JOBNUMBER)]〉(WHERE2, JOBNUMBER2) 10.

2 �[(D(JOBNUMBER) ∧D(WHERE) ∧ WHERE2 =↓WHERE) ⊃
(JOBNUMBER2 =↓JOBNUMBER)] 11.

1 �[LOCATION ∧ (↓JOBNUMBER = 2) ∧ (↓WHERE = Away)] 12.
3 [LOCATION ∧ (↓JOBNUMBER = 2) ∧ (↓WHERE = Away)] 13.
3 LOCATION 14.
3 (↓JOBNUMBER = 2) 15.
3 (↓WHERE = Away) 16.
3 [(D(JOBNUMBER) ∧D(WHERE) ∧ WHERE2 =↓WHERE) ⊃

(JOBNUMBER2 =↓JOBNUMBER)] 17.
3 [(WHERE2 =↓WHERE) ⊃

(JOBNUMBER2 =↓JOBNUMBER)] 18.

�
� �

�
3¬(WHERE2 =↓WHERE) 19. 3 (JOBNUMBER2 =↓JOBNUMBER) 20.
3 (WHERE3 = Away) 21. 3 (JOBNUMBER2 = JOBNUMBER3) 22.
3¬(WHERE2 = WHERE3) 23. 2 (JOBNUMBER2 = 1) 24.
2 (WHERE2 = Away) 25. 3 (JOBNUMBER3 = 2) 26.
3 (WHERE2 = Away) 27. 3 (JOBNUMBER2 = 1) 28.
3¬(Away = WHERE3) 29. 3 (1 = JOBNUMBER3) 30.
3¬(Away = Away) 31. 3 (1 = 2) 32.
1 (Away = Away) 33. 1¬(1 = 2) 34.

3¬(1 = 2) 35.

Fig. 1. Derivation Example
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Abstract. The symmetry rule in propositional logic allows the exploita-
tion of symmetries present in a problem. In the context of resolution, the
rule enables the shortening of refutations by using symmetries present
in an initial set of clauses. These symmetries can be local or global. The
present paper proves that the local symmetry rule is strictly more po-
werful than the global symmetry rule. It also exhibits sets of clauses that
show exponential lower bounds for the local symmetry rule, where the
symmetry group consists of all variable permutations. These examples
remain exponentially hard even when the symmetry group is enlarged
to include complementation. Examples are exhibited in which resolution
with the global symmetry rule has an exponential speed-up with respect
to the cutting plane refutation system.

1 Introduction

The symmetry rule arises naturally in proofs of combinatorial principles; in many
cases it allows significant shortening of proofs. In proofs of combinatorial theo-
rems like Ramsey’s theorem, for example, the occurrence of a phrase such as
“. . . without loss of generality, we may assume that . . . ” usually signals the ex-
ploitation of a symmetry present in the problem. Thus it is natural to consider
the addition of this rule to familiar proof systems for propositional logic.

We discuss the efficiency of the rule and some of its variants in the context of
the resolution proof system for propositional logic. In an earlier paper [16], the
second author proved lower bounds on the size of resolution proofs employing
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a global form of the rule; that is to say, the symmetry rule was applicable in
cases where there was a global symmetry in the original contradictory set of
clauses representing the input to the resolution refutation system. This paper
also defined a local form of the symmetry rule, where local symmetries in the
input clause sets could be exploited, but no lower bounds were proved for this
stronger symmetry rule.

In this paper, we prove superpolynomial lower bounds for the local form of
the symmetry rule, and also prove separation results for this form of the rule from
the global form of the rule. The symmetry rule can of course be employed in other
formulations of propositional logic. The first author has considered the effects of
adding a form of the symmetry rule to cut-free Gentzen systems [3,2,1], and has
shown that in many cases significant speed-ups can be obtained as compared
with the system without the symmetry rule.

2 Definitions and Preliminaries

Before proceeding to consideration of particular proof systems, let us fix nota-
tion. We assume an infinite supply of propositional variables and their negations;
a variable or its negation is a literal. We say that a variable P and its negation
¬P are complements of each other; we write the complement of a literal l as l.
A finite set of literals is a clause; it is to be interpreted as the disjunction of the
literals contained in it. The width of a clause C is the number of literals in it,
and denoted by w(C). The width of a set Σ of clauses is the maximum width of
a clause in Σ.

We shall sometimes write a clause by juxtaposing the literals in it. An assig-
nment is an assignment of truth-values to a set of propositional variables; some
variables may remain unset under an assignment.

The resolution rule is a simple form of the familiar cut rule. If Al and Bl are
clauses, then the clause AB may be inferred by the resolution rule, resolving on
the literal l. If either A or B is the empty clause, then we refer to the inference
as a unit resolution. A resolution refutation of a set of clauses Σ is a derivation
of the empty clause Λ from Σ, using the resolution rule.

If V is a set of variables, and σ a permutation of V , then for any clause C
built from the variables in V , we define the clause σ(C) to be the clause resulting
from C by applying σ to each variable in C. For a set of clauses Γ , define σ(Γ )
to be {σ(C) | C ∈ Γ}.

The symmetry rule was introduced as an extension to the resolution system
in a paper by Krishnamurthy [12]. The rule of symmetry allows the following
inference. If a clause C has been derived from a set of clauses Γ , and σ(Γ ) = Γ ,
then the clause σ(C) can be inferred as the next step in the derivation. A proof
from a set of clauses Γ in which each step is inferred by resolution from two earlier
steps, or by the symmetry rule from an earlier step, is a symmetric resolution or
SR-I proof.

The form of the symmetry rule just defined is designed to exploit global
symmetries in a set of clauses. Krishnamurthy also defined a more general form
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of the symmetry rule that is able to exploit local symmetries. The local symmetry
rule allows the following inference. Suppose that C is a clause derived from a set
of clauses Γ , and for every clause A in Γ used in the derivation of C, σ(A) is also
in Γ . Then the local symmetry rule allows the derivation of σ(C). A proof from
a set of clauses Γ in which each step is inferred by resolution from two earlier
steps, or by the local symmetry rule from an earlier step, is a locally symmetric
resolution proof or SR-II proof.

The symmetry rule can also be generalized in another direction. If L is the
set of literals based on a set of n variables, then L is closed under the comple-
mentation group, whose elements are the 2n complementation operations; such
an operation interchanges literals and their complements, for some subset of the
literals in L. The symmetric group of all permutations of the variables acts in a
natural way on the set of literals; hence this group can be enlarged to a group of
order 2n ·n! by adding the complementation operations. Following Harrison [11,
Ch. 5], let us call this enlarged group the group of permutations and complemen-
tations. We can extend the symmetry rule (in either its global or local form) by
allowing the inference of σ(C) from C, where σ is an operation in the group of
permutations and complementations under which Γ is invariant (or under which
Γ is closed, when σ is applied to the appropriate subset of Γ , in the local form
of the rule). Let us call the resulting proof systems SRC-I and SRC-II.

For each of these proof systems, we define the length of a proof as the number
of inferences in the proof; the size of a proof is the number of occurrences of
symbols in it. For the inference systems defined above, the two measures of
proof complexity are polynomially related. If P is a refutation system, we define
the P complexity of a set of clauses as the length of a minimal size refutation of
this set of clauses in P. Thus the resolution complexity of a contradictory set of
clauses Σ is the minimal length of a resolution refutation of Σ.

To compare the relative efficiency of refutation systems for sets of clauses, we
define a notion of efficient simulation. If S1 and S2 are both refutation systems
for sets of clauses, then we say that S1 p-simulates S2 if whenever there is a
refutation P2 of a set of clauses Σ in the system S2 there is a refutation P1 of
Σ in the system S1, where the size of P1 is bounded by a fixed polynomial in
the size of P2. If S1 and S2 p-simulate each other, then we say that they are
p-equivalent.

In proving lower bounds, we shall employ various examples of sets of clauses
based on finite graphs. The graph-theoretical terminology used in this paper is
that of Bollobás [5]. A graph G is an ordered pair of finite sets (V,E) where E
is a subset of the set of unordered pairs of V ; the set V = V (G) is the set of
vertices of G, while E = E(G) is the set of edges of G. If U , W are subsets of
V , then we write E(U,W ) for the set of edges joining a vertex in U to a vertex
in W . If x, y are vertices, then we write xy for the edge containing x and y. The
degree of a vertex is the number of vertices adjacent to it. We say that two edges
are adjacent if they have exactly one vertex in common; a set of edges in a graph
is independent if no two edges in the set are adjacent. A matching in a graph G
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is an independent subset of E(G); the matching is perfect if every vertex in G
belongs to one of the edges in the matching.

3 Separating Local and Global Symmetry Rules

It seems clear that local symmetry rules are more powerful than their correspon-
ding global versions. It is fairly easy to verify this impression by constructing
appropriate sets of clauses. Here we show an exponential speed-up of the local
over global symmetry rules by employing sets of clauses based on matchings in
graphs.

Given a graph G = (V,E), we can formulate the assertion that G has a
perfect matching as a set of clauses, PM(G). Where x, y ∈ V , the propositional
variable Pxy is to be read as asserting: “Vertex x is matched with vertex y.”
We identify the variable Pxy with the variable Pyx. If x is a vertex in V , the
disjunction Dx =

∨
{Pxy | y adjacent to x} asserts that x is matched with one

of its neighbours. Similarly, the disjunction Exyz = (¬Pxy ∨ ¬Pxz) asserts that
x cannot be matched with both y and z. The set of clauses PM(G) contains all
the disjunctions Dx, for x ∈ V , together with all the disjunctions Exyz, where
x, y, z ∈ V , x is adjacent to y and z, and y �= z. If G is a graph with n vertices,
and maximum degree d, then PM(G) has size O(d2n).

If G has no perfect matching (for example, if G has an odd number of vertices)
then PM(G) is contradictory. Let K(n + 1, n) be the complete bipartite graph
with V = V1 ∪ V2, |V1| = n+ 1, |V2| = n, and E = {{x, y} | x ∈ V1, y ∈ V2}. The
set of clauses PM(K(n + 1, n)) is contradictory; the statement of this fact is a
formulation of the pigeon-hole principle, so we shall refer to these clauses as the
pigeon-hole clauses PHCn. Armin Haken proved the following result about the
complexity of resolution refutations of PHCn.

Theorem 1. There is a c > 1 so that any resolution refutation of PHCn con-
tains at least cn distinct clauses.

Proof. Haken’s original proof is in [10]. A simpler proof can be found in [4]. ��
The graph K(n+1, n) is highly symmetric; we can use this fact to get a short

SR-I refutation of PHCn (an observation of Krishnamurthy). We formalize the
following informal proof: “If there is an injective map f from {1, · · · , n + 1} to
{1, · · ·n}, then there is a k, 1 ≤ k ≤ n, so that f(n + 1) = k. By symmetry, we
can assume that k = n. But then the map f ′ obtained by removing 〈n + 1, n〉
from f is an injective mapping from {1, · · · , n} into {1, · · · , n − 1}. Hence the
theorem follows by induction on n.”

Theorem 2. There are SR-I refutations of length (3n + 1)n/2 for the pigeon-
hole clauses PHCn.

Proof. A detailed proof of the theorem is in Urquhart [16]. ��
To defeat the global symmetry rule, we can use the simple idea of attaching

“tails” to the vertices of the graph G underlying the set of clauses PM(G). That
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is to say, we attach to each vertex of G a tail containing an even number of
vertices, where each tail is of a different length. To make this idea precise, let
us suppose we are given a graph G with vertices {x1, . . . , xn}. With the vertex
xi we associate a set of “tail vertices” {ti1, . . . , ti2i}. The “graph with tails” Gt

constructed from G is defined to be the graph whose vertices consist of the
original vertices of G, together with all the new tail vertices. The edges of Gt

consists of the original edges of G, together with edges joining xi to ti1, ti1 to
ti2, . . . , ti2i−1 to ti2i, for each vertex xi of G. Figure 1 illustrates the result of
attaching tails to the complete graph K4.

Fig. 1. The graph K4 with tails added

Lemma 1. If G is a graph of degree at least 2, then Gt, the result of adding
tails to G, has no global symmetries. Hence, PM(Gt) has no non-trivial global
symmetries.

Proof. Any symmetry of Gt must map the vertices at the ends of tails into
other vertices of the same type (since they are the only vertices of degree 1). It
follows that tails must be mapped into tails. But then the symmetry must be
the identity, for otherwise a vertex of degree 2 would be mapped into a vertex
of greater degree, since all the tails are of different lengths. The set of clauses
PM(Gt) therefore has no non-trivial global symmetries, since any symmetry of
the set of clauses would give rise to a symmetry of G. ��

We can now separate the local and global symmetry rules by employing the
trick of adding tails to the pigeon-hole clauses. That is, let K(n + 1, n)t be
the result of adding tails to the complete bipartite graph K(n + 1, n). Then the
addition of tails defeats the global, but not the local symmetry rule. Let us write
PHC t

n for the set of “pigeon-hole clauses with tails,” that is, the set of clauses
PM(K(n + 1, n)t). Before proving this result, we prove a simple lemma about
restrictions of resolution refutations.
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Lemma 2. Let Σ be a set of clauses, and φ an assignment to a subset of the
variables in Σ. If R = C1, · · · , Ck is a resolution refutation of Σ, then R�φ =
C1�φ, · · · , Ck�φ contains a subsequence that is a resolution refutation of Σ�φ.

Proof. We prove by induction on the length of the refutation the more general
claim: if Cj�φ �= 1, then C1�φ, · · · , Cj�φ contains a subsequence that is a reso-
lution proof of a subclause of Cj�φ. ��

Theorem 3. 1. There is a c > 1 so that any SR-I refutation of PHC t
n contains

at least cn distinct clauses.
2. There are SR-II refutations of length (3n + 1)n/2 + O(n) of PHC t

n.

Proof. Since PHC t
n has no global symmetries, it follows that the global sym-

metry rule cannot be employed in a refutation of this set of clauses. Thus any
SR-I refutation of PHC t

n must simply be a resolution refutation. Let φ be the
assignment to the edge variables that results from matching all the tail vertices
with other tail vertices (this can be done because all the tails are of even length).
The result of applying this restriction to PHC t

n is the original set of pigeon-hole
clauses PHCn. By Lemma 2, any resolution refutation of PHC t

n must be at least
as long as a resolution refutation of PHCn. Hence, an exponential lower bound
follows by Haken’s lower bound for the pigeon-hole clauses (Theorem 1).

To construct short SR-II refutations of PHC t
n , we can adapt the original short

SR-I refutations described in Theorem 2. The clauses associated with the vertices
of the original bipartite graph K(n+1, n) in PHC t

n are identical with the original
pigeon-hole clauses PHCn, except that for each vertex x, the positive clause Dx

associated with x contains an extra variable Px representing the edge attaching
x to its associated tail. Clearly this subset of the clauses has the same set of
symmetries as PHCn. Thus we can imitate the short SR-II refutation of PHCn

to obtain a short SR-II proof of the clause {Px| x a vertex in K(n + 1, n)}. By
repeated application of unit resolution, we can then derive the empty clause in
O(n) steps. ��

Corollary 1. SR-I cannot p-simulate SR-II.

4 Exponential Lower Bounds for SRC-II

In the previous section, and also in the predecessor to this paper [16], the global
symmetry rule was defeated by the simple process of constructing sets of clauses
with no global symmetries, so that the global symmetry rule could not be applied.
This suggests that we could apply the same idea to the local symmetry rule by
constructing sets of clauses with no useful local symmetries. In this section, we
give a very easy construction that, given an arbitrary set of clauses Σ as input,
constructs a new set of clauses Σ∗ that is not much larger than the original
set, for which the local symmetry rule does not allow any useful speedup. This
immediately leads to an exponential lower bound for SRC-II.

Let Σ be a set of clauses {C1, · · · , Ck} where Ci’s are ordered so that w(Ci) ≤
w(Ci+1) for every 1 ≤ i ≤ k− 1. Let p1, · · · , pm be a set of new variables, where
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m = k(k + 1)/2. Now let the clauses D1, · · · , Dk be defined as the sequence
C1p1, C2p2p3, · · ·; that is to say, we add one new variable to C1, two new variables
to C2, and so on. Note that w(Di) �= w(Dj) for any i �= j. Then we define Σ∗

to be the set {D1, · · · , Dk} ∪ {¬pi|1 ≤ i ≤ m}. Let us write V for the variables
in Σ, and V ∗ for V augmented with the new variables p1, · · · , pm.

The new set of clauses consists of k clauses of widths bounded by k +
max{w(Ci)|1 ≤ i ≤ k}, together with m unit clauses. All of the clauses have
different widths, with the exception of the unit clauses. It follows that Σ∗ has
only a very restricted set of local symmetries. Let φ be the assignment that sets
all the new variables p1, · · · , pm to 0, so that Σ∗�φ = Σ. If σ is a permutation
of V ∗, then let us write σ�V for σ restricted to the set V of original variables.

Lemma 3. If σ is a local symmetry of Σ∗, then σ�V induces the identity map
on the clauses in Σ.

Proof. If Di ∈ Σ∗, then σ(Di) = Di, because all the clauses in Σ∗, with the
exception of the unit clauses, are of different widths. It follows immediately that
σ(Ci) = Ci. ��

The next lemma is just a slightly more elaborate version of Lemma 2.

Lemma 4. If R = C1, · · · , Ck is an SRC-II refutation of Σ∗, then R�φ =
C1�φ, · · · , Ck�φ contains a subsequence that is a resolution refutation of Σ =
Σ∗�φ.

Proof. We prove by induction on the length of the refutation the more general
claim: if Cj�φ �= 1, then C1�φ, · · · , Cj�φ contains a subsequence that is a re-
solution proof of a subclause of Cj�φ. For the input clauses, this is immediate,
since the unit clauses are set to 1 by the restriction φ. Let us assume that Cj

is inferred from Ch and Ci by the resolution rule. If the variable resolved on is
one of the new variables p1, · · · , pm, then one of the premisses must be a unit
clause belonging to Σ∗. It follows that Cj�φ must be identical with one of the
premisses Ch�φ or Ci�φ. If the variable resolved on belongs to V , then Cj�φ
can be inferred from Ch�φ and Ci�φ by resolution. Finally, if σ(Ci) is inferred
by the local symmetry rule from Ci, then by Lemma 3, σ(Ci�φ) = Ci�φ. ��

The next theorem follows immediately from Lemma 4.

Theorem 4. If Σ is a set of clauses, then the SRC-II complexity of Σ∗ is
bounded from below by the resolution complexity of Σ.

Theorem 4 guarantees that there exists as many hard examples for SRC-II
as for resolution. For example, the sequence of sets of clauses {PHC∗

k} obtai-
ned from the pigeon-hole clauses is exponentially hard for SRC-II. There are
sequences {Σk} of contradictory sets of clauses in 3CNF of size O(k) that re-
quire resolution refutations of size 2Ω(k) (for details, see [15,7,4] ). Consequently,
we obtain the following result.
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Corollary 2. There exists a sequence of contradictory sets of clauses {Δk} such
that any SRC-II refutation of Δk contains 2Ω(k) clauses, though the size of each
Σk is O(k2).

The cutting plane system is another refutation system for propositional for-
mulas in conjunctive normal form. In the cutting plane system, the truth values
true and false are interpreted by 1 and 0 and propositional formulas are expres-
sed by systems of linear inequalities. The goal (in constructing a refutation) is to
derive the inequality 0 ≥ 1. It has its origins in the work of Gomory [9] in integer
linear programming. It can also be considered as a generalization of resolution,
since it is easy to give an efficient translation from sets of clauses to sets of li-
near inequalities so that if the original set of clauses has a resolution refutation,
the corresponding set of linear inequalities has a cutting plane refutation that
is not much longer. The cutting plane system is strictly more powerful than the
resolution system, since, for example, the pigeon-hole clauses have short cutting
plane refutations; for details see [8].

The cut-free sequent calculus is also a refutational system for propositional
formulas when we restrict the system so that every sequent is of the form,

C1, . . . , Cn → ⊥

where Ci are clauses. The cut-free proofs are expressed either as trees or direc-
ted acyclic graphs. When expressed as trees, the cut-free sequent calculus and
the analytic tableau system p-simulate each other. When expressed as directed
acyclic graphs, it is as efficient as resolution on the class of formulas written in
3CNF. By adding the symmetry rule on the (DAG-like) cut-free sequent calcu-
lus, we obtain a system called simple combinatorial reasoning. Simple combina-
torial reasoning polynomially proves many combinatorial problems including the
pigeon-hole clauses [3,2,1].

Before we finish this section, we note that both cutting planes and simple
combinatorial reasoning polynomially prove {PHC∗

k}; SRC-II p-simulates neit-
her of them. In this paper, we only outline the proof. First we show the following
lemma.

Lemma 5. Let Σ is a set of clauses of size n. Suppose that Σ is reduced to
another set of clauses Σ′ by using only unit resolution. If cutting planes has a
proof for Σ′ of size m, it has a proof for Σ of size mn2. The same thing holds
for simple combinatorial reasoning.

It is easy to show that for any sets of clauses Σ, Σ∗ is reducible to Σ by
using only unit resolution. More specifically, PHC∗

k is reducible to PHCk by
using unit resolution. Consequently, both cutting planes and simple combinato-
rial reasoning polynomially proves {PHC∗

k}.

Theorem 5. SRC-II p-simulates neither cutting planes nor simple combinato-
rial reasoning.
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5 Separation of SR-I from Cutting Planes

In the previous section, we gave an exponential lowerbound for SRC-II and
show that SRC-II p-simulates neither cutting planes nor simple combinatorial
reasoning. In this section, we show that the cutting plane proof system and
SRC-II are incomparable in the p-simulation ordering. This result follows from
an exponential lower bound proved by Pudlák [13] and our polynomial upper
bound for the same sequence of formulas.

We now define the examples used by Pudlák in proving lower bounds for the
cutting plane system. We define k-Clique(n) to be the following set of clauses:

1. {qi,1, . . . , qi,n} for 1 ≤ i ≤ k,
2. {¬qi,m,¬qj,m} for 1 ≤ m ≤ n and 1 ≤ i < j ≤ k, and
3. {¬qi,m,¬qj,l, pm,l} for 1 ≤ m < l ≤ n and 1 ≤ i, j ≤ k.

The above clauses encode a graph which has n vertices and contains a k-clique
as follows. We enumerate all the vertices of the graph {1, . . . , n}. The q’s encode
a function f from {1, . . . , k} to {1, . . . , n}. The literal qi,l means that f(i) = l.
(The intuitive meaning of f(i) = l is that the vertex named i in the graph is
actually the vertex named l in the k-clique.) The pm,l encode that there exists
an edge between m and l. Hence, the first clause means that the function f is
defined for all i (i = 1, . . . , k). The second clause means that f is one-to-one. The
third clause means that if there exists i, j such that f(i) = m and f(j) = l, then
there exists an edge between m and l. Note that k-Clique(n) corresponds to the
positive test graph in the proof of lower bounds for monotone circuits (Razborov
[14], Boppana and Sipser [6]). Pudlák’s result rests on a generalization of this
proof.

We define k′-Color(n) to be the following set of clauses:

1. {rm,1, . . . , rm,k′} for 1 ≤ m ≤ n,
2. {¬rm,i,¬rm,j} for 1 ≤ m ≤ n and 1 ≤ i < j ≤ k′, and
3. {¬rm,i,¬rl,i,¬pm,l} for 1 ≤ m < l ≤ n and 1 ≤ i ≤ k′.

The above clauses encode a graph which is a k′-partite graph as follows. The
r’s encode a coloring function g from {1, . . . , n} to {1, . . . , k′}. The literal rm,i

means that the vertex named m is colored by i. Hence, the first clause means
that every vertex is colored. The second clause means that none of the vertices
has more than one color. The third clause means that the coloring is proper:
when the vertices m and l have the same color, then there is no edge between
m and l. Note that k′-Color(n) corresponds to the negative test graph.

We now define k-Test(n) to consist of all the clauses in k-Clique(n) together
with the clauses in (k−1)-Color(n). The size of k-Test(n) is O(n4). It is easy
to see that k-Test(n) is unsatisfiable: as a matter of fact, if all the clauses in
k-Clique(n) is true, then the graph contains a k-clique. A k-clique cannot have a
proper (k−1)-coloring. This means at least one of the clauses in (k−1)-Color(n)
must be false.



Local Symmetries in Propositional Logic 49

Theorem 6. If k = � 18 (n/ log n)2/3�, then any cutting plane refutation of k-
Test(n) must contain 2Ω((n/ log n)1/3) steps.

Proof. See Pudlák [13], Theorem 6 and Corollary 7. ��
The set of clauses k-Test(n) has a very large global symmetry group. This

can be seen easily if we give a slightly different description of the set. It can be
viewed as defined with respect to three different sets, a set with k members, the
set of indices, a set with n members, the set of vertices, and a set with k − 1
members, the set of colors. Then the set of clauses k-Clique(n) says that there
is a one-to-one map from the set of indices onto a k-clique defined on the set of
vertices, while (k−1)-Color(n) says that there is a proper k − 1-coloring of the
graph defined on the set of vertices.

The whole set of clauses is invariant under the following operations: any per-
mutation of the index set, any permutation of the vertices, and any permutation
of the colors. This very large symmetry group allows us to find short refutations
by using the symmetry rule. These short proofs are counterparts of the corre-
sponding short proofs in a cut-free Gentzen calculus with permutation that were
constructed by the first author [1].

Theorem 7. k-Test(n) has a refutation of length O(k(n + k)) in SR-I.

Proof. Denote the clauses of the form {¬qi,i, . . . ,¬qk−1,k−1,¬qk,k} by Ci for
each 1 ≤ i ≤ k and the empty clause by Ck+1. Our polynomial-size refutation
of k-Test(n) consists in giving short derivations of C1, C2, . . . , Ck+1.

The following set of clauses expresses that there is no 1-1 and onto function
from the set of k objects to the set of k − 1 objects.

1. {rm,1, . . . , rm,k−1} for 1 ≤ m ≤ k,
2. {¬rm,i,¬rm,j} for 1 ≤ m ≤ k and 1 ≤ i < j ≤ k − 1, and
3. {¬rm,i,¬rl,i} for 1 ≤ m < l ≤ k and 1 ≤ i ≤ k − 1.

Thus, this set of clauses is identical with the pigeon-hole clauses PHCk−1. By
Theorem 2, this set has an SR-I refutation of length O(k2).

Hence, we can derive the clause {¬pm,l | 1 ≤ m < l ≤ k} in O(k2) steps from
the following subset of (k−1)-Color(n):

1. {rm,1, . . . , rm,k−1} for 1 ≤ m ≤ k,
2. {¬rm,i,¬rm,j} for 1 ≤ m ≤ k and 1 ≤ i < j ≤ k − 1, and
3. {¬rm,i,¬rl,i,¬pm,l} for 1 ≤ m < l ≤ k and 1 ≤ i ≤ k − 1.

By resolving {¬pm,l | 1 ≤ m < l ≤ k} with the clauses

{¬q1,1,¬q2,2, p1,2}, . . . , {¬qk−1,k−1,¬qk,k, pk−1,k},

we obtain C1. Intuitively, C1 says that the set of vertices 1, 2, . . . , k do not form
a k-clique if they are properly colored by (k − 1) colors.

We now show by induction on i that, starting from the clause C1, we can
derive Ci, for 1 < i ≤ k in O(i(n+ i)) steps. Let us assume that we have already
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derived Ci, for i < k; we show how to derive Ci+1 in n + i + 1 extra steps. By
resolving Ci with the input clause {qi,1, . . . , qi,n}, we obtain the clause

{qi,1, qi,2, . . . , qi,i−1, qi,i+1, . . . , qi,n,¬qi+1,i+1, . . . ,¬qk,k}.

Resolving this last clause against the (n− i) input clauses {¬qi,j ,¬qj,j} for i <
j ≤ n, we obtain the clause {qi,1, qi,2, . . . , qi,i−1,¬qi+1,i+1, . . . ,¬qk,k}. We can
apply the symmetry rule to Ci to derive the clauses {¬qi,j ,¬qi+1,i+1, . . . ,¬qk,k},
for 1 < j < i (that is to say, we apply the global symmetry that results from
interchanging the vertices 1 and j). Using these clauses in i − 2 applications of
the resolution rule, we finally derive Ci+1. This derivation of Ci+1 from Ci takes
1 + (n− i) + 2(i− 2) = n + i + 1 inference steps.

It follows that the derivation of Ck from C1 takes O(k(n+ k)) steps. Finally,
from Ck = {¬qk,k}, we can derive {¬qk,j}, for j �= k by the symmetry rule
(interchanging the vertices k and j), and hence the empty clause by n resolu-
tion steps, starting from the input clause {qk,1, . . . , qk,n}. This last part of the
derivation takes O(n) steps, so the entire refutation in SR-I takes O(k(n + k))
inference steps. ��

Corollary 3. The cutting plane proof system cannot p-simulate SR-I.

Together with Theorem 5, we obtain the following corollary.

Corollary 4. The cutting plane system and SRC-II are incomparable in the
p-simulation ordering.
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Abstract. The aim of the TABLEAUX-2000 Non-Classical (Modal) Sy-
stem Comparisons (TANCS-2000) is to provide a set of benchmarks and
a standardized methodology for the assessment and comparison of ATP
systems in non-classical logics, as it is done for first-order logic with the
CADE System Competition. We believe that TANCS can benefit the
scientific community in two ways: by promoting the competition among
ATP systems and thus yielding novel solutions, and by providing a scien-
tific design for benchmarking non-classical ATP systems.
This paper reports the main ideas behind the design, the benchmarks,
the organization, and the rating of the ATP systems of TANCS-2000.

1 Design and Organization of the Comparison

The first Comparison was held in 1998 [1], a second one was held in 1999 [11] and
this one continues the series with a focus on expressive modal and description
logics (for an introduction to modal logics see [7], for description logics see [3]).
The following Automated Theorem Proving (ATP) systems have been submitted
this year: mspass (based on resolution), �sat, FaCT, dlp and race (based on
various optimization of tableaux and Davis-Putnam procedures). Their descrip-
tions can be found in these proceedings.

As in past years, they are compared along two yardsticks: effectiveness and
usability. Effectiveness can be measured on the basis of the type and number
of problems solved, the average runtime for successful solutions, the scaling of
the prover as problems gets bigger. Usability can be assessed on the basis of
availability via web or other sources, portability to various platforms, need for
additional software besides the prover itself, ease of installation and use (e.g.,
visual interfaces), possibility of customizing the search heuristics, etc.

Concerning effectiveness, a sensitive decision is the choice of benchmark pro-
blems which should offer the possibility to generate enough different samples so
� More details are at http://www.dis.uniroma1.it/˜tancs. We thank S. Demri for

his valuable contribution, P. Patel-Schneider for beta-testing some benchmarks and
all TANCS participants for their constructive suggestions. TANCS problem reposi-
tory is hosted by the Dipartimento of Informatica e Sistemistica, Università di Roma
“La Sapienza”, ITALY. Work supported by MURST (project MOSES) and CNR.
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that “benchmark-tailored” techniques will not work, and which are either repre-
sentative of the difficulties of the underlying satisfiability decision problem or
representative of some real-world case.

Another key decision is the rating of the systems which cannot just rely on
raw running times nor on internal aspects of the algorithm (e.g. Davis-Putnam
calls) as we may end up with the impossibility of comparing in any fair way the
performance of ATPs using different hardware, operating systems and calculi.

2 Benchmark Problems

Benchmarks are grouped into main divisions and then into categories, as in the
CADE System Competition [17], according to the complexity of the correspon-
ding decision problem1: a modal Pspace division, a multi-modal Pspace one,
a global Pspace division, a modal EXPtime division.

For each category within a division there are a few reference problems which
every entrant of the comparison has to try. Then a C program can generate all
random instances of one’s size and choice, as in ‘99 [11]. Besides parameters such
as numbers of clauses and variables, the C program makes it possible to choose
between a “plain” version of the benchmark and “modalized” one which hides
away propositional reasoning. For details see [11].

The basic benchmark is Unbounded Modal QBF. It was first proposed for
TANCS in [11] and its intuition is to encode validity of Quantified Boolean
Formulae (QBF) into satisfiability in modal logic K.

In practice we generate a QBF with c clauses, alternation depth equal to
d, with at most v variables for alternation. Setting d = 3 and v = 2, we can
generate a QBF like ∀v32v31.∃v22v21.∀v12v11.∃v02v01.cnfc-clauses(v01 . . . v32). For
each clause we randomly generate k different variables (default 4) and each is
negated with probability 0.5. The first and the third variable (if it exists) are
existentially quantified, whereas the second and fourth variable are universally
quantified. This aims at eliminating trivially unsatisfiable formulae [2]. Other
literals are either universal or existentially quantified variables with probability
0.5. The depth of each literal is randomly chosen from 1 to d.

The QBF formula can be translated into modal logic with different encodings:

1. An optimization of Ladner’s original translation [10] that does not introduce
new variables but still contains many formulae which guarantees that a tree-
like model is constructed following the alternating quantifier prefix;

2. a further optimized translation in which the formulae corresponding to the
alternation depth are somewhat compiled away;

3. a yet more optimized translation which is fairly close to Schmidt-Schauß and
Smolka’s reduction of QBF validity into ALC satisfiability [15].

1 We recall that deciding modal logic satisfiability is Pspace complete and EXPtime-
complete if one uses global axioms Fitting-style [4]. However, not necessarily every
benchmark set is able to capture these complexity classes.
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For every fixed valued of d we can capture hard problems at the d + 1-th level of
the polynomial hierarchy in the same way that is done for 3-SAT problems [16]:
we fix the ratio clauses over variables to some value2 where a phase transition
SAT/UNSAT occurs and increase the number of variables. That’s better than
[6] as we move upward in the complexity chain, yet Pspace can only be reached
by an unbounded and always increasing value of d (but then we can set v=1).

Compared to TANCS-1999, this benchmark has been enhanced to accom-
modate more expressive modal constructs: benchmark problems generated from
QBF have also been encoded using the inverse operator on modalities (aka con-
verse inALCI) and sequence, union and star of Converse Propositional Dynamic
Logic (or their description logic equivalent). The basic idea behind the encodings
is to replace a single relation in modal logic K by a sequence of back-forth-back
relations, in some clever way to avoid making most formulae unsatisfiable.

Finally, the benchmark Periodic Modal CNF can capture Pspace. It encodes
periodic satisfiability problems [13] with global axioms Fitting-style [4]. We refer
to [11] for further details on this encoding.

3 Usability of Submitted Systems

Since TANCS deals primarily with ATP systems, we considered only usability is-
sues [12] which could be reasonable for ATP. Before the systems were submitted,
we envisaged three main characteristics in evaluating usability.

Additional software (beside standard compilers). Two systems needed only
a standard C compiler (mspass and �sat), dlp needed free software (New Jersey
ML), and two systems (FaCT and race) needed proprietary software (Allegro
Common Lisp, available together with patches through www.franz.com). Of the
two systems requiring no additional software, mspass was the only system we
correctly installed on a Linux-based PC and Solaris-based SUN, without any
interaction with their creators, while �sat needed a special make. For mspass
and FaCT we needed to contact the authors to obtain the translator from the
ATP input syntax to the TPTP syntax (and also hack down the translator).

User interface. Every system provided only a bare command-line interface,
with no help available but a “readme” file. This was not a problem, since TANCS
deals with theorem provers, not complete systems. However, while a graphical
interface would have been clearly a surprise, we believe that a simple textual
menu interface might have been helpful to promote usage of these systems.

Proof management. By this, we mean the ability of a system to provide
the (even bare) steps followed to reach the conclusion. No submitted system
provided us by default the proof of the results it obtained. mspass can be set to
provide some proof — either a refutation or a saturated set of clauses.

We also considered the level of expertise required to run the system. Of
course, we did not expect naive users to be able to run the systems; however, it
turned out that because of the characteristics of user interfaces, and additional
2 The ratio may depend on the number of variables and may not just be a constant

as in 3-SAT. See also [2].
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Table 1. Benchmark Results on Unbounded Modal QBF

Absolute Running Time in 10msec (Geometric Mean)
dlp FaCT+ mspass �sat race

Benchmark Time %Tout Time %Tout Time %Tout Time %Tout Time %Tout
K4-C45-V8-D4 80 - 237 - 2453 - 8661 2% 6136 80%
K4-C45-V8-D5 781 - 5236 - 5187 - 38222 41% 9257 81%
K4-C55-V8-D6 554 - 2842 - 10612 - 56135 64% 9509 89%

Normalised Running Time (Geometric Mean)
mspass dlp FaCT+ QBF solver

Benchmark Tot. sat unsat Tot. sat unsat Tot. sat unsat Tot. sat unsat
K4-C45-V8-D4 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
K4-C45-V8-D5 2.1 2.1 2.1 9.8 15.1 6.4 22.1 32.1 15.2 1.3 2.3 0.7
K4-C55-V8-D6 4.3 4.3 4.3 7.0 9.1 6.1 12.0 19.9 9.3 1.2 1.1 1.3

software required, no system could have been run by an expert of the problem
itself — namely, either an expert in description logics and KRSS, or an expert
in modal logics and the TPTP syntax. More expertise in the architecture of
systems, operating systems compatibilities and even shell languages was needed.

4 Effectiveness and Performance Analysis

The normalized running time is the yardstick used to compare provers. In a
nutshell, for every prover we compute the geometric mean time on some reference
problems and then normalise the run time of each comparison problem with
respect to (i.e. divide by) this reference mean time. Then we obtain a relative
ranking which makes it possible to abstract away, at least to a certain extent,
machine- and run-dependent characteristics. Notice that the geometric mean
time must be used, otherwise we may draw meaningless conclusions [5]. Ability
of handling large instances and asymptotic behavior emerge more clearly [8,9].

A compact report of the comparison on some Unbounded Modal QBF pro-
blems (using the encoding 3 and composed by approximately 50% of SAT and
UNSAT instances) is presented in Table 1 (more details are in the web pages).

The first table reports the absolute running time as submitted by the entrants
and the corresponding timeouts. Out of this table, we might be tempted to
conclude that dlp is the fastest. But, as we said, this might depend on the
compiler, the software etc. The second table shows the normalized time and a
new picture: mspass is TANCS-00’s leader on Unbounded Modal QBF, closely
followed by dlp and FaCT+ (a version of FaCT with caching enabled). The
last entry is a QBF-solver [14] which solved all problems within a second: modal
and description logics ATP systems have still far to go.

dlp and FaCT time increases and then decreases as expected: they are
tableau based and satisfiable instances are harder at even levels of d + 1 [2].

Extensibility. We want also to mention some other features of the systems,
as dealing with more expressive logics may be worth their slow down. All systems
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can reason in the basic multi-modal logic K, aka the description logic ALC.
Except �sat, all systems can deal with transitive roles (full transitive closure of
roles for dlp), i.e., multi-modal logic S4, and global axioms (aka general TBoxes)
and submitted results in the corresponding category. FaCT and mspass can deal
with inverse modalities and both submitted results using inverse (mspass also
reported about union and sequential composition).

Concerning problems not among TANCS’s benchmarks (yet), FaCT and
race can reason with qualified number restrictions, aka graded modalities. race
can also handle ABoxes, which correspond to a restricted use of nominals in mo-
dal logics. Finally, we note that mspass could, in principle, deal with any feature
that can be expressed within first-order logic; its running behavior, though, can-
not be predicted for such extensions.
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University of Hamburg, Computer Science Department
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Abstract. This paper presents the results of applying RACE, a descrip-
tion logic system for ALCNHR+ , to modal logic SAT problems. Some
aspects of the RACE architecture are discussed in detail: (i) techniques
involving caching and (ii) techniques for dealing with individuals.

1 Introduction to the RACE Architecture

The description logic (DL) ALCNHR+ [5] extends the logic ALCHfR+ (see [8]
for a concept consistency calculus) by adding number restrictions. The inference
services supported by RACE for TBoxes and ABoxes are described in [6]. In this
paper, due to space restrictions, we assume that the reader is familiar with DLs.

The ABox consistency algorithm implemented in the RACE system is descri-
bed as a tableaux calculus in [5]. However, optimized search techniques are requi-
red in order to guarantee good average-case performance. The RACE architec-
ture incorporates the following standard optimization techniques: dependency-
directed backtracking [12] and DPLL-style semantic branching (see [3] for recent
results and for an overview of the literature). Among a set of new optimization
techniques, the integration of these techniques into DL reasoners for concept
consistency has been described in [7] (see also [2] for a discussion of ideas to in-
tegrate intelligent backtracking into terminological logics). The implementation
of these techniques in the ABox reasoner RACE differs from the implementa-
tion of other DL systems (e.g. FaCT or DLP [10]), which provide only concept
consistency (and TBox) reasoning. The latter systems have to consider only so-
called “labels” (sets of concepts) whereas an ABox prover such as RACE has to
explicitly deal with individuals (nominals).

The techniques for TBox reasoning described in [1] (marking and propagation
as well as lazy unfolding) are also supported by RACE. As indicated in [4], the
architecture of RACE is inspired by recent results on optimization techniques
for TBox reasoning [9], namely transformations of axioms (generalized concept
inclusions, GCIs), model caching and model merging.

RACE is implemented in Common Lisp and can be copied for research pur-
poses: http://kogs-www.informatik.uni-hamburg.de/˜moeller/race/race.html.

2 Results on the TANCS Comparison Problems

The TANCS QBF benchmarks are transformed into concept consistency tests.
The runtimes of RACE on the comparison problems with different encodings are
documented in Table 1. All tests have been run on a Macintosh Powerbook G3
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Table 1. Runtimes for the TANCS’2000 comparison problems (runtimes include rea-
ding times): S = definitely satisfiable, T = timed out. The percentage of definitely
unsatisfiable problems is U = 100 – S – T. The number of instances provided for the
TANCS comparison problems of different type is indicated in parentheses.

K C V D Time (10ms) S (%) T (%)

QBF cnf (4)
4 10 4 4 2481 100 0
4 10 4 6 10455 0 100
4 20 4 4 4246 75 0
4 20 4 6 10577 0 100
4 30 4 4 776 0 0
4 30 8 4 11443 0 100

QBF cnf modS4 (64)
4 20 2 2 2277 14 6

QBF cnf SSS (8)
4 10 4 4 23 100 0
4 10 4 6 31 100 0
4 10 8 4 46 100 0
4 10 8 6 82 100 0
4 10 16 4 99 100 0
4 10 16 6 120 100 0
4 20 4 4 48 75 0
4 20 4 6 68 100 0
4 20 8 4 104 100 0
4 20 8 6 296 100 0
4 20 16 4 297 100 0
4 20 16 6 735 100 0
4 30 4 4 74 25 0
4 30 4 6 116 88 0
4 30 8 4 246 100 0
4 30 8 6 733 100 0
4 30 16 4 1647 100 0
4 30 16 6 5206 25 75
4 40 4 4 61 12 0
4 40 4 6 112 25 0
4 40 8 4 414 25 0
4 40 8 6 3344 88 0
4 40 16 4 3661 75 25
4 40 16 6 8932 25 75
4 50 4 4 71 0 0
4 50 4 6 128 0 0
4 50 8 4 716 0 0
4 50 8 6 3306 62 12
4 50 16 4 9075 25 75
4 50 16 6 9896 12 88

K C V D Time (10ms) S (%) T (%)

QBF cnf Ladn (8)
4 10 4 4 425 100 0
4 10 4 6 4487 88 12
4 10 8 4 9644 25 75
4 10 8 6 10191 0 100
4 20 4 4 940 100 0
4 20 4 6 9360 12 88
4 20 8 4 10205 0 100
4 20 8 6 10306 0 100
4 30 4 4 857 25 0
4 30 4 6 9710 0 88
4 30 8 4 10276 0 100
4 30 8 6 10433 0 100
4 40 4 4 508 0 0
4 40 4 6 3680 0 38
4 40 8 4 8919 0 88
4 40 8 6 10557 0 100
4 50 4 4 616 12 0
4 50 4 6 1851 0 12
4 50 8 4 10421 0 100
4 50 8 6 10689 0 100

PSAT cnf (8)
4 20 4 1 11 100 0
4 20 4 2 29 100 0
4 20 8 1 10 100 0
4 20 8 2 78 100 0
4 30 4 1 14 100 0
4 30 4 2 132 100 0
4 30 8 1 16 100 0
4 30 8 2 2987 62 38
4 40 4 1 23 100 0
4 40 4 2 364 100 0
4 40 8 1 26 100 0
4 40 8 2 10651 12 88
4 50 4 1 30 88 0
4 50 4 2 2088 62 25
4 50 8 1 32 100 0
4 50 8 2 10017 0 100

with 333 MHz. A timeout is set to 100secs. In case of a timeout, the runtime
(100secs) is included into the geometric mean. For some of the TANCS’2000
comparison problem types, the set of benchmarks contains harder problems,
which are not reported in Table 1. For these problems all instances are timed
out, hence the runtime for each problem is 100secs.

The PSAT problems of the TANCS comparison problems are defined with a
set of axioms. Axioms are represented as generalized concept inclusions (GCIs).
In the RACE system, well-known as well as novel transformations on GCIs are
employed in order to reduce runtimes. The goal of the transformations (see [7])
is to reduce the number of GCIs by transforming GCIs in order to derive concept
definitions, i.e. a pair of GCIs A � C and C � A or primitive concept definitions
A � C (with no C � A) such that A is not mentioned on the left-hand side of
another GCI in the TBox. Furthermore, as a novel transformation technique,
in RACE axioms for declaring the disjointness of atomic concepts and axioms
for domain and range restrictions for roles are absorbed. These constructs are
treated in a special way by the RACE architecture.

In the PSAT problems the axioms are of the form � � C where C is a complex
concept expression (i.e. a complex modal logic formula). Unfortunately, in the
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case of PSAT the number of axioms (GCIs) can only be reduced by detecting
common subexpressions. The derivation of (primitive) concept definitions is not
possible due to the structure of the formulae (see Table 1 for the runtime results).

3 An Important Optimization Technique: Caching

Caching of intermediate computation results is a necessary prerequisite to prove
the (in)consistency of many concepts terms [9]. In particular, solutions for some
of the TANCS problems mentioned above cannot be computed within the time
limit without caching. For instance, the runtimes for the PSAT problems with
depth 2 (see Table 1) increase by one order of magnitude.

Caching is not a trivial optimization technique. Solving a consistency problem
{i0 :E} w.r.t. the following (cyclic) inclusion axioms demonstrates that caching
must depend on the context:

C � (∃R .D) � (∃S .X) � ∀S . (¬X � A), D � ∃R .C, E � (∃R .C) � (∃R .D)

The proof steps are presented in Figure 1. In the figure the sequence of
“expansion” steps is indicated with numbers. In step 1, the initial problem {i0 :E}
is presented. Since there is an axiom for E involving a disjunction we get two
constraint systems (see step 2). Let us assume the first alternative is tried first.
This leads to a subconstraint system (step 3). The assertion from step 3 is
expanded w.r.t. the axioms and we get the constraint system in step 4. The first
some-constraint is expanded first. In step 5 the corresponding subconstraint
system is considered. The right-hand side of the axiom for D is inserted (step
6). The some-constraint yields another subconstraint system (step 7). Due to
the blocking strategy [4], the constraint system in step 7 is not expanded (see
the constraint system in step 3 with the “blocking witness” i1). In Figure 1 the
canonical interpretation is indicated with a dashed arrow.

An often-employed strategy is to cache intermediate results, i.e. the satis-
fiability of D is stored as a so-called pseudo model {D,∃R .C}. Let us assume
at the end of step 7 a pseudo model for D is stored as indicated above. In our
example, there are some proof steps pending. In step 8 the remaining constraints
from step 4 are considered. Obviously, the second some-constraint for the role
S together with the value restriction for S causes a clash. Therefore, the second

1 2 3

45
i5

i0 i1 i2 i3

i4

R R R

SR

R

1. {i0 :E}
2. {i0 :E, i0 :∃R . C} ∨ {i0 :E, i0 :∃R . D}
3. {i1 :C}
4. {i1 :C, i1 :∃R . D, i1 :∃S . X, i1 :∀S .¬X � A}
5. {i2 :D}
6. {i2 :D, i2 :∃R . C}
7. {i3 :C}
8. {i4 :X, i4 :A, i4 :¬X}
9. {i5 :D}

Fig. 1. Caching example with blocking (see text).
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alternative in step 2 has to be considered. The corresponding subconstraint sy-
stem is presented in step 9. If the consistency of D is checked by examining a
cache entry for D, the overall result will be “E is consistent”. Obviously, this is
erroneous. The reason is that the caching principle described above does not con-
sider the dependency on the satisfiability of C. Therefore, a dependency tracking
mechanism for cache entries is implemented in RACE. Once the system detects
the inconsistency of a concept (or constraint system) on which a cached pseudo
model is dependent, the corresponding cache entries are (recursively) removed.

Caching of a pseudo model for a specific concept (model caching) is a strategy
which is implemented in the FaCT system and the DLP system [9]. To the best
of our knowledge, only the DLP system offers an additional caching technique.
If, during a certain tableaux proof for the consistency of a concept term, a
some-constraint (e.g. ∃R .C interacts with all-constraints ∀R .C and ∀R .D),
then another strategy is to cache the result of checking the consisteny of the
subproblem {inew :C, inew :D, inew :E}. Again, the dependency tracking mechanism
implemented in RACE ensures correct behavior of the so-called “subtableaux
caching” strategy in the case of blocking. To the best of our knowledge, details
about the techniques employed in DLP have not been published yet.

If there exists no cache entry for a subproblem such as {inew :C, inew :D, inew :E},
then it might be possible check out whether the models of C, D and E can be
merged (see [7] for an introduction to model merging). However, for the TANCS
benchmarks this technique was disabled because the overhead involved in this
test caused the runtimes to increase.

4 Optimizations for ABox Reasoning

Unfortunately, the TANCS benchmarks only consider concept consistency pro-
blems (possibly w.r.t. axioms). The RACE architecture has been developed also
for ABox reasoning with individuals. Thus, there is some overhead involved if
only concept consistency tests are computed with RACE. As the runtime re-
sults indicate, the overhead costs of pure consistency reasoning with an ABox
reasoner are minimal. However, ABox reasoning itself requires additional opti-
mization techniques in order to ensure adequate average-case performance. For
instance, for computing the direct types (most-specific atomic concepts) of an
individual a during ABox realization, multiple consistency problems for ABoxes
A ∪ {a :¬Ai} with different atomic concepts Ai have to be solved. In order to op-
timize ABox realization (see [4] for other ABox optimization techniques) we use
a transformation technique for tree-like ABoxes, called contraction w.r.t. an in-
dividual a. The idea is to maximize the effect of caching. To speed up the tests we
transform A in such a way that acyclic, tree-like “role paths” between individu-
als are represented by an appropriate existential restriction. The corresponding
concept and role assertions “representing” the role paths are deleted from the
ABox. The following contraction rule is applied to A as often as possible. The
final ABox is called A′. Then, the consistency of A′ ∪ {a :¬Ai} is checked. Ob-
viously, A (without a :¬Ai being added) must be tested for consistency without
contraction beforehand.
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RC Contraction Rule for ALCNHR+ .
Premise: ∃(i, j) :R ∈ A, j :C1 ∈ A, . . . , j :Cn ∈ A:

[ j �= a, (¬∃ (j, k) :R′ ∈ A),
(¬∃ (i, j) :R′′ ∈ A : R′′ �= R), (¬∃ (l, j) :R′′′ ∈ A : l �= i)
(¬∃ (i, o) :S ∈ A : o �= j,R↑ ∩ S↑ �= ∅),
(¬∃ j :Cn+1 ∈ A : ∀ i ∈ 1..n : Cn+1 �= Ci) ]

Consequence: A := (A \ {(i, j) :R, j :C1, . . . , j :Cn}) ∪ {i :∃R .C1 � . . . � Cn}
Empirical tests with automatically generated ABox problems indicate that

the role path contraction technique is very effective for tree-like ABoxes. The
contraction technique can give a speed gain of about one order of magnitude
(see [4] for a set of benchmarks and evaluation results).
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Abstract. FaCT (Fast Classification of Terminologies) is a Description
Logic (DL) classifier that can also be used for modal logic satisfiability
testing. The FaCT system includes two reasoners, one for the logic SHF
and the other for the logic SHIQ, both of which use optimised imple-
mentations of sound and complete tableaux algorithms. FaCT’s most
interesting features are its expressive logic (in particular the SHIQ rea-
soner), its optimised tableaux implementation (which has now become
the standard for DL systems), and its CORBA based client-server archi-
tecture.

1 The FaCT System

The logics implemented in FaCT are both based on ALCR+ , an extension of
ALC to include transitive roles [13]. For compactness, this logic has be called
S (due to its relationship with the proposition multi-modal logic S4(m) [14]).
SHF extends S with a hierarchy of roles and functional roles (attributes), while
SHIQ adds inverse roles and fully qualified number restrictions.

The SHIQ reasoner is of particular interest, both form a theoretical and a
practical viewpoint. Adding inverse roles to SHF (to give SHIF) already leads
to the loss of the finite model property, and this has necessitated the develop-
ment of a more sophisticated double dynamic blocking strategy that allows the
algorithm to find finite representations of infinite models while still guaranteeing
termination [7]. Moreover, when SHIF is generalised to SHIQ, it is necessary
to restrict the use of transitive roles in number restrictions in order to maintain
decidability [8]. SHIQ is also of great practical interest as it is powerful enough
to encode the logic DLR, and can thus be used for reasoning about conceptual
data models, e.g., Extended Entity-Relationship (EER) schemas [2,4].

2 Implementation

FaCT is implemented in Common Lisp, and has been run successfully with
several commercial and free lisps, including Allegro, Liquid (formerly Lucid),
Lispworks and GNU. Binaries (executable code) are now available (in addition
to the source code) for Linux and Windows systems, allowing FaCT to used
without a locally available Lisp.
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In order to make the FaCT system usable in realistic applications, a wide
range of optimisation techniques are used in the implementation of the satisfia-
bility testing algorithms. These include axiom absorption, lexical normalisation,
semantic branching search, simplification, dependency directed backtracking,
heuristic guided search and caching [6]. The use of these (and other) optimi-
sation techniques has now become standard in tableaux-based DL implementa-
tions [10,5].

The current implementation of SHIQ is a relatively naive modification of
the SHF reasoner: it does not use the more efficient form of double blocking
described in [8], it does not include any special optimisations to deal with inverse
roles (or take advantage of their absence), and some optimisations that would
require modification in the presence of inverse roles are instead simply disabled.
As a result, performance with SHIQ is significantly worse than with SHF , even
w.r.t. SHF problems. These issues are being addressed in a new implementation
of the SHIQ reasoner.

Work is also underway on the development of Abox reasoning for the FaCT
system: an SHF Abox has recently been released [15] and a full SHIQ Abox is
being developed [9].

3 Special Features

In addition to the standard KRSS functional interface [11], FaCT can also be
configured as a classification and reasoning server using the Object Management
Group’s Common Object Request Broker Architecture (CORBA) [1]. This ap-
proach has several advantages: it facilitates the use of FaCT by non-Lisp client
applications; the API is defined using CORBA’s Interface Definition Language
(IDL), which can be mapped to various target languages; a mechanism is pro-
vided for applications to communicate with the DL system, either locally or
remotely; and server components can be added/substituted without client ap-
plications even being aware of the change. This has allowed, for example, the
successful use of FaCT’s reasoning services in a (Java based) prototype EER
schema integration tool developed as part of the DWQ project [3].

4 Performance Analysis

FaCT’s SHIQ reasoner (version 2.13.14) was used with those problems involving
inverse roles; in all other cases the SHF reasoner (version 2.13.3) was used. The
tests were run on two machines, one with a 450MHz Pentium III and 128Mb
of RAM, the other with a 433MHz Celeron and 256Mb of RAM. In both cases
Allegro CL Enterprise Edition 5.0 was used with Red Hat Linux. For the purposes
of these tests the difference in performance between the two machines is small
enough to be ignored.

As far as FaCT’s performance is concerned, the current implementation is
beginning to show its age: the system has been used as a testbed for new algo-
rithms and optimisation techniques, and after nearly five years of “evolution”
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a major overhaul is long overdue. This is particularly true of the SHIQ reaso-
ner.1 It is therefore unlikely that FaCT’s performance will be competitive with
that of younger and leaner systems whose designs reflect the experience gained
with the FaCT system. Moreover, FaCT’s optimisations are specifically aimed at
improving the system’s performance when classifying realistic knowledge bases
(KBs), and perform less well with the kinds of randomly generated data used
in these tests. In particular, the partial model caching technique used by FaCT
relies for its effectiveness on the fact that, in realistic KBs, there are typically
large numbers of different roles (modalities). In contrast, most of the TANCS
test data uses only a single role. Moreover, the data used in the TANCS test
is very susceptible to optimisation by caching the satisfiability status of sets of
formulae [6]. This can be seen in Table 1, which shows the results of running the
“final” set of TANCS QBF tests using both FaCT’s standard SHF reasoner and
a modified version (denoted FaCT†) that includes satisfiability status caching in-
stead of partial model caching. The results for satisfiable and unsatisfiable tests
are separated and in each case the number of instances solved (i), median time
(m) and worst case time (w) is given. Times are in seconds, with a timeout of
1,000s. There were a total of 64 instances in each test, and all unsolved instances
were the result of timeout rather than memory failure.

Table 1. Results of “final” TANCS tests for FaCT and FaCT†

FaCT FaCT†

SAT UNSAT SAT UNSAT
Test i m w i m w i m w i m w

C45-V8-D4 4 606.57 717.39 23 106.43 813.78 32 5.26 11.64 32 1.07 10.58
C45-V8-D5 0 – – 2 547.02 774.59 32 139.97 721.68 32 20.52 259.09
C55-V8-D6 0 – – 3 595.26 631.98 28 89.04 328.41 36 13.85 215.70

It is interesting to compare these results with the the times taken to classify
a large realistic KB (the Galen medical terminology KB [12]). In this case
satisfiability status caching is actually less effective than partial model caching:
FaCT takes ≈41s to classify the KB, whereas FaCT† takes ≈50s.

The standard SHF reasoner was also tested on the Periodic Satisfiability
(Global PSpace) reference problems. With the standard (CNF) encoding, these
were all very easy (most problems were solved in times too short to by accurately
measured), but with the K encoding the PSat problems became much harder,
and few were solved within the timeout.2 This effect is much less pronounced
with the QBF problems, probably because absorption is only relevant with global
axioms. A more detailed analysis was performed using harder PSat problems
1 As mentioned above, these (and other) issues are being addressed in a new imple-

mentation.
2 This causes of this effect are being investigated—it is probably related to the ab-

sorption optimisation.
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with the standard encoding (12 variables, depth 1, 24–192 clauses, 30 instances
per data point, 600s timeout), and the results are shown in Figure 1 (left).

psat-cnf-K4-V12-D1.eps psat-inv-cnf-K4-V4-D1
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Fig. 1. Percentile satisfiability times for two problem sets

The SHIQ reasoner was tested using the Modal QBF (Modal PSpace) and
Periodic Satisfiability (Global PSpace) problems with inverse. The performance
of the reasoner in these tests was quite poor, with most tests ending in either
timeout or memory failure. The results of those tests where at least one instance
was solved are given in Table 2, using the same format as Table 1, but with the
addition of the number of tests resulting in a timeout (T) or memory failure (M).
The reason for the poor performance is probably the lack of satisfiability status
caching which, as demonstrated above, is a crucially important optimisation with
this kind of test data. A more detailed analysis was performed using easier PSat
problems with the standard encoding (4 variables, depth 1, 16–96 clauses, 30
instances per data point, 600s timeout), and the results are shown in Figure 1
(right).

5 Availability

FaCT and iFaCT are available (under the GNU general public license) via the
WWW at http://www.cs.man.ac.uk/∼horrocks.
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Table 2. Results of tests using FaCT’s SHIQ reasoner

SAT UNSAT
Test i m w i m w T M

p-qbf-inv-cnfSSS-K4-C10-V4-D4 2 11.19 32.70 0 – – 0 6
p-qbf-inv-cnfSSS-K4-C20-V4-D4 1 36.43 36.43 2 70.37 155.62 0 5
p-qbf-inv-cnfSSS-K4-C30-V4-D4 1 112.48 112.48 1 275.13 275.13 0 6
p-qbf-inv-cnfSSS-K4-C40-V4-D4 0 – – 5 176.97 376.15 0 3
p-qbf-inv-cnfSSS-K4-C50-V4-D4 0 – – 8 11.23 61.44 0 0
p-qbf-inv-cnfSSS-K4-C20-V4-D6 0 – – 1 1.58 1.58 0 7
p-qbf-inv-cnfSSS-K4-C40-V4-D6 0 – – 1 50.72 50.72 0 7
p-qbf-inv-cnfSSS-K4-C50-V4-D6 0 – – 6 123.88 341.35 0 2
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Abstract. mspass is an extension of the first-order theorem prover
spass, which can be used as a modal logic theorem prover, a theorem
prover for description logics and a theorem prover for the relational cal-
culus.

1 MSPASS

mspass [17] is an enhancement of the first-order theorem prover spass with a
translator of modal formulae, formulae of description logics, and formulae of
the relational calculus. spass [19,20] is one of the fastest and most sophisticated
theorem provers for first-order logic with equality, and it’s performance compares
well with special purpose theorem provers for modal logics, description logics and
first-order logic [7,11,18].

The input language of spass was extended to accept as input also modal,
relational and description logic formulae. Modal formulae and description logic
formulae are built from a vocabulary of propositional symbols of two disjoint
types, namely, propositional (Boolean or concept) and relational (role). The
repertoire of logical constructs includes:

– the standard Boolean operators on both propositional and relational for-
mulae: true, false, not, and, or, implies (subsumed by), implied (subsumes),
equiv,

– multi-modal modal operators, permitting complex relational parameters: dia
and box (synonyms are some and all, the existential and universal role re-
striction operations of description logics), as well as domain and range,

– the relational operators: comp (composition), sum (relative sum), conv (con-
verse), id (identity), div (diversity), and

– test (test), domrestr (domain restriction) and ranrestr (range restriction).

mspass supports modal axiom formulae which are true in every possible worlds
(generalised terminological axioms for both concepts and roles). In addition,
it is possible to specify additional frame properties, or any other first-order
restrictions on the translated formulae.

Roy Dyckhoff (Ed.): TABLEAUX 2000, LNAI 1847, pp. 67–71, 2000.
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2 Architecture and Algorithm

Reasoning in mspass is performed in three stages: (i) translation of a given set
of modal and relational formulae into a set of first-order formulae, (ii) transfor-
mation into clausal form, and (iii) saturation-based resolution.

In the current implementation of mspass the available translation methods
include:

– the standard relational translation method,
– the functional translation method [1,5,14],
– the optimised functional translation method [15] including a variation defi-

ned in terms of n-ary predicates [7], as well as
– the semi-functional translation method [12].

The implementation of the relational translation method is most general and ap-
plies to the language described in Section 1. Some restrictions apply to the other
methods. The functional translation, optimised functional and semi-functional
translation methods are available only for multi-modal K(m), and extensions
with serial modalities.

Part of mspass is a fast converter of first-order formulae into clausal form
with special features such as optimised and strong Skolemisation, and an impro-
ved implementation of renaming [13].

The inference engine of mspass is an implementation of a saturation-based
resolution and superposition calculus with simplification [2]. In particular,

– it uses ordered resolution, and ordered superposition with selection,
– it supports splitting and branch condensing (splitting amounts to case ana-

lysis while branch condensing resembles branch pruning or backjumping),
– it has an extensive set of reduction and simplification rules, and
– it supports dynamic sort theories by additional inference and reduction rules.

Ordered inference, splitting, and condensing are of particular importance con-
cerning the performance for satisfiable formulae, and for randomly generated
formulae unit propagation and branch condensing are important as well.

Using certain flag settings mspass is known to provide decision procedures
for a range of logics. More specifically:

– For the relational translation of K(m)(∪,∩,−,�) [3] and the description logic
ALB [9]. K(m)(∪,∩,−,�) is the multi-modal logic defined over relations
closed under union, intersection, complementation and converse. It includes
logics such as the basic tense logic Kt, Humberstone’s logic of inaccessibility,
Boolean modal logic, as well as fragments of Tarski’s relational calculus.

– For the relational translation of K(m)(∪,∩,−,�) and ALB where the rela-
tions satisfy additional first-order restrictions including reflexivity, irreflexi-
vity, seriality, symmetry, density, relational inclusion, etc [3,9].

– For the optimised functional and semi-functional translation of multi-modal
K(m) in which modalities may be serial [6,16].

– For the guarded fragment and other solvable fragments [4,8].
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3 Implementation

mspass is implemented in ANSI C and differs from spass only in the extended
input language and the translation routines.

The inference loop in mspass is controlled by two sets of clauses: The set
of worked-off clauses and the set of usable clauses. At the beginning all input
clauses are usable. The theorem prover starts by choosing, according to some
heuristic, a clause from the usable clause set and moving it to the worked-
off clause set. Then all inference rules are applied to the chosen clause and
clauses from the worked-off clause set. The derived clauses are subjected to the
reduction rules, for example, subsumption deletion and clause reduction, and
non-redundant clauses are added to the usable clause set. If the empty clause is
derived or the set of usable clauses is empty, the theorem prover stops, having
derived a contradiction or a satisfiable clause set. Otherwise, the next clause
is chosen from the usable clause set, moved to the worked-off clause set, and
the loop is repeated. The heuristic used by mspass chooses a clauses with the
minimal number of symbols.

Among the inference rules, splitting has priority. If splitting is applicable to
a clause, a heuristic is used to determine which subclauses are generated and in
which order they are considered. The implementation of splitting used in this
version of mspass does not split Horn clauses, and the heuristic used will simply
branch on the first (in the order literals are stored internally) positive literal of
the chosen clause. These heuristics are very different to those employed by other
provers for modal and description logics, and most probably the heuristics of
mspass are not adequate for the classes of formulae under consideration here.

As most first-order theorem provers, mspass uses an indexing data structure
to store clauses with the intention of speeding up access to clauses with particular
characteristics. To keep the indexing data structure small, structure sharing for
terms and atoms is used. That means every occurrence of any subterm of an atom
in the clause set exists exactly once and is shared by all superterms containing
this subterm. Further implementation details can be found in [20].

4 Special Features

As mentioned in previous sections mspass is a reasoner for a large class of modal
logics and description logics. Although it does not provide a decision procedure
for all the modal logics one may be interested in, for example, PDL or graded
modal logic are exceptions, an attractive feature is the possibility to specify
arbitrary first-order restrictions. This allows for its use as a flexible tool for the
investigation of combinations of interacting non-classical logics or description
logics, which have not been been studied in depth before, and in particular,
which have not been anticipated by the implementors.

In this context it is useful that, on termination, mspass does not only produce
a ‘yes’/‘no’ answer, but it also outputs a proof or a saturated set of clauses, if
the input problem is unsatisfiable or satisfiable. A finite saturated set of clauses
provides a characterisation of a class of models for the input problem.
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5 Performance

The tables below present the performance results for mspass on the tancs-2000
comparison problems. The entries in each column have the form t, s, f , where t is
the geometric mean of the runtime of s (successfully solved) problems, in 10ms,
and f is the number of problems not solved within the time-limit of 7200 cpu
seconds. The tests were performed under Sun Solaris 2.6 on a cluster of PCs
equipped with 300 MHz Pentium II processors and 256 MB main memory plus
700 MB swap space.

The modal QBF problems in the modal pspace division were tested with
the optimised functional translation in terms of n-ary predicates (flag settings
-EMLTranslation=2 -EMLFuncNary=1f ), while the converse PDL problems in
the global exptime division (the subset without star) and the problems for
periodic satisfiability in the global pspace division were tested with the relatio-
nal translation (flag setting -EMLTranslation=0r). In all tests ordered resolu-
tion with selection of negative literals was used, flag setting -Ordering=0 with
-Select=11 for the periodic satisfiability problems and -Select=22 for all other
problems. The latter results in an ordered hyperresolution like behaviour.

The combination of the relational translation with selection-based resolution
or hyperresolution is in general not a decision procedure on the converse PDL and
periodic satisfiability problems. In contrast, ordered resolution without selection
is a decision procedure for these problems [9]. However, the outcome of the tests
performed with ordered resolution was poor. This difference in performance can
also be observed for other classes of randomly generated modal formulae [10].

Modal QBFf,2 C10 C20 C30 C40 C50
cnfSSS V4 D4 91 8 - 143 8 - 208 8 - 259 8 - 312 8 -
cnfSSS V4 D6 279 8 - 433 8 - 586 8 - 711 8 - 852 8 -
cnfSSS V8 D4 927 8 - 1516 8 - 1896 8 - 2277 8 - 2627 8 -
cnfSSS V8 D6 3403 8 - 5513 8 - 7017 8 - 8694 8 - 9786 8 -
cnfSSS V16 D4 14820 8 - 22852 8 - 31006 8 - 34324 8 - 41265 8 -
cnfSSS V16 D6 57350 8 - 85530 8 - 107630 8 - 120808 8 - 144932 8 -
cnfLadn V4 D4 3539 8 - 5042 8 - 6034 8 - 6809 8 - 7779 8 -
cnfLadn V4 D6 20708 8 - 37015 8 - 43184 8 - 45131 8 - 47822 8 -
cnfLadn V8 D4 140059 8 - 272815 8 - 354670 8 - 398255 8 - 436614 1 -
cnfLadn V8 D6 612866 3 5 8 8 8 8
cnf V4 D4 5145 4 - 12368 4 - 13575 4 -
cnf V4 D6 58845 4 - 121394 3 1
cnf V8 D4 168582 4 - 414258 3 1 4
Converse PDL (no ∗)r,2 C10 C20 C30 C40 C50
cnfSSS V4 D4 657 8 - 2161 8 - 5292 8 - 10512 8 - 14007 8 -
cnfSSS V4 D6 1325 8 - 4802 8 - 12972 8 - 22660 8 - 30536 8 -
cnfSSS V8 D4 2988 8 - 11802 8 - 33512 8 - 55789 8 - 66524 8 -
cnfSSS V8 D6 6890 8 - 27203 8 - 80986 8 - 105825 8 - 149799 8 -
cnfSSS V16 D4 19096 8 - 61311 8 - 160694 8 - 259507 8 - 334452 8 -
cnfSSS V16 D6 42794 8 - 138737 8 - 344882 8 - 551530 8 - 669153 7 1
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PSATr,1 C20 C30 C40 C50
cnf V4 D1 9 8 - 15 8 - 24 8 - 31 8 -
cnf V4 D2 131 7 1 3082 6 2 6559 2 6 6582 7 1
cnf V8 D1 8 8 - 18 8 - 66 8 - 184 8 -
cnf V8 D2 46 5 2 163144 2 6 8 8
inv V4 D1 114 8 - 373 8 - 275 8 - 171 8 -
inv V4 D2 8 8 8 8
inv V8 D1 51 8 - 5713 8 - 199490 6 2 8
inv V8 D2 8 8 8 8

Reference problems
QBF-cnff,2 C20 V2 D2 44 64 -
PSAT-cnfr,1 C32 V4 D1 16 64 -
PSAT-invr,1 C32 V4 D1 386 64 -
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Abstract. DLP is an experimental description logic system that can
also be used as a satisfiability checker for propositional modal logics. DLP
incorporates a number of effective optimizations that, taken together,
produce a very fast reasoner. DLP was run on several problem categories
in the TANCS-2000 comparison with very gratifying results.

1 Introduction

DLP [7] is a description logic system that contains a sound and complete reaso-
ner for expressive description logics. Due to the equivalences between expressive
description logics and propositional modal logics, DLP can be used as a satis-
fiability checker for propositional modal logics, including K(m), KT(m), K4(m),
S4(m), and PDL. DLP has performed very well in recent comparisons of mo-
dal provers [5,6]. DLP has undergone several major revisions. The most-recent
version of DLP, version 4.1, includes some major improvements over previous
versions, including a simple version of dynamic backtracking [2].

DLP is an experimental system, designed to investigate various optimization
techniques for description logic systems, including many of the optimizations
pioneered in FaCT [4]. DLP is available for research purposes from
http://www.bell-labs.com/user/pfps/dlp. DLP contains a highly-optimized satis-
fiability checker for a superset of Propositional Dynamic Logic (PDL), and in-
cludes a simple interface for the direct checking of the satisfiability of formulae
in PDL as well as the modal logics K(m), KT(m), K4(m), and S4(m). However,
DLP does not currently handle converse modalities, so it is unable to handle
many of the problem categories.

2 Architecture and Algorithm

At the heart of the DLP system is a highly-optimized tableaux satisfiability
engine. DLP first performs a lexical normalization phase, uniquely storing sub-
formulae; eliminates repeated conjuncts and disjuncts; replaces local tautologies
and contradictions with true and false; and performs several other normalization
steps. It then attempts to construct a model of the normalized formulae.

DLP deals with non-determinism in the model construction algorithm by
performing a semantic branching search, as in the Davis-Putnam-Logemann-
Loveland procedure (DPLL), instead of the syntactic branching search used by
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Problem N D L Sat Unsat TO Time (sat)
qbf-cnf-K4 2 2 20 10 54 0 0.041 0.016
qbf-modS4-K4 2 2 20 0 64 0 0.921 0.008
psat-cnf-K4 4 1 32 63 0 1 0.014 0.008

Fig. 1. Reference Problems Results

most earlier tableaux-based provers [3]. DLP deterministically expands disjun-
ctions that present only one expansion possibility and detects a clash when a
disjunction has no expansion possibilities.

DLP performs a form of dependency-directed backtracking called backjum-
ping, backtracking to the most-recent choice point that participates in a clash
instead of just one choice point. To support backjumping, DLP keeps associated
with each formula the set of choice points that gave rise to that formula.

DLP caches the satisfiability status of all modal nodes that it encounters,
and uses this status when a node with the same formula is seen again. DLP uses
a combination of heuristics to determine the next disjunct on which to branch: it
tries to maximize backjumping by first selecting disjunctions that do not depend
on recent choice points, and it tries to maximize deterministic expansion by using
the MOMS heuristic [1] to select a disjunct from amongst these disjunctions.
DLP defers modal processing until all propositional processing is complete at a
node, again using a backjumping maximization heuristic to determine the order
in which modal successors are explored.

To handle transitive modality constructs in PDL, DLP checks for loops in
the model it is constructing. If a loop is detected, it must be classified as either
as a loop that leads to satisfiability or a loop that is unsatisfiable.

DLP has recently been upgraded to include a number of new optimizations.
It now caches dependency information to improve backjumping performance on
cached nodes. It also caches some expensive low-level computations and elimi-
nates some computations on large formulae. These two improvements speed up
performance on large but easy-to-solve formulae. DLP used to completely gene-
rate assignments for the current node before investigating any modal successors,
but now has an option to investigate modal successors whenever a choice point
is encountered and to store and reuse the results of this early investigation. DLP
incorporates a simple variant of dynamic backtracking [2]. When backtracking,
this technique remembers the jumped-over choices that do not depend on the
removed choice so that they do not have to be reinvestigated.

3 Implementation

DLP is implemented in Standard ML of New Jersey, and uses many of the
features of the standard libraries of this language. DLP is a mostly-functional
program in that the core of the engine has no side-effects. In fact, the only side
effects in the satisfiability engine involve the unique storage of sub-formulae and
node caching.

The unique storage of sub-formula and node caching are handled in DLP by
a formula cache. When a formula is encountered, it is looked up in the cache.
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Problem D L Vars = 4 Vars = 8 Vars = 16
Sat Uns TO Time Sat Uns TO Time Sat Uns TO Time

qbf-cnfSSS-k4 4 10 8 0 0 0.03 8 0 0 0.03 8 0 0 0.05
qbf-cnfSSS-k4 4 20 6 2 0 0.04 8 0 0 0.11 8 0 0 0.19
qbf-cnfSSS-k4 4 30 2 6 0 0.08 8 0 0 0.27 8 0 0 1.42
qbf-cnfSSS-k4 4 40 1 7 0 0.07 2 6 0 0.54 8 0 0 3.81
qbf-cnfSSS-k4 4 50 0 8 0 0.07 0 8 0 1.44 8 0 0 25.31
qbf-cnfSSS-k4 6 10 8 0 0 0.02 8 0 0 0.04 8 0 0 0.08
qbf-cnfSSS-k4 6 20 8 0 0 0.08 8 0 0 0.19 8 0 0 0.47
qbf-cnfSSS-k4 6 30 7 1 0 0.13 8 0 0 1.06 8 0 0 2.46
qbf-cnfSSS-k4 6 40 2 6 0 0.13 7 1 0 3.96 8 0 0 12.55
qbf-cnfSSS-k4 6 50 0 8 0 0.14 6 2 0 7.80 8 0 0 59.57
qbf-cnfLadn-k4 4 10 8 0 0 0.70 8 0 0 83.97 3 0 5 757.99
qbf-cnfLadn-k4 4 20 8 0 0 1.64 5 0 3 460.41 0 0 8
qbf-cnfLadn-k4 4 30 2 6 0 1.94 2 0 6 806.31 0 0 8
qbf-cnfLadn-k4 4 40 0 8 0 0.79 1 1 6 377.39 0 0 8
qbf-cnfLadn-k4 4 50 1 7 0 1.06 0 5 3 392.81 0 0 8
qbf-cnfLadn-k4 6 10 8 0 0 6.10 6 0 2 211.28 2 0 6 777.06
qbf-cnfLadn-k4 6 20 8 0 0 20.60 0 0 8 0 8 8
qbf-cnfLadn-k4 6 30 7 1 0 40.45 0 0 8 0 8 8
qbf-cnfLadn-k4 6 40 1 7 0 21.98 0 0 8 0 8 8
qbf-cnfLadn-k4 6 50 0 8 0 3.25 0 0 8 0 8 8
qbf-cnf-k4 4 10 4 0 0 2.53 4 0 0 113.01 0 0 4
qbf-cnf-k4 4 20 3 1 0 4.61 1 0 3 632.84 0 0 4
qbf-cnf-k4 4 30 0 4 0 6.17 0 0 4 0 0 4
qbf-cnf-k4 6 10 4 0 0 31.98 0 0 4 0 0 4
qbf-cnf-k4 6 20 4 0 0 100.77 0 0 4

Fig. 2. Comparison Problems Results—Modal QBF

If the formula is in the cache, it is reused; if not, a new formula is created and
added to the cache. Each formula has a satisfiability status; when a new node is
created, the formulae for the node are conjoined and this formula is looked up in
the formula cache; when a node’s status is determined, the satisfiability status
of its formula is updated.

Full PDL loop checking can be replaced in DLP by a simpler (and much
less costly) loop checking mechanism for transitive modalities. An optimization
that is valid for transitive modalities but not for transitive closure can also
be enabled. These changes turn DLP into a satisfiability checker for a multi-
modal logic where some or all of the modalities may be transitive. A standard
embedding can also be used to allow DLP to reason with reflexive modalities.
DLP is therefore able to handle many modal logics, including K(m), KT(m),
K4(m), and S4(m), and also allows global axioms.

DLP has many options, including turning off all the above non-heuristic
optimizations and varying the heuristic optimizations. DLP is also a complete
description logic system. It has an interface that can be used to define a collection
of concepts and roles. DLP automatically computes the subsumption hierarchy
of these concepts and provides facilities for querying this hierarchy.



TANCS-2000 Results for DLP 75

Problem D L Vars = 4 Vars = 8
Sat Uns TO Time Sat Uns TO Time

psat-cnf-k4 1 20 8 0 0 0.00 8 0 0 0.01
psat-cnf-k4 1 30 8 0 0 0.01 8 0 0 0.02
psat-cnf-k4 1 40 8 0 0 0.02 8 0 0 0.04
psat-cnf-k4 1 50 7 1 0 0.03 6 0 2 0.05
psat-cnf-k4 2 20 7 0 1 0.03 6 0 2 0.06
psat-cnf-k4 2 30 6 0 2 2.17 5 0 3 19.81
psat-cnf-k4 2 40 8 0 0 0.17 0 0 8
psat-cnf-k4 2 50 4 3 1 1.01 4 0 4 3.75

Fig. 3. Comparison Problems Results—Periodic Satisfiability

4 Performance Analysis

DLP was only tested on the problems that used logics K(m) and S4(m), possibly
including global axioms. Testing was done on a 400Mhz SPARC Ultra 4 with
512MB of memory, with a timeout of 1000 seconds. A special parser was written
for DLP to input the problems. The version of DLP used in the tests employs the
simpler transitive modality loop checking, has all optimizations, except the more-
recent optional optimizations, enabled, and uses the backjumping maximization
and MOMS heuristics as described above. There are two times reported for each
reference problem class, both only for those problems that were solved. The
first times are the average times for an entire run, including inputing the file
and normalizing the resulting formula. The second times are for just the core
satisfiability checker. For comparison problems, only the larger time is reported.

The reference problems were almost all trivial for DLP. DLP solved all the
qbf-modS4 problems with no splits and the solution time for these problems was
completely dominated by the input and normalization time. The single hard
reference problem was one of the psat-cnf problems, which timed out.

The results for the Modal QBF problems are given in Figure 2. The SSS
encoding was particularly easy for DLP, with most of the problems taking under
1 second, and none timing out. The Ladner encoding was harder—almost all
the formulae with 16 variables timed out and all but two at depth 6 with 8
variables timed out. The original encoding is even tougher—for most of the
formulae with 8 or 16 variables DLP times out before it does any case splitting,
having examined many thousands of modal nodes. The results for the periodic
satisfiability problems are given in Figure 3. Most of these formulae were very
easy to solve, taking under 0.1 second. Contrastingly, some of the formulae at
depth 2 and a few at depth 1 exceeded the timeout.

The overall performance of DLP on these classes of formulae is impossible to
determine from the comparison problems as they have too few formulae and too
few data points. The results of two more-systematic tests, varying some of the
parameters in smaller steps, and having many more formulae at each data point,
are given in Figure 4, which gives percentile CPU times for the satisfiability
portion of the processing, ignoring the I/O and normalization times. Most of
the formulae are in these tests easy for DLP, at least for depth 1—the 90th
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Fig. 4. Results for Systematic Periodic Satisfiability Testing

Problem Set Satisfiable Average Time
K4-C45-V8-D4 32 1.097
K4-C45-V8-D5 32 13.676
K4-C55-V8-D6 28 9.029

Fig. 5. Final Results

percentile solution time is everywhere less than 0.25 seconds. However, a very
few are much harder, timing out at 100 seconds. For depth 2, the situation is
similar, with the vast majority of tests taking around 2 seconds or less and a
small number timing out, but with extremely few in the middle.

DLP was able to solve all of the problems in the final set of tests. The longest
time for any of the problems was 43.07 seconds. The average solution times for
the three sets of problems are given in Figure 5.
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Abstract. In this paper we evaluate *SAT performance on TANCS 2000
benchmarks for the modal logic K. After a brief overview of *SAT imple-
mentation, we detail which *SAT options are more relevant in the context
of our analysis. Then we present the experimental results: collected data
include the CPU time, the number of consistency checks, and the al-
located memory, to give a complete picture of *SAT behaviour on the
selected benchmarks.

1 Algorithms and implementation

*SAT is a platform for the development of decision procedures for modal logics.
Currently, *SAT features decision procedures for the normal modal logic K(m)
and for the classical modal logic E(m) (see [1] for a presentation of these logics).
In the spirit of [2], *SAT core algorithm can be described by two mutually
recursive procedures:

– a SAT checker (see [3]) which generates assignments that satisfy the input
formula, and

– a routine that tests the consistency of each assignment by checking the sa-
tisfiability of simpler modal formulas.

For lack of space, we do not elaborate further on *SAT algorithms: more details
can be found in [4].

*SAT is implemented in C and should run flawlessly on most Unix plat-
forms equipped with GNU development tools (gcc compiler, make and m4 uti-
lities). Libraries, code, and tools needed by *SAT are either publicly available
or distributed with the code itself. For an in-depth discussion of *SAT modules,
architecture and implementation please refer to [5]. *SAT distribution package,
as well as most of the available relevant literature for this paper, can be found at:

http://www.mrg.dist.unige.it/˜tac/StarSAT.html

2 Running *SAT

*SAT comes with many configurable options that the user selects either at
compile-time (using compiler directives) or at run-time (using command line

Roy Dyckhoff (Ed.): TABLEAUX 2000, LNAI 1847, pp. 77–81, 2000.
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Test (reference) S/U/T Cpu Cons Mem
C20-V2-D2 10/54/0 0.06 32 638
C20-V2-D2 0/64/0 0.16 157 896
C45-V8-D4 31/32/1 83.42 44418 3815
C45-V8-D5 10/28/26 186.56 88346 4689
C55-V8-D6 0/23/41 172.58 66443 6290

Fig. 1. Reference problems

Test (cnf) S/U/T Cpu Cons Mem
C10-V4-D4 4/0/0 102.05 26663 2720
C20-V4-D4 3/1/0 321.15 75967 2792
C30-V4-D4 0/4/0 18.08 3953 2802
C10-V8-D4 0/0/4 – 109023 –
C20-V8-D4 0/0/4 – 66377 –
C30-V8-D4 0/0/4 – 55121 –
C10-V16-D4 0/0/4 – 27740 –
C10-V4-D6 1/0/3 981.05 154892 4548
C20-V4-D6 0/0/4 – 152006 –
C10-V8-D6 0/0/4 – 56106 –
C20-V8-D6 0/0/4 – 39312 –

Test (modK) S/U/T Cpu Cons Mem
C10-V4-D4 0/4/0 30.20 20398 3414
C20-V4-D4 0/4/0 28.99 12796 3515
C30-V4-D4 0/4/0 48.49 28928 3745
C10-V8-D4 0/3/1 704.37 128334 9137
C20-V8-D4 0/0/4 – 262289 –
C30-V8-D4 0/1/3 727.93 96175 13017
C10-V4-D6 0/3/1 64.98 17100 5735
C20-V4-D6 0/1/3 295.58 213999 6388

Fig. 2. Benchmarks using optimized Halpern translation (hard)

switches). Most of these options are thoroughly described in *SAT manual [6],
to which we point for further details. The results presented in this paper are
obtained running *SAT with its default configuration, except for the timeout
value that was increased to 1200 seconds of CPU time instead of 1000. Since
the timeout includes the time required to build the internal data structures, and
the samples of some problems are pretty big, our choice for the timeout value
prevents preprocessing overhead to reduce raw search time.

Besides the very basic algorithm and data structures, *SAT currently features
the following defaults:

– an optimized internal CNF conversion based on renaming ([7]), and a pro-
positional search control strategy that efficiently takes care of added propo-
sitional labels;

– a modal lookahead optimization (called “early pruning” in [2]) that prevents
modal inconsistencies from hiding in the propositional search;

– a combination of a caching structure and retrieval algorithms that provides
a good balance among fast access time, small memory allocation and global
speedup. *SAT caching mechanisms are described in greater detail in [8].



Evaluating *SAT on TANCS 2000 Benchmarks 79

Test (cnfSSS) S/U/T Cpu Cons Mem
C10-V4-D4 8/0/0 0.08 246 1156
C20-V4-D4 6/2/0 0.48 945 1362
C30-V4-D4 2/6/0 0.66 1036 1434
C40-V4-D4 1/7/0 0.96 1268 1492
C50-V4-D4 0/8/0 0.66 726 1683
C10-V8-D4 8/0/0 0.25 643 1784
C20-V8-D4 8/0/0 3.28 4037 2584
C30-V8-D4 8/0/0 42.72 30507 3409
C40-V8-D4 2/6/0 58.20 32698 3736
C50-V8-D4 0/8/0 75.71 37776 4551
C10-V16-D4 8/0/0 0.46 906 3334
C20-V16-D4 8/0/0 6.57 6684 4565
C30-V16-D4 8/0/0 83.77 43580 5942
C40-V16-D4 2/0/6 604.25 234336 8195
C50-V16-D4 0/0/8 – 340587 –
C10-V4-D6 8/0/0 0.16 410 1455
C20-V4-D6 8/0/0 1.78 2437 1796
C30-V4-D6 7/1/0 7.46 7435 2088
C40-V4-D6 2/6/0 5.83 5396 2492
C50-V4-D6 0/8/0 4.66 3755 2502
C10-V8-D6 8/0/0 0.29 679 2346
C20-V8-D6 8/0/0 4.81 4808 3488
C30-V8-D6 8/0/0 90.65 52982 4262
C40-V8-D6 4/1/3 396.80 163496 5776
C50-V8-D6 0/0/8 – 393254 –
C10-V16-D6 8/0/0 0.73 1316 4370
C20-V16-D6 8/0/0 8.93 6701 5847
C30-V16-D6 8/0/0 176.68 72254 7918
C40-V16-D6 4/0/4 561.58 168941 10445
C50-V16-D6 0/0/8 – 248497 –

Test (modKSSS) S/U/T Cpu Cons Mem
C10-V4-D4 8/0/0 0.36 750 1501
C20-V4-D4 4/4/0 1.64 2231 1736
C30-V4-D4 3/5/0 2.83 2871 1830
C40-V4-D4 1/7/0 4.43 3461 1879
C50-V4-D4 0/8/0 4.41 3163 2451
C10-V8-D4 8/0/0 0.77 1302 2219
C20-V8-D4 8/0/0 12.77 10773 3230
C30-V8-D4 8/0/0 92.74 49964 4035
C40-V8-D4 2/5/1 517.84 203594 4384
C50-V8-D4 0/3/5 197.68 71422 5582
C10-V16-D4 8/0/0 1.29 1840 3850
C20-V16-D4 8/0/0 75.98 45052 5095
C30-V16-D4 6/0/2 703.53 244983 7068
C40-V16-D4 0/0/8 – 307407 –
C50-V16-D4 0/0/8 – 261662 –
C10-V4-D6 8/0/0 0.50 973 1691
C20-V4-D6 8/0/0 4.86 5279 2102
C30-V4-D6 5/3/0 22.85 16895 2449
C40-V4-D6 1/7/0 33.29 18658 3307
C50-V4-D6 0/8/0 46.07 21509 3353
C10-V8-D6 8/0/0 0.78 1258 2666
C20-V8-D6 8/0/0 22.59 16482 4139
C30-V8-D6 5/0/3 681.74 296324 5988
C40-V8-D6 0/0/8 – 380903 –
C50-V8-D6 0/0/8 – 309856 –
C10-V16-D6 8/0/0 1.75 2064 4850
C20-V16-D6 8/0/0 54.70 25887 6679
C30-V16-D6 5/0/3 502.92 152995 9720
C40-V16-D6 0/0/8 – 253395 –
C50-V16-D6 0/0/8 – 180169 –

Fig. 3. Benchmarks using Schmidt-Schauss-Smolka translation (easy)

3 Experiments

Here we present the evaluation of *SAT decision procedure for the modal lo-
gic K.1 We run TANCS 2000 benchmarks, category MODAL PSPACE Division,
subcategory Problems for Modal QBF. The three subclasses hard, easy, and
medium/hard are considered, and for each one we run the benchmark problems
that can be found on the TANCS 2000 web site, or a subset thereof. For every
problem, we also consider the “modalized” version.

We arranged our results in seven tables showed in Figure 1 through Figure 4.
In particular:

– the table in Figure 1 collects the results on various reference problems. The
top row shows the results that we obtain on 64 samples for the problem
C10-V2-D2 in the hard category while the center row shows the result that
we obtain on 64 “modalized” samples of the same problem. The entries at
the bottom collect the results about three benchmarks in the easy category
that are suggested as additional reference by the organizers.

1 All the tests run on a Pentium II 350 Mhz equipped with 256 Mb of main memory
and 128 Mb of swap space, operating system Linux Suse 6.2 (kernel version 2.2.10)
and compiler gcc 2.91.66.



80 A. Tacchella

– Figure 2 (left) collects the results that we obtain on 11 benchmarks problems
in the hard class. For a subset of such problems (8 in number), the table in
Figure 2 (right) shows the result that we obtain on the “modalized” versions.
In both variants, the number of samples per problem is 4.

– Figure 3 collects the results that we obtain on 30 benchmark problems in
the easy class. The table on the left shows the results for the “plain” bench-
marks, while the table on the right shows the results for the “modalized”
variants. The number of samples per problem is 8 for both variants.

– Figure 4 (left) collects the results that we obtain on 19 benchmarks pro-
blems in the medium/hard class, while Figure 4 (right) shows the results
that we obtained on 23 “modalized” versions. For both variants, the number
of samples per problem is 8.

Each table consists of five columns. The first column, named Test, lists the
names of the benchmark problems in each selection. Problems are identified
using the official TANCS2000 generator syntax: we write Cx-Vy-Dz to denote
a modal formula translated from a QBF having x clauses, alternation depth z
and y variables, at most, per each alternation. Each formula has a fixed number
of 4 literals per clause. The other columns show the following data:

S/U/T is the number of (S)atisfiable/(U)nsatisfiable/(T)imeout samples accor-
ding to *SAT; we do not provide a column for memory outs since none of
the runs exceeds the physical memory available on our machine;

Cpu is the average running time of *SAT in seconds, including preprocessing
and internal CNF conversions; a dash in this column appears when all the
samples of the problem exceed the time limit;

Cons is the average number of consistency checks, i.e. the average number of
times that *SAT opens up a new modal branch in the search;

Mem is the maximum dynamic memory (in Kbytes) allocated by *SAT down
any search path; a dash in this column appears when all the samples of the
problem exceed the time limit.

Notice that “average number” here, has a different meaning depending on
whether *SAT ends up in a timeout condition or not. If there is at least one
sample on which *SAT does not exceed the time limit, the values for Cpu,
Cons and Mem are the geometric average on all the samples that do not ex-
ceed the time limit. We decided this setting because, when a sample ends up in
a timeout condition, Cpu and Mem measurements are either not significant
(Cpu could be way bigger than the time limit) or not reliable (this happens for
Mem in our implementation of timeouts). If *SAT exceeds the lime limit on all
the samples, Cpu and Mem values are void. A different policy is used for Cons
values: when all the samples exceed the time limit, Cons value is the geometric
average on all the samples. In this case, Cons denotes the number of consistency
checks performed, on the average, up to the time limit.

References

1. B. F. Chellas. Modal Logic – an Introduction. Cambridge University Press, 1980.



Evaluating *SAT on TANCS 2000 Benchmarks 81

Test (cnfLadn) S/U/T Cpu Cons Mem
C10-V4-D4 8/0/0 404.29 314270 2546
C20-V4-D4 2/0/6 851.98 491633 2675
C30-V4-D4 0/4/4 208.54 98368 2797
C40-V4-D4 0/8/0 133.40 55410 2903
C50-V4-D4 0/6/2 57.65 20764 3415
C10-V8-D4 0/0/8 – 460257 –
C20-V8-D4 0/0/8 – 301734 –
C30-V8-D4 0/0/8 – 190460 –
C40-V8-D4 0/0/8 – 179803 –
C10-V16-D4 0/0/8 – 274821 –
C20-V16-D4 0/0/8 – 128255 –
C10-V4-D6 0/0/8 – 637938 –
C20-V4-D6 0/0/8 – 419442 –
C30-V4-D6 0/0/8 – 339490 –
C40-V4-D6 0/0/8 – 313328 –
C50-V4-D6 0/0/8 – 272332 –
C10-V8-D6 0/0/8 – 366596 –
C20-V8-D6 0/0/8 – 178572 –
C10-V16-D6 0/0/8 – 245182 –

Test (modKLadn) S/U/T Cpu Cons Mem
C10-V4-D4 0/8/0 2.73 2708 3007
C20-V4-D4 0/8/0 6.89 4805 3399
C30-V4-D4 0/8/0 9.08 6383 3429
C40-V4-D4 0/8/0 16.87 11012 3501
C50-V4-D4 0/8/0 20.87 14330 4027
C10-V8-D4 0/8/0 25.18 11868 6264
C20-V8-D4 0/8/0 502.22 151215 9587
C30-V8-D4 0/6/2 570.79 159546 10852
C40-V8-D4 0/3/5 655.53 164708 11309
C50-V8-D4 0/2/6 934.99 199231 12379
C10-V16-D4 0/0/8 – 497959 –
C20-V16-D4 0/0/8 – 150031 –
C10-V4-D6 0/8/0 2.18 1474 4129
C20-V4-D6 0/8/0 7.66 4534 5441
C30-V4-D6 0/8/0 14.82 7395 5628
C40-V4-D6 0/8/0 21.95 10432 6506
C50-V4-D6 0/8/0 33.71 15513 6667
C10-V8-D6 0/8/0 53.73 20948 9938
C20-V8-D6 0/8/0 172.09 38982 16164
C30-V8-D6 0/7/1 447.32 86268 20550
C40-V8-D6 0/2/6 885.67 115207 22524
C50-V8-D6 0/2/6 1113.81 208242 24986
C10-V16-D6 0/3/5 375.51 95405 24267

Fig. 4. Benchmarks using Ladner translation (medium)
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Abstract. In this paper we present a labelled proof method for computing non-
monotonic consequence relations in a conditional logic setting. The method is
based on the usual possible world semantics for conditional logic. The label for-
malism KEM , introduced to account for the semantics of normal modal logics,
is easily adapted to the semantics of conditional logic by simply indexing la-
bels with formulas. The inference rules are provided by the propositional system
KE+ —a tableau-like analytic proof system devised to be used both as a refutation
and a direct method of proof— enlarged with suitable elimination rules for the
conditional connective. The resulting algorithmic framework is able to compute
cumulative consequence relations in so far as they can be expressed as conditional
implications.

1 Introduction

Recently, a number of proposals have been put forward to find a unifying approach to a
plethora of different nonmonotonic formalisms, and even to unify such seemingly distant
areas as conditional logic, nonmonotonic inference, belief revision and update. We refer,
in particular, to Shoham’s [20] general semantic framework for nonmonotonic logics,
Kraus, Lehman and Magidor’s [16] approach to nonmonotonic consequence relations,
and Katsuno and Satoh’s [15] “unified" semantic view.All these approaches are based on
a preference (ordering) semantics and exploit the strong semantic connections between
nonmonotonic inference and conditional logic. In this paper we shall take a different
view of what a suitable “unifying" framework looks like. In our view such a framework
must pay greater attention to the computational aspects and to proof-theoretical formu-
lations. This view finds strong justification both in the aim of comparing and combining
different logics, such as the logic of nonmonotonic inference and conditional logic, and
in the potential applications of nonmonotonic inference in the AI field. Accordingly, our
purpose in this paper will be to provide a methodology for the proof theoretical treatment
of nonmonotonic inference and conditional logic (henceforth CL). We shall outline the
fundamentals of a tableau proof system construction aimed to compute nonmonotonic
� Due to space limitations, theorems are provided without proofs. The full version of the paper

is available at http://www.cit.gu.edu.au/g̃uido/papers/tab2000.pdf.
Roy Dyckhoff (Ed.): TABLEAUX 2000, LNAI 1847, pp. 82–97, 2000.
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consequence relations in a (monotonic) CL whose “flat" (i.e., unnested) fragment is
shown to correspond to Kraus, Lehmann and Magidor’s [16] basic system C for cumu-
lative relations. We shall give this construction a special presentation as an algorithmic
proof system which uses a labelling discipline, in the wake of Gabbay’s [11] Labelled
Deductive Systems (LDS), to generate and check models. This closely reflects Gabbay’s
view of what a unifying framework for presenting and comparing logics comprises.

A detailed discussion of the merits of LDS as a unifying framework is beyond the
scope of this paper. However, a key feature of LDS is worth mentioning. LDS are in ge-
neral very sensitive to the various features of different logics so that differently motivated
and formulated logics can very often be combined in a simple and natural way provided
we have a suitable LDS formulation for them (see e.g. [12,3]). As is well-known, several
attempts to establish close semantic connections between nonmonotonic consequence
relations and (monotonic) modal and conditional logics, notably by Boutilier [4] and
Katsuno and Satoh [15], rely on Kripke structures very close to Kraus, Lehmann and
Magidor’s “preferential” models. In particular, Boutilier [4] has shown on this basis that
Kraus, Lehmann and Magidor’s [16,18] stronger consequence relation systems P and
R and Degrande’s [7] logic N closely correspond to the flat parts of modal CLs defini-
tionally equivalent to the standard modal systems S4 and S4.3. In LDS the usual modal
semantics is incorporated in the syntactic label construction and only minor variations
are needed to pass from a logic to another [1,3,12]. So, once an automated LDS for S4
and S4.3 is available, a wide range of logics admit computational treatment. However,
if we wish automated LDS for CLs on their own, or we are interested in a less restricted
fragment of the conditional language, only slight natural changes in the modal LDS are
needed to yield the appropriate semantics: in the LDS to be presented in this paper only
a simple indexing of labels with formulas.

The approach we propose in this paper can be motivated also from another per-
spective. Fariñas del Cerro et al. [9] have recently emphasized the need for a more
computational treatment of nonmonotonic inference. The method they propose for this
task consists of reducing computation to a validity test in a (monotonic) CL. This is
viewed as a first step towards the “effective computation . . . of nonmonotonic inference
relations via automated deduction method” in conditional logic. Unfortunately, CL is
not particularly well suited for this task. Indeed, its inferential structure has not been
sufficiently explored to provide reliable automated deduction methods for effectively
computing the inferences sanctioned by nonmonotonic inference relations. We know
only two attempts in this direction: Groeneboer and Delgrande’s [13] and Lamarre’s
[17] tableau-based theorem provers for some normal CLs. In both approaches a condi-
tional formula is checked for validity by attempting to construct a model for its negation.
What we undertake in this paper can be viewed as a further step in the same direction, as
in our approach nonmonotonic consequence relations can be effectively computed by a
countermodel validity test for the corresponding class of conditional formulas.

We shall proceed in the following way. First we briefly rehearse Kraus, Lehmann and
Magidor’s [16] sequent systemC for cumulative relations.Then we introduce Lewis-type
semantic structures akin to the kind of models used to characterize C. Such structures
will allow us to establish a correspondence between C and the flat fragment of a suitable
extension CU of Chellas’ [5] basic normal system CK. At this point, we shall be able
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to show how cumulative relations can be effectively computed by an LDS provided by
a tableau-like proof system together with a label formalism adequate to represent the
intended semantics. The system is presented in two steps. First, the labelling (formalism +
label unification) scheme introduced in [1] to account for the semantics of normal modal
logics is adapted to represent Lewis-type semantic structures for CU. Then suitable
tableau inference and label propagation rules are introduced which provide a sound and
complete proof system for the flat fragment of CU. These rules are implemented on
a classical propositional system designed to be used both as a refutation and a direct
method of proof. Finally, we provide some remarks on computational issues and related
works.

2 Nonmonotonic Consequence Relations and Conditional Logic

The study of nonmonotonic consequence relations has been undertaken by Gabbay [10]
who proposed three minimal conditions a (binary) consequence relation |∼ on a language
L should satisfy to represent a nonmonotonic logic. More recently, Kraus, Lehmann and
Magidor [16] have investigated the proof-theoretic and semantic properties of a number
of increasingly stronger families of nonmonotonic consequence relations. In particular,
they have provided the following sequent system C to define the (weakest) class of
cumulative consequence relations, that closely corresponds to that satisfying Gabbay’s
minimal conditions (we assume that � and |∼ are defined on the language L of classical
propositional logic).

A |∼A (Reflexivity)

� B → C A |∼B

A |∼ C
Right Weakening

� A ≡ B A |∼ C

B |∼ C
Left Logical Equivalence

A |∼B A |∼ C

A ∧B |∼ C
Cautious Monotonicity

A ∧B |∼ C A |∼B

A |∼ C
Cut

Notice that the following

A |∼B A |∼ C

A |∼B ∧ C
And

A |∼B B |∼A

A |∼ C ⇐⇒ B |∼ C
CSO

are derived rules of C. A sequent A |∼ B, A,B ∈ L (intended reading: B is a plausi-
ble consequence of A), is called a conditional assertion. The (proof-theoretic) notion
of cumulative entailment is defined for such assertions. Let Γ be a set of conditional
assertions. A conditional assertion A |∼ B is said to be cumulatively entailed by Γ iff
A |∼B is derived from Γ using the rules of C.

Let L> be the language obtained by adding the conditional connective > to L. The
set of (well-formed) formulas of L> is defined in the usual way. Formulas of L> are
interpreted in terms of Lewis-type semantic structures akin to the kind of models used
by Kraus, Lehmann and Magidor [16] to characterize C.

More precisely, it is enough to introduce some constraints (see definition) 2 on the
basic selection function model presented in definition 1.



A Labelled Tableau Calculus for Nonmonotonic (Cumulative) Consequence Relations 85

Definition 1. A selection function (SF ) model is a tripleM = 〈W, f, υ〉 where
1. W is a nonempty set (of possible worlds);
2. f is a selection function which picks out a subset f(A, u) ofW for each u inW and

A ∈ L>;
3. υ is a valuation assigning to each u in W and A ∈ L> an element from the set
{T, F}.

Truth of a formula A at a world u in a model M , M |=u A, is defined as usual with the
conditional case given by

M |=u A > B iff f(A, u) ⊆ ‖B‖ (1)

where ‖B‖ denotes the set of B-worlds, i.e., ‖B‖ = {w ∈ W : υ(B,w) = T}. A
formula A is valid (|=SF ) just when M |=u A for all worlds in all SF models.

Definition 2. A selection function cumulative model (SFC ) is an SF model M =
〈W, f, υ〉 satisfying the following conditions:
1. f(A, u) ⊆ ‖A‖ (Reflexivity)
2. If ||A|| = ||B||, then f(A, u) = f(B, u) (Left Logical Equivalence)
3. If f(A, u) ⊆ ‖B‖, then f(A ∧B, u) ⊆ f(A, u) (Cut)
4. If f(A, u) ⊆ ‖B‖, then f(A, u) ⊆ f(A ∧B, u) (Cautious Monotonicity).

Notice that from 3 and 4 we obtain

f(A, u) ⊆ ||B|| ⇒ f(A ∧B, u) = f(A, u) (2)

It is not hard to see that the class of SFC models fits exactly the conditional logic —call
it CU— containing classical propositional logic and the following axioms

1. A > A (ID)
2. (A > B) ∧ (A ∧B > C) ⊃ (A > C) (RT )
3. (A > B) ∧ (A > C) ⊃ (A ∧B > C) (CM )

and closed under the usual inference rules RCEA and RCK . Notice that ID , RT , CM ,
RCEA, and RCK correspond, respectively, to Reflexivity, Cut, Cautious Monotonicity,
Left Logical Equivalence and Right Weakening. Of course, CU is nothing but Chellas’
[5] conditional logic CK + ID augmented with RT and CM . A standard Henkin-style
construction proves the completeness of CU with respect to the class of SFC models.

Theorem 1. |=SFC A iff �CU A.

Whether CU is interesting in its own rights is an issue which need not detain us here.
What matters is that we can establish a mapping between C and CU similar to the well-
established correspondences between [16]’s stronger systems P and R of preferential
and rational relations and the flat fragments of well-known conditional logics.

Let |∼S denote the consequence relation S and let K− denote the conditional logic
K restricted to the formulas of the form A > B where A,B ∈ L. A consequence
relation |∼ is defined by an SF model M if the following condition is satisfied: A |∼B
iff M |= A > B. A consequence relation system S is said to correspond to a conditional
logic K if the following condition is satisfied: : A |∼L B iff �K− A > B.
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Theorem 2. The consequence relation system C corresponds to the conditional logic
CU.

The theorem follows from showing that the axioms and rules of CU are straightforward
translations of the rules of C and that A |∼C B is the consequence relation defined
by an SFC model. From this it follows as a corollary that a consequence relation |∼
is cumulative iff it is defined by some SFC model. The same holds for the notion of
cumulative entailment. For a set Γ of conditional assertions let us denote by Γ ′ the set
containing the CU− translations of the conditional assertions in Γ (i.e., A > B ∈ Γ ′

for each A |∼ B ∈ Γ ). The following corollaries follow immediately from Theorem 2
(see Corollaries 3.26, 3.27 and 3.28 of [16] for comparison).

Corollary 1. Let Γ be a set of conditional assertions and A |∼ B a conditional as-
sertion. The following conditions are equivalent. In case they hold we shall say that Γ
cumulatively entails A |∼B.

1. A > B is derived from Γ ′ using the axioms and the rules of CU.
2. A > B is satisfied by all SCF models which satisfy Γ ′.

Corollary 2. A set of conditional assertions Γ cumulatively entails A |∼ B iff �CU∧
Γ ′ → (A > B).

We conclude that the system C may be viewed itself as a restricted CL of the standard
(normal) type provided the relation symbol |∼ is interpreted as a >-type conditional
connective. With this background we shall be able, in the upcoming sections, to provide
an algorithmic framework for computing cumulative consequence relations in so far as
they can be expressed as conditional implications.

3 KEM for Nonmonotonic Consequence Relations

KEM [1] is an algorithmic modal proof system which, in the spirit of Gabbay’s [11]
LDS, brings semantics into proof theory using (syntactic) labels in order to simulate
models in the proof language. In this section we show how it can be extended, with
little modification, to handle C. In what follows L will denote the sublanguage of L>

including L and all the boolean combinations of formulas of the form A > B where
A,B ∈ L.

3.1 Label Formalism

The format of the labels has been designed to cover general possible world semantics.
In passing from Kripke models for modal logics to SF models the format of the labels is
left unchanged. The only modification is that atomic labels are now indexed by formulas.

Let ΦC = {w1, w2, . . . } and ΦV = {W1,W2, . . . } be two arbitrary sets of atomic
labels, respectively constants and variables. A label in the sense of [1] is an element of
the set of labels " defined as follows:
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Definition 3. " =
⋃

1≤p

"p where "p is:

"1 = ΦC ∪ ΦV

"2 = "1 × ΦC

"n+1 = "1 ×"n, n > 1 .

Thus, a label is any i ∈ " such that either i is an atomic label or i = (k′, k) where (i) k′

is atomic and (ii) k ∈ ΦC or k = (m′,m) where (m′,m) is a label, i.e., i is generated
as a “structured” sequence of atomic labels. We define the length of a label i, l(i), to
be the number of atomic labels in i. From now on we shall use i, j, k, . . . to denote
arbitrary labels. For a label i = (j, k), we shall call j the head and k the body of i, and
denote them by h(i) and b(i) respectively; hn(i) will denote the head of the sub-label
of i whose length is n. We shall call a label i restricted if its head is a (possibly indexed)
constant, otherwise we shall call it unrestricted. Let us stipulate that if i ∈ ΦC ∪ΦV and
Y ∈ L then iY ∈ "1. We shall call a label iY a formula-indexed label, and Y the label
formula of i. For a label i we shall use iY to indicate that the label formula of h(i) is Y .
In general, when we speak of the label formula of structured label, we mean the label
formula of the head of the label.

The notion of a formula-indexed label is meant to capture the intended semantics. An
atomic label indexed with a formula Y (such as, e.g., wA

1 or WA
1 ) is meant to represent

either a Y -world or a set of Y -worlds (equivalently, any Y -world) in some SF model.
A label of the form (k′Y , k) is “structurally” designed to convey information about the
worlds in it. For example, (WA

1 , w1) can be viewed as representing (any world in) the
set of those A-worlds that are minimal with respect to w1 under some ordering relation
≺. The label (wA

1 , w1) represents an A-world in such a set. In this perspective a labelled
signed formula (LS -formula) [1] is a pair X, i where X is a signed formula (i.e., a
formula of L prefixed with a “T ” or “F ”) and i is a label. Intuitively, an LS -formula,
e.g. TC, (WA∨B

1 , w1), means that C is true at all the (minimal) A ∨B-worlds.
As we have seen formulas can occur in LS -formulas either as the declarative part

or as label formulas; moreover formulas in both parts can and must be used to draw
inferences. To deal with this fact we say that SA occurs in X, iY (SA : X, iY ). More
precisely:

SA : X, iY ⇐⇒
{

X = SA or
Y = A and S = T

where S ∈ {T, F}, A, Y ∈ L, X is a signed formula, and i ∈ ". That means that either
SA is labelled with i, or i is indexed with A. For example, in the expression SA : X, iY ,
where X = FB → C and iY = (WB∧C

1 , w1), SA stands both for FB → C, and
B ∧ C, since these are the formulas occurring in X, iY .

In what follows we assume familiarity with Smullyan [21] uniform notation for
signed formulas.

3.2 Label Unifications

The key feature of KEM approach is that in the course of proof search labels are
manipulated in a way closely related to the semantics of modal operators and “matched”
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using a specialized unification algorithm. That two labels i and k are unifiable means,
intuitively, that the set of worlds they “denote” have a non-null intersection. In this
section we define a special notion of unification for C (σC-unification) which is meant
to “simulate” the conditions on f in SFC -models. We shall proceed by first defining the
unification for unindexed labels, and then by extending it to formula-indexed labels.

First of all we introduce a label substitution ρ : " $→ " thus defined:

ρ(i) =

⎧
⎪⎨

⎪⎩

i i ∈ ΦC

j ∈ " i ∈ ΦV

(ρ(h(i)), ρ(b(i))) i ∈ "n, n > 1

For two labels i and j, and a substitution ρ, if ρ is a unifier of i and j then we shall say
that i, j are σ-unifiable. We shall use (i, j)σ to denote both that i and j are σ-unifiable
and the result of their unification. In particular

∀i, j, k ∈ ", (i, j)σ = k iff ∃ρ : ρ(i) = ρ(j) and ρ(i) = k, and
for each n at least one of hn(i) or hn(j) is in ΦC .

According to the above condition the labels (w3, (W1, w1)) and (W2, (w2, w1)) σ-unify
on (w3, (w2, w1)). On the other hand the labels (w2, (W1, w1)) and (W2, (W1, w1)) do
not σ-unify because both h2s are not in ΦC .

The definition of the unification for indexed labels is more complicated since we
have to take into account label formulas. As said before, the conditions on label formu-
las should mimic the semantics of SFC -models, but we have to devise them in a syntactic
way. In particular, to check that two sets of worlds denoted by different indexed labels
overlap, we have to determine a specific mechanism for comparing distinct label for-
mulas. From a proof-theoretical point of view, such a comparison is concerned with the
definition of a criterion for composing different structures of formulas. However, it is
well-known that cumulative logics do not allow unrestricted compositions of proofs (see,
e.g., [6]). In other words, they avoid to substitute an antecedent by another antecedent by
transitivity (via cut). The following definitions establish the basic (restricted) conditions
for such a substitution. In particular, they say when two formulas are equivalent with
respect to |∼ (|∼-equivalent).

Definition 4.

– If A is of type α, then {α1, α2} c-fulfilsA;
– if A is of type β, then {β1} c-fulfilsA, and {β2} c-fulfilsA;
– if {A1, . . . , An} c-fulfilsA, and {A11 , . . . , A1m

}, . . . , {An1 , . . . , Anm
} c-fulfil re-

spectively A1, . . . , An, then {A11 , . . . , A1m
, . . . , An1 , . . . , Anm

} c-fulfilsA.

It is easy to see that whenever a set of formulas c-fulfils a formula A the conjunction of
the formulas in the set propositionally entails A.

Definition 5. We say thatA forces B, iff 1) eitherA = B orA is of type α andB = αi;
or 2) there exists a formula C such that A forces C and C forces B.

Obviously, the notion of “forcing” is meant to determine the subformulas of a formula
A that are propositionally entailed from A itself.

Let B be any set of LS -formulas. (In the course of proof search, B will be the set of
LS -formulas occurring in a branch of a proof tree).
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Definition 6. A supports B in a branch B iff

1. A ≡ B; or
2. {B1, . . . , Bn} c-fulfilsB, and for each k, 1≤ k ≤ n, Bk , (WA

ik
, w1) ∈ B; or

3. there is a set of formulasA = {Z1, . . . , Zn} such that, 1 ≤ i ≤ n, Zi, (WA
i , w1) ∈

B, A forces Zi, and A c-fulfilsB.

We are now ready to say when two formulas, A and B, are |∼-equivalent inB (A ≈B B).

Definition 7. A ≈B B iff

1. A and B support each other; or
2. if A ≈B C and B ≈B C, then A ≈B B

If A ∈ B, with A≈B we shall denote the set of formulas {B1, . . . , Bn} such that,
1 ≤ i ≤ n, Bi ∈ B and Bi ≈B A. It is obvious that A≈B is an equivalence class, thus
we abuse the notation and we use A≈B to denote a formula in such a class.

Two formulas A and B are obviously equivalent with respect to |∼, if they are clas-
sically equivalent. Otherwise, through the notion of support (see definition 6), we have
basically the following cases: (i) the set of truth-value assignments which correspond to
the consequences of A satisfiesB; (ii) the set of consequence relations of A propositio-
nally entails B. So, according to definition 7, A and B are equivalent with respect to |∼
in B if (a) the above sets are equal, or (b) such sets are equal to another set. This means
that they prove each other.

At this point we are ready to introduce the notion of unification for indexed labels to
be used in the calculus. Briefly, two labels unify wrt a set of LS -formulas if the unindexed
labels unify and the label formulas satisfy conditions corresponding to clauses 1–4 of
the semantic evaluation. In the next definition we provide such conditions.

Definition 8. Let iX and jY be two indexed labels, and let B be a set of LS -formulas.
Then

(iY , jX)σB
C = (i, j)σ

where 1) Y �≡ ⊥ if h(i) ∈ ΦV ; 2) X �≡ ⊥ if h(j) ∈ ΦV , and one of the following
conditions is satisfied

a) Y ≈B X;
b) Y ≡ � and h(i) ∈ ΦV , or X ≡ � and h(j) ∈ ΦV ;
c) i) X is of type α, Y ≈B αi for i = 1, 2, and Z, (WY≈B , w1) ∈ B such that Z’s

c-fulfil α3−i , or
ii) Y is of type α, X ≈B αi for i = 1, 2, and Z, (WX≈B , w1) ∈ B such that Z’s
c-fulfil α3−i.

According to 1) and 2) no label unifies with an unrestricted label whose label formula
is unsatisfiable. Intuitively, this excludes that two propositionally indexed sets of worlds
have a null intersection, which would be possible with an unrestricted label indexed with
a contradiction: since f(Y, u) = ∅ if Y ≡ ⊥, so the “denotation” or the label is empty.
Indeed ||⊥|| = ∅, and, by reflexivity, for each A ∈ L> and u ∈ W , f(A, u) ⊆ ||A||,
then f(⊥, u) = ∅.
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Clause a) corresponds to Left Logical Equivalence and CSO: both establish when
two formulas are equivalent with respect to |∼; but logically and non-monotonically
equivalent formulas have the same selection function sets.

According to b), (WA→A
2 , w1) and (wC

3 , w1) unify, as W2 is a variable indexed with
a tautology. In practice a unrestricted label indexed with a tautology unifies with any
restricted label.

Clause c) is meant to characterize cumulativity. Cumulativity is a restricted version
of Left Weakening. Accordingly, we have to see whether a conjunction is a weakening
of one conjunct and the other conjunct is derivable in each minimal world with respect
to the former component. This is achieved thanks to the notion of c-fulfillment. Such a
notion is nothing else that the condition a set of formulas must satisfy to (propositio-
nally) entail the formula which is “fulfilled”. Notice that the notion of c-fulfillment
is also strictly related to Right Weakening. As an example, consider the following
labels: i = (wA∧(C→(B∧D))

2 , w1), j = (WA
1 , w1), and the following LS -formulas:

A1 = TB, (WA
2 , w1), A2 = TD, (WA

3 , w1). Here (i, j)σB
C, where B contains A1 and

A2. Notice that A ∧ (C → (B ∧ D)) is of type α, and A is α1. Moreover {B,D}
c-fulfilsB ∧D which, in turn, c-fulfilsC → (B ∧D), i.e. α2 .Thus B contains a set of
LS -formulas whose labels are appropriate, and whose declarative units c-fulfil α2.

Although the above conditions seem to be very cumbersome, as we shall see in
section 5, they can be easily detected by the LS -formulas occurring in a proof tree, and
closely correspond to the semantic conditions of SFC -models.

3.3 Inference Rules

The heart of the proof system for C is constituted by the following rules which are
designed to work both as inference rules (to make deductions from both the declarative
and the labelled part of LS -formulas), and as ways of manipulating labels during proofs.
In what follows we write (i, j)σB

C to denote both that i and j are σB
C-unifiable and the

result of their σB
C-unification, and XC to denote the conjugate of X (i.e., XC = FA

(TA) if X = TA (FA)).

α
α : X, kY

αi, kY
[i = 1, 2] β

β : X, kY

βC
3−i : X ′, jY ′

βi, (k, j)σB
C

[i = 1, 2]

These are exactly theα andβ rules of the original KEM method [1] in a slightly modified
version: the formulas the rule is applied to are either the declarative parts or the label
formulas. The α rules are just the usual linear branch-expansion rules of the tableau
methods, whereas the β rules correspond to such common natural inference patterns as
modus ponens, modus tollens, disjunctive syllogism, etc.

T |∼ TA |∼B : X, iY

TB, (WA
n , iY )

[WA
n new] F |∼ FA |∼B : iY

FB, (wA
n , iY )

[wA
n new]

The rulesT |∼ andF |∼ closely reflect the semantical evaluation rule 1.They are motivated
by the general idea (see [5]) that > can be regarded as a necessity operator on A (i.e.,
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[A >]B), from which it follows that whenever A > B is true at a world u, B should be
true at all the worlds in f(A, u) (A-worlds); and whenever A > B is false at u, there
should be some A-world where B is false.

PB
X, i XC , i

[i unrestricted] PNC

X : Y, iY
′

XC : Z, kZ′

× [(i, k)σB
C ]

PB (the “Principle of Bivalence”) is exactly the “cut” rule of the original method (it
can be thought of as the semantic counterpart of the cut rule of the sequent calculus).
PNC (the “Principle of Non-Contradiction”) is the modified version of the familiar
branch-closure rule of the tableau method. As it stands, it allows closure (“×”) to follow
from two formulas which are contradictory “in the same world”, represented by two
σB
C-complementary LS -formulas, i.e., two LS -formulas X, iY

′
, XC , kZ′

whose labels
are σB

C-unifiable (such as, e.g, TC, (WA∨B
1 , w1) and FC, (wA∨B

3 , w1)). Notice that,
in contrast with the usual normal modal setting, in the present setting it may occur a
contradiction of the form FA, (wA

2 , w1), since this LS -formula states that there exists
an A-world where A is false.

In the following section the above set of rules will be proved to be sound and complete
for C. Notice that the format of the rules prevents labels from having a length greater
than two. This is obviously due to the fact that C corresponds to CU− (in the context
of C the nesting of |∼ is meaningless).

4 Soundness and Completeness

In this section we prove soundness and completeness theorems for KEM . We shall
proceed as usual by first proving that the rules for C are derivable in KEM , and then
that the rules of KEM are sound with respect to the semantics for C. Let us first define
the following functions which map labels into elements of SF cumulative models.

Let g be a function from " to ℘(W ) thus defined:

g(iX) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

{wi} ⊆ f(X, g(h(i))) if h(iX) ∈ ΦC

{wi ∈W : wi ∈ f(X, g(h(i)))} if h(iX) ∈ ΦV

{wi} if i ∈ ΦC

W if iX ∈ ΦV

Let r be a function from " to f thus defined:

r(iX) =

{

∅ if l(i) = 1
f(X, g(iX) if l(i) = n > 1

Let m be a function from LS -formulas to v thus defined:

m(SA : iX) =def v(A,wj) = S

for all wj ∈ g(iX).
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Lemma 1. Let B be a set of LS -formulas and let i, j be labels in B. If (iX , jY )σB
C, then

g(iX) ∩ g(jY ) �= ∅.

This lemma, proved by induction of the length of labels, states that whenever two labels
unify, their denotations have a non-null intersection (the result of their unification).

Lemma 2. Let B be a set of LS -formulas and let i, j be labels in B. If m(SA, i), and
(i, j)σB

C, thenm(SA, (i, j)σB
C).

According to the previous lemma if a formula has a given evaluation in a world denoted
by a label, and this label unifies with another label, then the value of the formula remains
unchanged in the worlds corresponding to the unification of the labels. This fact allows us
to verify the correctness of the rule in a standard semantic setting, whence the following
lemma.

Lemma 3. If �KEM A, then |=SFC A

where, a If �CU A then �KEM A s usual with tableau methods, �KEM A means that
the KEM -tree starting with FA,w1 is closed.

Lemma 4. Let Γ be a set of conditional assertions, and A be a conditional assertion.
If Γ cumulatively entails A, then �KEM

∧
Γ → A.

Proof. We show that the inference rules and the axioms of C are derivable in KEM .
D’Agostino and Mondadori [8] have shown that KE is sound and complete for classical
propositional logic and enjoys the property of transitivity of deductions. We provide
KEM -proofs for Reflexivity, Left Logical Equivalence, Right Weakening, Cautious
Monotonicity and Cut.

1. FA |∼A w1
2. FA (wA

2 , w1)
3.× (wA

2 , w1)

Notice that closure follows from having two complementary formulas FA and A both
labelled with (wA

2 , w1).
1. TA |∼ C w1

2. FB |∼ C w1

3. TC (W A
1 , w1)

4. FC (wB
2 , w1)

5.× (wB
2 , w1)

Here closure is obtained from TC, (WA
1 , w1) and FC, (wB

2 , w1). The labels σB
C-unify

due to the equivalence of the label formulas: by hypothesis A and B are equivalent.

5. TB → C (wA
2 , w1)

7. TC (wA
2 , w1)

8. × (wA
2 , w1)

6. FB → C (wA
2 , w1)

×

1. TA |∼B w1

2. FA |∼ C w1

3. TB (W A
1 , w1)

4. FC (wA
2 , w1)
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Notice that we have applied PB to B → C with respect to (wA
2 , w1). The right branch

is closed since, by hypothesis, we have already a KEM proof for B → C.
Finally we present side by side the KEM proofs of Cautious Monotonicity and Cut.

1. TA |∼B w1

2. TA |∼ C w1

3. FA ∧B |∼ C w1

4. TB (W A
1 , w1)

5. TC (W A
2 , w1)

6. FC (wA∧B
2 , w1)

7.× (wA∧B
2 , w1)

1. TA ∧B |∼ C w1

2. TA |∼B w1

3. FA |∼ C w1

4. TC (W A∧B
1 , w1)

5. TB (W A
2 , w1)

6. FC (wA
2 , w1)

7.× (wA
2 , w1)

In both proofs the labels unify according to condition c) of Definition 8.

From Theorem 1, Lemmas 4 and 3 we obtain

Theorem 3. �KEM A iff |=SFC A.

and from Theorem 3 and Corollary 2

Corollary 3. Let Γ be a set of conditional assertions. Γ cumulatively entailsA |∼B iff
�KEM

∧
Γ → (A |∼B)

5 Proof Search withKE+

The unification presented in section 3.2 compels us to check (label) formulas either for
validity or for logical equivalence. This can be a very expensive task whose accomplish-
ment may require us to open an auxiliary proof tree whenever we have to check either
condition (see [2] for details). Fortunately, the main tree provides all the information
we need so that we only have to make them available by appealing to a suitable proof
method. One such method is provided by the classical system KE+. KE+ is based
on D’Agostino and Mondadori [8]’s KE , a tableau-like proof system which employs a
mixture of tableau, natural deduction and structural rules (in practice, the α-, β-, PB
and PNC rules of section 3.3 restricted to the propositional part). KE+ uses the same
rules but adopts a different proof search procedure which makes it completely analytical
and able to detect whether 1) a formula is either a tautology, or a contradiction, or only
a satisfiable one; and 2) a sub-formula of the formula to be proved is a tautology, and
to use this fact in the proof of the initial formula. The KE+ based method consists in
verifying whether the truth of the conjugate of an immediate sub-formula of a β-formula
implies the truth of the other immediate sub-formula. If it is so, then we have enough in-
formation to conclude that the formula is provable. This result follows from the fact that
the branch beginning with βC

i (i = 1, 2) contains no pair of complementary formulas
leading to closure. This in turn is proved by seeing whether a formula occurs twice in a
branch, and that those occurrences “depend on” appropriate formulas. This last notion
is captured by the following definition.

Definition 9. Each formula depends on itself. A formula B depends on A either if it
is obtained by an application of the α-rule or it is obtained by an application of the
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KE rules on formulas depending on A. A formula C depends on A,B if it is obtained
by an application of a β-rule with A,B as its premises. The formulas obtained by an
application of PB depend on the formula PB is applied to. If C depends on A,B then
C depends on A and C depends on B.

We go now to the proof search, but first we need some terminology. us define
An α-formula is analysed in a branch when both α1 and α2 are in the branch. A

β-formula is analysed in a branch when either 1) if βC
1 is in the branch also β2 is in

the branch, or 2) if βC
2 is in the branch also β1 is the branch. A β formula will be said

fulfilled in a branch if: 1) either β1 or β2 occurs in the branch provided they depend on
β, or 2) either β1 or β2 is obtained from applying PB on β.

A branch is E-completed if all the formulas occurring in it are analysed. A branch
is completed if it is E-completed and all the β-formulas occurring in it are fulfilled. A
branch is closed if it ends with an application of PNC . A tree is closed if all its branches
are closed.

A branch obtained by applying PB to a β-formula with βC
i as its root is a βC-branch.

Each branch generated by an application of PB to a formula occurring in a βC-branch
is a βC-branch. A branch generated by an application of PB which is not a βC-branch
is a β-branch. A branch is a �-branch if it contains only formulas which are equivalent
to � and the formulas depending on them.

The proof search procedure starts with the formula to be proved; then 1) it selects
a βC-branch φ which is not yet completed and which is the βC-branch with respect to
the greatest number of formulas; 2) if φ is not E-completed, it expands φ by means of
the α- and β-rules until it becomes E-completed;1 3) if the resulting branch is neither
completed nor closed then it selects a β-formula which is not yet fulfilled in the branch
— if possible a β-formula resulting from step 2 — then it applies PB with β1, β

C
1 (or,

equivalently β2, β
C
2 ), and then it returns to step 1; otherwise it returns to step 1.

Theorem 4. For a formula A, A ≡ � if either:
1. in one of the βC-branches it generates there is an LS -formula which appears twice,
and one occurrence depends on βC

i , i ∈ {1, 2}, and the other depends on β, or
2. each βC-branch is closed and the β-branches are �-branches, or
3. each βC-branch is a �-branch.

We provide an illustration of the above notion by proving ((A → (B → A)) |∼ C) →
(D |∼ C).

9. TB (wA→(B→A)
3 , w1)

11. TA (wA→(B→A)
3 , w1)

10. FB, (wA→(B→A)
3 , w1)

6. TA (wA→(B→A)
3 , w1)

8. TB → A (wA→(B→A)
3 , w1)

7. FA, (wA→(B→A)
3 , w1)

1. F ((A → (B → A)) |∼ C)→ (D |∼ C) w1

2. T (A → (B → A)) |∼ C w1

3. FD |∼ C w1

4. TC (W A→(B→A)
1 , w1)

5. FC (wD
2 , w1)

1 For α-formulas we do not duplicate components, i.e. if α, and αn (n = 1, 2) are in a branch,
then we add to the branch only α3−n.
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Here we have to see whether the labels in 4 and 5 unify. However the label formulas
of W1 is of type β and it is not yet analysed in the tree. So we apply PB . Notice that the
left branch is a βC-branch w.r.t. the label formula. We then apply a β rule, and we obtain
another β formula. According to the proof search we have to apply again PB and then
we have another application of a β rule. At this point we have two occurrences of TA
with the right dependencies. So the label formula A→ (B → A) is �, and the label of
4 and 5 unify, thus closing the tree.

Definition 10. Let v be a function which maps each formula A into a set of (atomic)
formulas in such a way that 1) if A is atomic, then v(A) = {A}; 2) if A is of type α,
then v(A) = v(α1) ∪ v(α2); 3) if A is of type β, then v(A) = v(βC

n ) ∪ v(β3−n) or
v(A) = v(βn), n = 1, 2. A set S of (atomic) formulas is said to v-fulfils a formula A iff
S = v(A).

Corollary 4. Two formulas A,B are equivalent iff each set of (atomic) formulas which
v-fulfilsA v-fulfilsB.

The following proof is provided as an illustration of the use of the above notions.

5. TA (wA→B
2 , w1)

7. TB (wA→B
2 , w1)

6. FA (wA→B
2 , w1)

1. T (¬A ∨B) |∼ C w1

2. F (A → B) |∼ C w1

3. TC (W ¬A∨B
1 , w1)

4. FC (wA→B
2 , w1)

Obviously {TA, TB} and {FA} v-fulfil both ¬A ∨ B and A → B. Accordingly,
(W¬A∨B

1 , w1) and (wA→B
2 , w1) σB

C-unify, thus closing the tree.

Remark 1. It is worth noting that Theorem 4 provides also completeness of KE+ for
classical propositional logic. This is enough for the tautology test required by Defini-
tion 2. It is not necessary to extend it to the whole C, since the label formulas are always
classical. The same holds for the equivalence test and Corollary 4.

6 Comparison with Other Works

Groeneboer and Delgrande [13] present a method for constructing Kripke models for
CLs which generalizes Hughes and Cresswell’s [14] classical method of semantic tableau
diagrams for the modal logicS4.3 to Delgrande’s [7] conditional logicN. This extension
is made possible by the correspondence between S4.3 and N. However, as Boutilier
[4] has shown, N fails to validate the rule of Cautious Monotonicity, and thus it lies
outside the scope of Gabbay’s [10] minimal conditions for nonmonotonic consequence
relations. Lamarre [17] takes a more direct approach by relying on Lewis’ [19] system of
spheres models. However, his method does not cover CU. Moreover, as proof systems
for CL, the systems just mentioned can be said to suffer of all well-known computational
drawbacks of the tableau method.
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As far as the computational complexity of the method we have proposed is concerned,
it lies in the same class as Lehmann’s algorithm [18]. In fact it easy to prove that
the complexity of σ is linear. However this is not the case with σB

C in so far as it
requires either tautology or equivalence or entailment tests on label formulas. Thus its
absolute complexity is exponential. Nevertheless, when σB

C is used in a KEM -proof its
complexity weight does not cause any harm to the complexity of the proof since, as we
have seen, the tests are performed in the proof itself. Therefore the complexity of σB

C
with respect to KEM -proofs turn out to be the same of σ. From this it follows that the
complexity of the KEM -proofs for C is just the complexity of the propositional modulo
(see [8] for a discussion). This is a well known result (see [18]), but we believe that
the present approach offers some advantages over Lehmann’s [18] algorithm in that it
is deterministic and works for cumulative logics in general and not only for those cases
where they coincide with the preferential ones.

Although their primary aim is not automated deduction, Crocco and Fariñas [6]
present a sequent system for CU which turns out to be very similar to ours. In their
approach the cut rule is replaced by more restricted rules for identifying formulas in
deduction. Deductive contexts and restrictions on the transitivity of the deduction relation
are represented at the level of auxiliary sequents, i.e., sequents involving a non-transitive
deduction relation. Accordingly, structural and logical operations are performed both on
this level and on the level of the principal (transitive) relation. The deductive context
is fixed by a prefixing rule in the antecedents of auxiliary sequents. Augmentation and
reduction rules in such antecedents allow us to identify those deductive contexts which
are identical or compatible with other contexts, thus providing criteria for substituting
conditional antecedents by conditional antecedents. In the present approach conditional
antecedents are fixed by the inference rules at the “auxiliary” level of label formulas,
whereas the notion of compatible contexts—or of criteria for antecedent identification—
is captured by the label unification rule. Structural and logical operations are performed
both at the “principal” level of labelled formulas and at the “auxiliary” level of label
formulas, the only deduction relation involved being the transitive one.Thus our approach
can be said to perform what Crocco and Fariñas call an “extra-logical” control on the
composition of proofs in the sense that the restrictions on the transitivity of the deduction
relation are represented at the “auxiliary” level of our labelling scheme. This can be
seen as an advantage of our method over Crocco and Fariñas’s as it allows to treat a
wide range of CLs by providing different constraints, closely related to the appropriate
semantic conditions, on the respective unifications (see [2]). Moreover, it do so without
banishing the cut rule, thus avoiding the problems arising from defining connectives in
the absence of such a rule.
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Abstract. We present a terminating contraction-free calculus GLC∗

for the propositional fragment of Gödel-Dummett Logic LC. GLC∗ uses
hypersequents, and unlike other Gentzen-type calculi for LC, all its rules
have at most two premises. These rules are all invertible. Hence it can be
used as a basis for a deterministic tableau system for LC. This tableau
system is presented in the last section.

1 A Review of LC and GLC

In [7] Gödel introduced a sequence {Gn} of n-valued logics, as well as an infinite-
valued matrix Gω in which all the Gns can be embedded. He used these matrices
to show some important properties of intuitionistic logic. The logic of Gω was
later axiomatized by Dummett in [5] and is known since then as Dummett’s
LC. It probably is the most important intermediate logic, one that turns up in
several places, like the provability logic of Heyting’s Arithmetics ([10]), relevance
logic ([4]), and recently fuzzy logic([8]).

Semantically LC corresponds to linearly ordered Kripke structures. It also
corresponds of course to Gω, which is the matrix 〈N ∪ {t},≤,→,¬,∨,∧〉 where
≤ is the usual order on N extended by a maximal element t, the interpretation
of the propositional constant ⊥ is the number 0, a → b is t if a ≤ b and b
otherwise, ¬a is simply a→ 0, and ∧ and ∨ are, respectively, the min and max
operations on 〈N ∪{t},≤〉.1 The consequence relation �LC is defined as follows:
A1, . . . , An �LC B iff min{v(A1), . . . , v(An)} ≤ v(B) for every valuation v in
Gω.2 This is equivalent ([2], p.236) to taking t as the only designated element
and defining: A1, . . . , An �LC B iff for every v in Gω either v(B) = t or v(Ai) �= t
for some 1 ≤ i ≤ n.

A Hilbert-type axiomatization for LC can be obtained from intuitionistic
logic by adding to it the axiom (A→ B) ∨ (B → A) ([5]).

A cut-free Gentzen-type formulation for LC was first given by Sonobe in [9].
His approach has been improved in [1] and [6], where terminating, contraction-
free (and cut-free) versions have been presented. All those systems have, however,
1 For the application as a fuzzy logic it is more useful (see [8]) to use instead of N ∪{t}

the real interval [0,1], with 1 playing the role of t. This makes a difference only when
we consider inferences from infinite theories.

2 As usual, in case n = 0 the “minimal element” is taken to be t.

Roy Dyckhoff (Ed.): TABLEAUX 2000, LNAI 1847, pp. 98–111, 2000.
c© Springer-Verlag Berlin Heidelberg 2000
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the serious drawback of using a rule with arbitrary number of premises, all of
which contain formulae which are essential for the inference (strictly speaking,
this is not really a single rule, but an infinite set of rules). A cut-free formula-
tion of LC which does not have this drawback, and unlike other formulations
has exactly the same logical rules as the standard formulation of Intuitionistic
Logic, has been given in [2]. This formulation, which we now review, uses single-
conclusion hypersequents rather than ordinary sequents.

Definition 1. A (single-conclusion) hypersequent is a structure of the form:

Γ1 ⇒ A1 | Γ2 ⇒ A2 | · · · | Γn ⇒ An

where Γi ⇒ Ai is an ordinary single-conclusion sequent (Note that we do not
allow components with an empty conclusion, although it is easy to add such if so
one desires).

We use G,H as variables for (possibly empty) hypersequents, S for sequents.

Definition 2. The System GLC.

Axioms
A⇒ A ⊥ ⇒ A

Standard External Structural Rules

G

G|H
G|S|S|H
G|S|H

G|S1|S2|H
G|S2|S1|H

(External weakening, contraction and permutation, respectively).

Standard Internal Structural Rules

G|Γ1, A,B, Γ2 ⇒ D|H
G|Γ1, B,A, Γ2 ⇒ D|H

G|Γ,A,A⇒ D|H
G|Γ,A⇒ D|H
G|Γ ⇒ D|H

G|Γ,A⇒ D|H
G1|Γ1 ⇒ A|H1 G2|A,Γ2 ⇒ D|H2

G1|G2|Γ1, Γ2 ⇒ D|H1|H2

(Internal permutation, contraction, weakening, and cut, respectively).

Special Structural Rules

G|Γ1, Γ2 ⇒ D|H
G|Γ1 ⇒ D|Γ2 ⇒ D|H

G1|Γ1 ⇒ A1|H1 G2|Γ2 ⇒ A2|H2

G1|G2|Γ1 ⇒ A2|Γ2 ⇒ A1|H1|H2
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(Splitting (S) and Communication (Com), respectively).

Logical Rules

G1|Γ1 ⇒ A|H1 G2|B,Γ2 ⇒ D|H2

G1|G2|A→ B,Γ1, Γ2 ⇒ D|H1|H2

G|Γ,A⇒ B|H
G|Γ ⇒ A→ B|H

(and similar hypersequential versions of the intuitionistic rules for ∨ and ∧).

Definition 3. The interpretation of a standard sequent A1, A2, . . . , An ⇒ B
is A1 → (A2 → · · · → (An → B) · · · ). The interpretation of a hypersequent
Γ1 ⇒ A1| · · · |Γn ⇒ An is ϕΓ1⇒A1 ∨ · · · ∨ ϕΓn⇒An , where for each i ϕΓi⇒Ai is
the interpretation of Γi ⇒ Ai.

Theorem 1. The cut elimination theorem obtains for GLC.

Theorem 2. A hypersequent is provable in GLC iff its interpretation is valid
in Gω (iff it is provable in Dummett’s system LC).

The proofs of both theorems can be found in [2].

GLC, despite its elegance, is not very convenient for proof search. The main
reason is that some of its rules are not invertible. In the next section we present
a calculus which is based on GLC, and which does not have this defect. This
calculus, like those of [1] and [6], is terminating, cut-free, and contraction-free.
Hence it can be used as a basis for more efficient tableau system for LC. This
tableau system is presented in section 3.

2 The System GLC∗

The following theorem provides the key to a cut-free version of GLC in which
all the logical rules are invertible.

Theorem 3.

(⇒ ∧) �GLC G|Γ ⇒ ϕ ∧ ψ iff �GLC G|Γ ⇒ ϕ and �GLC G|Γ ⇒ ψ

(∧ ⇒) �GLC G|Γ, ϕ ∧ ψ ⇒ θ iff �GLC G|Γ, ϕ, ψ ⇒ θ

(⇒ ∨) �GLC G|Γ ⇒ ϕ ∨ ψ iff �GLC G|Γ ⇒ ϕ|Γ ⇒ ψ

(∨ ⇒) �GLC G|Γ, ϕ ∨ ψ ⇒ θ iff �GLC G|Γ, ϕ⇒ θ and �GLC G|Γ, ψ ⇒ θ

(⇒→) �GLC G|Γ ⇒ ϕ→ ψ iff �GLC G|Γ, ϕ⇒ ψ

(→ ∧) �GLC G|Γ, ϕ→ ψ1 ∧ ψ2 ⇒ θ iff �GLC G|Γ, ϕ→ ψ1, ϕ→ ψ2 ⇒ θ
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(∧ →) �GLC G|Γ, ϕ1 ∧ ϕ2 → ψ ⇒ θ iff

�GLC G|Γ, ϕ1 → ψ ⇒ θ and �GLC G|Γ, ϕ2 → ψ ⇒ θ

(→ ∨) �GLC G|Γ, ϕ→ ψ1 ∨ ψ2 ⇒ θ iff

�GLC G|Γ, ϕ→ ψ1 ⇒ θ and �GLC G|Γ, ϕ→ ψ2 ⇒ θ

(∨ →) �GLC G|Γ, ϕ1 ∨ ϕ2 → ψ ⇒ θ iff �GLC G|Γ, ϕ1 → ψ,ϕ2 → ψ ⇒ θ

(→(→) �GLC G|Γ, ϕ→ (ψ1 → ψ2)⇒ θ iff

�GLC G|Γ, ϕ→ ψ2 ⇒ θ and �GLC G|Γ, ψ1 → ψ2 ⇒ θ

(→)→) �GLC G|Γ, (ϕ1→ϕ2)→ψ ⇒ θ iff

�GLC G|Γ, ψ ⇒ θ and �GLC G|ϕ1 ⇒ ϕ2|Γ, ϕ2 → ψ ⇒ θ

(→⇒) �GLC G|Γ, p→ q ⇒ r iff

�GLC G|Γ ⇒ r|p→ q ⇒ p and �GLC G|Γ, q ⇒ r

Proof. We provide formal derivations in GLC for (→)→) and (→⇒) (the other
cases are very easy). These derivations employ cuts, and sequents which are
intuitionistically valid (like (ϕ1 → ϕ2) → ψ ⇒ ϕ2 → ψ in the first derivation)
are used in them as if they were axioms (i.e.: their easy proofs are omitted).

– The ‘if’ part of (→)→):

G|ϕ1 ⇒ ϕ2|Γ, ϕ2 → ψ ⇒ θ

G| ⇒ ϕ1 → ϕ2|Γ, ϕ2 → ψ ⇒ θ G|Γ, ψ ⇒ θ
G|Γ, (ϕ1 → ϕ2)→ ψ ⇒ θ|Γ, ϕ2 → ψ ⇒ θ (ϕ1 → ϕ2)→ ψ ⇒ ϕ2 → ψ

G|Γ, (ϕ1 → ϕ2)→ ψ ⇒ θ|Γ, (ϕ1 → ϕ2)→ ψ ⇒ θ
G|Γ, (ϕ1 → ϕ2)→ ψ ⇒ θ

– The “only if” part of (→)→):

(i) ψ ⇒ (ϕ1 → ϕ2)→ ψ G|Γ, (ϕ1 → ϕ2)→ ψ ⇒ θ
G|Γ, ψ ⇒ θ

(ii)
(S) ϕ1, ϕ1 → ϕ2 ⇒ ϕ2

ϕ1 ⇒ ϕ2|ϕ1 → ϕ2 ⇒ ϕ2 ψ ⇒ ψ
ϕ1 ⇒ ϕ2|ϕ1 → ϕ2, ϕ2 → ψ ⇒ ψ
ϕ1 ⇒ ϕ2|ϕ2 → ψ ⇒ (ϕ1 → ϕ2)→ ψ G|Γ, (ϕ1 → ϕ2)→ ψ ⇒ θ

G|ϕ1 ⇒ ϕ2|Γ, ϕ2 → ψ ⇒ θ

– The “if” part of (→⇒):

G|Γ ⇒ r|p→ q ⇒ p G|Γ, q ⇒ r
G|Γ ⇒ r|Γ, p→ q, p→ q ⇒ r
G|Γ, p→ q ⇒ r|Γ, p→ q ⇒ r

G|Γ, p→ q ⇒ r
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– The “only if” part of (→⇒):

(i) q ⇒ p→ q G|Γ, p→ q ⇒ r
G|Γ, q ⇒ r

(ii) p, p→ q ⇒ q
p⇒ q|p→ q ⇒ q p⇒ p

p⇒ q|p⇒ q|p→ q ⇒ p
p⇒ q|p→ q ⇒ p

⇒ p→ q|p→ q ⇒ p G|Γ, p→ q ⇒ r

G|Γ ⇒ r|p→ q ⇒ p

Remarks

1. The last derivation starts with an application of (S) followed by an applica-
tion of (Com). It ends with a Cut.

2. Because of the soundness of GLC, our proof shows that Theorem 3 also
obtains if instead of provability in GLC we talk about validity in Gω. It is not
difficult to prove this directly, and then use the soundness and completeness
of GLC to derive Theorem 3. Our proof here will allow us, however, to
provide later a new proof of the completeness of GLC.

3. Although (→⇒) is valid for all formulas p, q and r, we shall use it only in
case p, q and r are atomic (the notation we use was chosen accordingly). In
fact, we’ll use it only if in addition p �= q, p �= ⊥ and p �= r. In the other
cases we can use instead the following obvious reductions:

Lemma 1.
�GLC G|Γ,⊥ → ψ ⇒ θ iff �GLC G|Γ ⇒ θ
�GLC G|Γ, ψ → ψ ⇒ θ iff �GLC G|Γ ⇒ θ
�GLC G|Γ, p→ q ⇒ p iff �GLC G|Γ ⇒ p|p→ q ⇒ p

Definition 4. A basic hypersequent is a hypersequent every component of which
has one of the following two forms:

1. Γ ⇒ p, where p and all elements of Γ are atomic.
2. p→ q ⇒ p, where p and q are atomic, and p �= q, p �= ⊥.

Theorem 4. For every hypersequent G we can effectively find a set B of basic
hypersequents, so that �GLC G iff �GLC H for every H ∈ B.
Proof. This follows easily from Theorem 3 and Lemma 1.

To get an effective decision procedure for GLC, we have to determine which
basic hypersequents are provable in it. This is equivalent to determining which
basic hypersequents are valid in Gω. We next describe an algorithm for deciding
this question.

Algorithm BH Let G be a basic hypersequent. Let p1, . . . , pn be the atomic
propositional variables which occur in G, and let x1, . . . , xn be n corresponding
variables for natural numbers. Construct a set CG of constraints on x1, . . . , xn

as follows:
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– (xi > 0) ∈ CG whenever Γ ⇒ ⊥ is a component of G and pi ∈ Γ
– (xi < 0) ∈ CG whenever Γ ⇒ pi is a component of G and ⊥ ∈ Γ
– (xi ≤ 0) ∈ CG whenever pi → ⊥⇒ pi is a component of G
– (xj < xi) ∈ CG whenever Γ ⇒ pj is a component of G and pi ∈ Γ
– (xj ≤ xi) ∈ CG whenever pj → pi ⇒ pj is a component of G.

Determine now whether there exist y1, . . . , yk+1 ∈ {x1, . . . , xn} (k ≥ 0) such
that y1, . . . , yk are all distinct, (yk > yk+1) ∈ CG (where we take y0 to be 0 in
case k = 0), and one of the following holds:

– y1 is identical with yk+1 and for every 1 ≤ i ≤ k − 1, (yi ≥ yi+1) ∈ CG or
(yi > yi+1) ∈ CG.

– (yi ≥ yi+1) ∈ CG for all 0 ≤ i ≤ k − 1, where again we take y0 to be 0.

If such a sequence exists then G is valid. Otherwise it is not.

Note. The last step (after constructing CG) is simply a description of how we
determine whether or not a given set of constraints of the forms xi ≥ xj , xi > xj ,
xi > 0, xi < 0, xi ≤ 0 is satisfiable in the natural numbers (If CG is satisfiable
then G is not valid, otherwise it is valid).

To prove the correctness of Algorithm BH, we need the next definition and
theorem.

Definition 5. A valuation v in Gω is called simple if v(p) ∈ N (i.e.: v(p) �= t
for every atomic variable p).

Theorem 5. A sentence ϕ, or a hypersequent G, is valid in Gω iff there is no
simple valuation that refutes it.

Proof. Since G is valid iff its interpretation ϕG is valid, it suffices to prove the
theorem for a sentence ϕ. So assume that ϕ is not valid, and let v be a valuation
in Gω which refutes it (i.e. v(ϕ) �= t). Let n be a natural number such that
v(p) ∈ {0, 1, . . . , n, t} for every atomic variable p of ϕ. Define:

v′(p) =
{

v(p) v(p) �= t
n + 1 v(p) = t

It is easy to prove by structural induction, that if ψ is a subformula of ϕ, then
v′(ψ) ∈ {n + 1, t} in case v(ψ) = t, and v′(ψ) = v(ψ) otherwise. In particular
v′(ϕ) = v(ϕ) �= t, and so v′ is a simple valuation which refutes ϕ.

Theorem 6. Algorithm BH is correct.

Proof. This easily follows from Theorem 5 and the following three facts:

1. If Γ consists of atomic formulas then a simple valuation v refutes Γ ⇒ p
if v(p) < v(q) for all q ∈ Γ (in particular: a simple v refutes q ⇒ p iff
v(p) < v(q)).

2. If p, q are atomic and p �= ⊥ then a simple valuation v is a refutation of
p→ q ⇒ p iff v(p) ≤ v(q).
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3. A hypersequent is refutable by v iff v refutes all its components.

Definition 6. A generalized axiom is a basic hypersequent of the form ϕ1 ⇒
ψ1|ϕ2 ⇒ ψ2| . . . |ϕn ⇒ ψn such that the set of constraints which corresponds to
it is a minimal unsatisfiable set.

Note. If we ignore the order of the components in a hypersequent (which we
can do), then a basic sequent is a generalized axiom iff it has one of the following
two forms:

1.
p1 ≺ p2|p2 ≺ p3| · · · |pn−1 ≺ pn|pn ⇒ p1

where n ≥ 1, p1, . . . , pn are n distinct propositional variables, and for all
1 ≤ i ≤ n− 1, “pi ≺ pi+1” is either pi ⇒ pi+1 or (pi+1 → pi)⇒ pi+1.

2.

(p1 → ⊥)⇒ p1|(p2 → p1)⇒ p2| · · · |(pn−1 → pn−2)⇒ pn−1|pn−1 ⇒ pn

where n ≥ 1, and p1, . . . , pn are n distinct propositional variables (in the
case n = 1 we take p0 to be ⊥).

It is easy to see that a simple v can refute a hypersequent of the first type iff
v(p1) < v(p1), and of the second type iff v(pn) < 0. Hence such v cannot exist.

Here is the list (up to order of components and names of variables) of all the
generalized axioms which use at most 3 different variables:

⊥ ⇒ ⊥
p⇒ p ⊥ ⇒ p

p⇒ q|q ⇒ p

(p→ q)⇒ p|p⇒ q

(p→ ⊥)⇒ p|p⇒ q

p⇒ q|q ⇒ r|r ⇒ p

p⇒ q|(r → q)⇒ r|r ⇒ p

q → p⇒ q|q ⇒ r|r ⇒ p

(q → p)⇒ q|(r → q)⇒ r|r ⇒ p

(q → ⊥)⇒ q|(r → q)⇒ r|r ⇒ p

We are now ready to introduce our new calculus of hypersequents for LC:

The System GLC∗

Axioms: Every basic sequent which can be derived from some generalized
axiom using (internal and external) weakenings and permutations.

Rules: The rules that correspond to the “if” parts of Theorem 3.

Theorem 7. A sequent G is valid iff �GLC∗ G.
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Proof. It can easily be shown, using theorem 6 (and the description of algorithm
BH) that a basic sequent is valid iff it can be derived from some generalized
axiom using weakenings and permutations (both internal and external). Hence
the theorem follows from Theorem 3 and Lemma 1.

Corollary 1.

1. The cut rule is admissible in GLC∗.
2. A formula ϕ is valid in LC iff ⇒ ϕ has a proof in GLC∗.

Note. As hinted above, Theorem 7 can be used to give a new proof of the
completeness of GLC (with cuts). Because of Theorem 3, all we need to do is
to show that every generalized axiom is derivable in GLC. This is easy (using
an induction on the number of propositional variables involved). As an example,
we show how (p2 → p1) ⇒ p2|(p3 → p2) ⇒ p3|p3 ⇒ p1 can be derived from
p2 → p1 ⇒ p2|p2 ⇒ p1:

p3 ⇒ p3 p2 → p1 ⇒ p2|p2 ⇒ p1

(S)
p2 → p1 ⇒ p2|p3, p3 → p2 ⇒ p1

(Com)
p2 → p1 ⇒ p2|p3 ⇒ p1|p3 → p2 ⇒ p1 p3 ⇒ p3

p2 → p1 ⇒ p2|p3 ⇒ p1|p3 → p2 ⇒ p3|p3 ⇒ p1

p2 → p1 ⇒ p2|p3 → p2 ⇒ p3|p3 ⇒ p1

3 A Tableau System for LC Based on GLC∗

In order to develop a tableau system for searching for a proof in GLC∗, we
represent a hypersequent G by a set SG of signed formulas with links between
them. An occurrence of Tϕ in SG means that ϕ occurs on the l.h.s. of at least
one component of G, while an occurrence of Fϕ in SG means that ϕ is the r.h.s
of at least one component of G. A link from Tϕ to Fψ means that ϕ occurs on
the l.h.s. of a component of G in which ψ is the r.h.s. Thus every signed formula
in SG of the form Tϕ is linked to at least one signed formula of the form Fϕ.

In our tableau system, the set of signed formulas on some branch, to which no
reduction rule has yet been applied on that branch, represents (together with the
links between its elements) a hypersequent that we need to prove. A branch is in
principle closed if it contains a set of signed formulas (and links) which represents
a substitution instance of an axiom. In practice we may apply this test only when
no reduction rule may be applied on that branch (the branch represents in such a
case a basic sequent, and algorithm BH can easily be applied then). Before this
stage is reached we will close a branch only in some simple cases (for example:
when the branch contains a formula of the form T⊥, or a pair Tϕ, Fϕ with a
link between these two formulas).

As usual, the expansion rules of our system replace some signed formula on
a branch by other (usually simpler) ones. In addition they also change the set of
links on that branch.
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We give now the list of these expansion rules. We then describe the changes
in links that each rule causes. Using the results of the previous section it is easy
to show that the resulting tableau system is sound and complete.

Fϕ ∧ ψ

(F∧)
/ ∖

Fϕ Fψ

Fϕ ∨ ψ

(F∨)
∣
∣
∣
∣

Fϕ, Fψ

Fϕ→ ψ

(F →)
∣
∣
∣
∣

Tϕ, Fψ

Tϕ→ ψ ∧ θ

(T → ∧)
∣
∣
∣
∣

Tϕ→ ψ, Tϕ→ θ

Tϕ→ ψ ∨ θ

(T → ∨)
/ ∖

Tϕ→ ψ Tϕ→ θ

Tψ → (θ → ϕ)

(T →(→)
/ ∖

Tψ → ϕ Tθ → ϕ

Tϕ ∧ ψ

(T∧)
∣
∣
∣
∣

Tϕ, Tψ

Tϕ ∨ ψ

(T∨)
/ ∖

Tϕ Tψ

Tp→ q

(T →)
/ ∖

Tp→ q, Fp Tq

Tψ ∧ θ → ϕ

(T∧ →)
/ ∖

Tψ → ϕ Tθ → ϕ

Tψ ∨ θ → ϕ

(T∨ →)
∣
∣
∣
∣

Tψ → ϕ, Tθ → ϕ

T (ψ → θ)→ ϕ

(T →)→)
/ ∖

Tϕ Tψ, Fθ, Tθ→ ϕ

Note. The rule (T →) should be applied only if p, q are atomic, p �= q, p �= ⊥,
and there is a formula different from Fp to which Tp→ q is linked on that
branch. Moreover: in practice no expansion rule should be applied to signed for-
mulas of the forms T⊥ → ψ and Tψ → ψ, and such formulas should simply be
ignored.

The effects of the various rules on the set of links on a given branch are as
follows:

(F∧): Every formula that was linked to Fϕ ∧ ψ before the application of the
rule should be linked to the new Fϕ and to the new Fψ after it.
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Similar rules apply in all the other cases, except:

(F →): Every formula that was linked to Fϕ→ ψ before the application of the
rule should be linked to the new Fψ after it. In addition a link should be
added between the new Tϕ and the new Fψ.

(T →): The new Tp→ q should be linked to the new Fp. The new Tq should be
linked to all the formulas other than Fp to which Tp→ q was linked before
the application of the rule.

(T (→)→): The new Tψ should be linked to the new Fθ. The new Tϕ and the
new Tθ → ϕ should be linked to the formulas to which T (ψ → θ) → ϕ was
linked before the application of the rule.

As an example, we describe the stages which are involved in the construction
of a tableau for ((p→ q)→ r)→ ((q → p)→ r)→ r. These stages are depicted
in the picture below, which contains several graphs representing the states rea-
ched after these stages. In these graphs links are represented by curved arrows.
Each stage is obtained from the previous one by applying an expansion rule to
some formula. That formula, together with the associated links, are deleted from
the graph, and so they do not appear in the graph which represents the stage
which is reached after the application of that rule. If a branch is closed at some
stage, the formulas on it which do not belong to any other open branch are also
deleted. In more detail:

– In stage 1 the construction of the tableau begins in the usual manner (with
a single node).

– In stages 2 and 3 the rule (F →) is applied, still in the usual manner.
F ((p → q) → r) → ((q → p) → r) → r and later F ((q → p) → r) → r
are deleted. The resulting single node of the graph represents the ordinary
sequent

(p→ q)→ r, (q → p)→ r ⇒ r

and so there are links between its T -formulas and its single F -formula.
– In stage 4 (T →)→) is applied to T (p→ q)→ r. This formula and its link are

deleted therefore from the original node. Two new nodes, each belonging to
a different branch are created. The new node on the left branch contains just
Tr, which is linked to Fr in the parent node. Since this link represents an
axiom, this branch is immediately closed (and deleted). The resulting graph
has two nodes (the original one and the new node on the right branch) with
formulas and links as shown in the picture. The two nodes together represent
the hypersequent

q → r, (q → p)→ r ⇒ r | p⇒ q

(while the deleted right branch represents r, (q → p)→ r ⇒ r).
– In stage 5 (T →)→) is applied again, this time to T (q → p)→ r at the root.

Again this formula and its link are deleted from the original node, two new
branches are created, and this time both are immediately closed (the right
branch is closed because it contains the links Tp− Fq and Tq − Fp, which
together represent the generalized axiom p⇒ q|q ⇒ p).
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Tp, Fq, Tq → r

Tp, Fq, Tq → r

Stage 1

F
(
(p→ q)→ r

)
→

(
(q → p)→ r

)
→ r

Fr

Tq, Fp, Tp→ rTr

× ×

Stage 2 + 3

Stage 5

Fr

Tr

×

T (q → p)→ r, Fr

Stage 4

T (q → p)→ r,T (p→ q)→ r,

As a second example, we take the formula φ = ¬¬(¬p ∨ p). This formula
is an abbreviation of (((p → ⊥) ∨ p) → ⊥) → ⊥. So we start with Fφ, and
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apply (F →) followed by (T∨ →). We obtain a single node which contains
T (p → ⊥) → ⊥, Tp → ⊥ and F⊥ (with the obvious links). It represents the
sequent (p→ ⊥)→ ⊥, p→ ⊥ ⇒ ⊥. We next apply (→)→) to T (p→ ⊥)→ ⊥.
We get two branches. The left one contains T⊥ and so it is immediately closed.
In the other one T (p → ⊥) → ⊥ is replaced by Tp, F⊥ (with a link between
them) and T⊥ → ⊥ (which is linked to F⊥ in the parent node). Finally, we
apply (T →) to Tp→ ⊥ (which is in the root). Again we get two branches. The
right one contains T⊥ (and so it is closed). In the other branch Fp and a new
Tp → ⊥ are added, with a link between them. This branch contains the links
Tp − F⊥ and Tp → ⊥ − Fp, which together represent the generalized axiom
p→ ⊥⇒ p | p⇒ ⊥. Hence this branch is also closed.

What is interesting about the last example is that the formula φ which is
proved there is intutionistically valid. It has therefore an intuitionistic cut-free
proof which uses only sequents. In contrast, the proof which we just have found
(which is contraction free) employs proper hypersequents!

4 Conclusion and Comparison with Other Works

We have introduced a new cut-free calculus GLC∗ of hypersequents for LC. In
this calculus the greatest advantage of GLC over all other known systems for
LC is lost: GLC has exactly the same logical rules as intuitionistic logic, and the
differences between the two logics is (according to GLC) only with respect to the
structural rules. This is no longer true for GLC∗, which employs several logical
rules which are not intuitionistically valid. Another nice property of GLC which
is partially lost in GLC∗ is the pure subformula property. In GLC∗ we have only
a certain analytic substitute, which is less pure and elegant. For understanding
LC, and for reasoning about it, GLC is therefore better than GLC∗. On the
other hand GLC∗ is much more suitable than GLC for proof search and for
developing a practical tableau version. This is due to the fact that unlike GLC,
GLC∗ is terminating, contraction-free, and all its rules are invertible.

It is interesting to compare GLC∗ with two other systems that have recently
(and independently) been introduced for the same goal.

– The system G4 − LC of [6] (which is an improvement of the system in [1])
shares with GLC∗ its advantages (of being cut-free, terminating, contraction-
free, and with only invertible rules). Like in GLC∗, this is achieved by giving
up the pure subformula property, and replacing it with the same analytic
subformula property that GLC∗ has.
G4 − LC has two main advantages over GLC∗: it uses ordinary sequents
(rather than hypersequents), and its axioms are much simpler. On the other
hand its principal rule (the one that allows the inference of the characteristic
axiom of LC) does not have a fixed number of premises (so from a certain
point of view it is an infinite collection of rules, not a single one). Moreover:
the corresponding tableau rule requires analysing several formulas simulta-
neously, so it has a global character. In GLC∗, in contrast, all the rules are
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strictly local, and the tableau system analyses, as usual, just one formula
at a time. Another important shortcoming of G4 − LC is that its principal
rule may be applied only if its conclusion cannot possibly be obtained by
one of the other rules of the system (the rule will still be sound if this side
condition is removed, but then it will not be invertible any more). In GLC∗,
in contrast, all the rules are pure, with no side conditions3, and they are
completely independent of each other (this emphasizes again its purely local
nature). We hope that this advantage will make it easier to extend GLC∗ to
the first-order case (something which is somewhat problematic for G4−LC.
See [6]). This, however, should be checked in the next stage of this research.

– The system RG∞ of [3] is similar to GLC∗ in that it employs hypersequents
rather than ordinary sequents (unlike GLC∗ it allows only single-premise
components, but because of the splitting rule this limitation can also be
forced on GLC∗, without losing or gaining anything significant). Its main
advantage over GLC∗ is that it has the pure subformula property. This,
however, is achieved only at the cost of using two types of components: A ≤ B
and A < B (with the obvious semantical interpretations in Gω). Because of
theorem 5, on the atomic level these two types of components correspond
to the two types of components that fully split, irreducible hypersequents
have in GLC∗: p ⇒ q and q → p ⇒ q. Indeed, p ⇒ q is true in a valuation
v iff v(p) ≤ v(q), while q → p ⇒ q is true in a simple valuation v iff
v(p) < v(q) 4. In GLC∗, however, this separation is made only at the end of
a reduction, and it is fully expressed within the language of LC. In RG∞,
in contrast, it is an essential part of the logical rules, and it is forced by
introducing special symbols in the metalanguage of hypersequents. As a
result, the hypersequents of RG∞ cannot (as far as we can see) in general
be translated into sentences of the language of LC, since A < B does not
have a general translation (hence the equivalence of RG∞ with the standard
Hilbert-type formulation of LC can be proved only via the semantics). This
again is in a sharp contrast with GLC∗.
We add that (properly interpreted as above) the axioms of RG∞ and of
GLC∗ are practically the same. So is the number of their logical rules (both
systems need four rules for each connective. It seems to me, however, that
here RG∞ provides a better understanding why do we need here four rules
rather than the usual two). Also the complexity (but not the form) of the
rules of the two systems seems to be similar.

3 This is true even for the rule (→⇒), although its use in the corresponding tableau
system does have a side condition.

4 There is in fact a third type of component that fully split, irreducible hypersequents
may have in GLC∗: ⇒ p. By Theorem 5 such components are irrelevant to the
validity of hypersequents and can in fact be omitted (Algorithm BH ignores them
anyway). They correspond to components of the form 1 ≤ p in [3] (where 1 is used
for our t).
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Abstract. We define a hypersequent calculus for Gödel logic enhanced
with (fuzzy) quantifiers over propositional variables. We prove soundness,
completeness and cut-elimination for this calculus and provide a detailed
investigation of the so-called Takeuti-Titani rule which expresses density
of the ordering of truth values. Since this rule is critical from the point
of view of proof search we characterize a fragment of the logic for which
it can be eliminated.

1 Introduction

Gödel logic—also called Dummett’s LC or Gödel-Dummett logic, since
Dummett [11] presented the first axiomatization matching Gödel’s matrix
characterization—arguably is one of the most interesting non-classical logics.
One reason for this is that it naturally turns up in a number of different fields
in logic and computer science. Already in the 1930’s Gödel [15] used it to shed
light on aspects of intuitionistic logic; later Dunn and Meyer [12] pointed out its
relevance for relevance logic; Visser [21] employed it in investigations of the pro-
vability logic of Heyting arithmetic; and eventually it was recognized as one of
the most useful species of a “fuzzy logic” (see [16]). In our context it is most im-
portant that, in contrast to other fuzzy logics, convincing analytic proof systems
have been presented for propositional Gödel logic, here called GL. In particular,
we will build on Avron’s elegant hypersequent calculus [1]. (Alternative analytic
systems can be found, e.g., in [4,18,13].)

In this paper we investigate quantified propositional Gödel logic QGL, i.e., GL
extended by existential and universal quantifiers over propositional variables. As
is well known from classical logic, propositional quantifiers make it possible to
express complicated properties in a natural and succinct way. Although from a
semantic point of view quantified Boolean formulas cannot express more Boo-
lean functions than ordinary Boolean formulas, statements about satisfiability
and validity of formulas are easily expressible within the logic itself once such
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quantifiers are available1. This fact can, e.g., be used to provide efficient proof
search methods for a number of non-monotonic reasoning formalisms [14].

For Gödel logic the increase in expressive power is, e.g., witnessed by the
fact that statements about the topological structure of the set of truth values
(taken as infinite subsets of the real interval [0, 1]) can be expressed using pro-
positional quantifiers. Indeed, while only one unique infinite valued Gödel logic
exists at the quantifier free level, uncountably many different quantified propo-
sitional Gödel logics exist if arbitrary infinite subsets over [0, 1], that are closed
under infima and suprema, are allowed as sets of truth values. (This was proved
in [9].) Remarkably enough however, QGL—i.e., quantified propositional Gödel
logic over the (full) real interval [0, 1]—is not only (recursively) axiomatizable
but even decidable [8].

It has been shown [7] that the interpolation property for many-valued logics
is closely related to elimination of fuzzy quantifiers. Indeed, classical logic and
Gödel logic over [0, 1] enjoy quantifier elimination, which yields an immediate
proof of the uniform interpolation property for Gödel logic.

There is yet another reason that renders the investigation of QGL very
interesting, namely the clarification of the role of the Takeuti-Titani rule

G ⊃ [C ∨ (A ⊃ p) ∨ (p ⊃ B)]
G ⊃ [C ∨ (A ⊃ B)] Takeuti-Titani

which was used in [20] to axiomatize first-order Gödel logic (called “intuitionistic
fuzzy logic” by Takeuti and Titani). Takano [19] has shown later that this rule
is in fact redundant in the calculus for first-order Gödel logic by referring to
arguments already present in A. Horn’s [17]. However, an instance of the rule
turned out to be essential to obtain a complete (Hilbert-style) axiomatization
of QGL [9]. Here we will use it to formulate a cut-free hypersequent system
for QGL.

The paper is structured as follows. In Section 2 we provide the necessary
background on Gödel logic with propositional quantifiers. In particular we recall
from [9] the corresponding Hilbert-style system QGL. In Section 3 we define the
hypersequent calculus HQGL. Section 4 contains completeness and soundness
proofs for HQGL (relative to QGL). In Section 5 we prove the eliminability of
cuts from HQGL. Section 6 is devoted to the investigation of the role of the
Takeuti-Titani rule. In particular, we prove that this rule can be eliminated
from proofs of formulas without strong quantifier occurrences.

2 Gödel Logic

Syntax. We work in the language of propositional logic containing a countably
infinite set Var = {a, p, q, . . . } of (propositional) variables, the constants ⊥,�,
as well as the connectives ∧,∨, and ⊃. Propositional constants, variables and
truth constants are considered atomic formulas. Uppercase letters will serve as
1 Note that quantifier elimination for QBF exponentially increases formula size unless

the polynomial hierarchy collapses.
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meta-variables for formulas. If A(p) denotes a formula, then A(X) denotes the
formula with all occurrences of the variable p replaced by the formula X.

We use the abbreviation ¬A for A ⊃ ⊥.

Semantics. The most important form of Gödel logic—the one also used here—is
defined over the real unit interval [0, 1]. (In a more general framework, the truth
values are taken from a set W such that {0, 1} ⊆W ⊆ [0, 1].)

Let v be a function from Var to W , i.e., a variable valuation. Then v is
extended to formulas as follows:

v(⊥) = 0
v(�) = 1

v(A ∧B) = min(v(A), v(B))

v(A ∨B) = max(v(A), v(B))

v(A ⊃ B) =

{

1 if v(A) ≤ v(B)
v(B) otherwise

A formula A is a tautology, if for all v, v(A) = 1.
Equivalent semantics, which stress the close relationship with intuitionistic

logic, are provided by linearly ordered Kripke structures [11] and linearly ordered
Heyting algebras [17].

Propositional Quantification. In classical propositional logic we define ∃pA(p)
by A(⊥)∨A(�) and ∀pA(p) by A(⊥)∧A(�). In other words, propositional quan-
tification is semantically defined by the supremum and infimum, respectively, of
truth functions (with respect to the usual ordering “0 < 1” over the classical
truth values {0, 1}).

This correspondence can be extended to Gödel logic by using fuzzy quan-
tifiers. Syntactically, this means that we allow formulas ∀pφ and ∃pφ in the
language. Free and bound occurrences of variables are defined in the usual way.

Given two valuations v1, v2, we say that v1 ∼p v2 if v1 and v2 agree on all
variables except possibly p. Then we define the semantics of fuzzy quantifiers as
follows:

v(∃pA) = sup{w(A) | w ∼p v} v(∀pA) = inf{w(A) | w ∼p v}

When we consider fuzzy quantifiers, W has to be closed under taking infima and
suprema. If W is the unit interval, this closure property trivially holds. Note that
for propositional Gödel logic without quantifiers, the tautologies coincide for all
infinite W . However it was shown in [9] that there is an uncountable number of
different quantified Gödel logics.

Hilbert Style Calculi. As a basis for Gödel logic we use the following version of
intuitionistic propositional calculus IPC:

I1 A ⊃ (B ⊃ A) I6 B ⊃ (A ∨B)
I2 (A ∧B) ⊃ A I7 (A ∧ ¬A) ⊃ B
I3 (A ∧B) ⊃ B I8 (A ⊃ ¬A) ⊃ ¬A
I4 A ⊃ (B ⊃ (A ∧B)) I9 ⊥ ⊃ A
I5 A ⊃ (A ∨B) I10 A ⊃ �
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I11 (A ⊃ (B ⊃ C)) ⊃ ((A ⊃ B) ⊃ (A ⊃ C))
I12 ((A ⊃ C) ∧ (B ⊃ C)) ⊃ ((A ∨B) ⊃ C)

The system GL for propositional Gödel logic is obtained by adding to IPC
the following axiom which expresses the linearity of the ordering of truth values
or linear Kripke models, respectively:

(Linearity) (A ⊃ B) ∨ (B ⊃ A)

Theorem 1 ([3,16,11]). The system GL is sound and complete for propositio-
nal Gödel logic (over [0, 1]).

Turning to quantified propositional logic, we add to IPC the following two
axioms:
Implies-∃: A(X) ⊃ ∃pA(p)
∀-Implies: [∀pA(p)] ⊃ A(X)

and the rules:
Z(a) ⊃ Y (a)

[∃pZ(p)] ⊃ Y (a) R∃
Y (a) ⊃ Z(a)

Y (a) ⊃ ∀pZ(p)
R∀

Here and below, for any formula X, X(a) denotes that a does not occur free in
X, i.e., a is a (propositional) eigenvariable.

Remark 1. Implies-∃, ∀-Implies as well as R∃ and R∀ are already sound for
intuitionistic logic with propositional quantifiers.

The system of quantified Gödel logic QGL is obtained by taking all above-
mentioned axioms and rules plus the following two axioms:

∨-Shift: [∀p(A(p) ∨B)] ⊃ [A(p) ∨ ∀pB]
Density: [∀p((A(p) ⊃ p) ∨ (p ⊃ B(p)))] ⊃ (A(p) ⊃ B(p))

We recall the following result from [9]:

Theorem 2. The calculus QGL is sound and complete for quantified propositio-
nal Gödel logic.

It has been proved in [9] that instances of the quantifier axioms, where the
formula X is quantifier free, suffice for the completeness of the calculus. We use
this restricted version of the axioms here.

3 A Hypersequent Calculus for QGL

Hypersequent calculi are a simple and natural generalization of Gentzen’s (or-
dinary) sequent calculi. They have been demonstrated to be of great use in
enhancing the realm of logics for which elegant analytic proof systems can be
defined. (See, e.g., [1,2,5,6,10].)

Definition 1. A hypersequent is a structure of the form

Γ1 ⇒ Δ1 | Γ2 ⇒ Δ2 | · · · | Γn ⇒ Δn

where each Γi ⇒ Δi is a sequent called component of the hypersequent.
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The intended interpretation of the symbol “|” is disjunctive (at the meta-level).
We consider the left and right hand sides of sequents as multisets of formu-
las and hypersequents as multisets of sequents. In the following, we use single-
conclusioned (intuitionistic) versions of hypersequents, i.e., the right hand side
of each component (i.e., of each sequent) contains at most one formula.

Like in ordinary sequent calculi, rules of a hypersequent calculus are divided
into two groups: logical rules and structural rules. The logical rules are essentially
the same as those in sequent calculi, the only difference being the presence of
dummy contexts H, called side hypersequents which are used as meta-variables
for (possibly empty) hypersequents. The structural rules are divided into internal
and external rules.

3.1 The Calculus HQGL

Axioms: ⊥ ⇒, ⇒ �, A⇒ A, for any formula A.
In the following rules, Δ is either a single formula or empty.

Internal structural rules:
H | Γ ⇒ Δ

H | A,Γ ⇒ Δ
(iw ⇒)

H | Γ ⇒
H | Γ ⇒ A

(⇒ iw)
H | A,A, Γ ⇒ Δ

H | A,Γ ⇒ Δ
(ic⇒)

External structural rules:

H
H | Γ ⇒ Δ

(ew)
H | Γ ⇒ Δ | Γ ⇒ Δ

H | Γ ⇒ Δ
(ec)

Logical rules:
H | A1, Γ ⇒ Δ H | A2, Γ ⇒ Δ

H | A1 ∨A2, Γ ⇒ Δ
(∨ ⇒)

H | Γ ⇒ Ai

H | Γ ⇒ A1 ∨A2
(⇒ ∨i) i ∈ {1, 2}

H | Ai, Γ ⇒ Δ

H | A1 ∧A2, Γ ⇒ Δ
(∧ ⇒i) i ∈ {1, 2}

H | Γ ⇒ A H | Γ ⇒ B

H | Γ ⇒ A ∧B
(⇒ ∧)

H | Γ ⇒ A H | B,Γ ⇒ Δ

H | A ⊃ B,Γ ⇒ Δ
(⊃⇒)

H | A,Γ ⇒ B

H | Γ ⇒ A ⊃ B
(⇒⊃)

In the following rules for introducing propositional quantifiers, formula X is
required to be quantifier free and the propositional variable a is subject to the
usual eigenvariable condition; i.e., it must not occur freely in the lower hyperse-
quent.
H | A(X), Γ ⇒ Δ

H | (∀p)A(p), Γ ⇒ Δ
(∀ ⇒)

H | Γ ⇒ A(a)
H | Γ ⇒ (∀p)A(p)

(⇒ ∀)

H | A(a), Γ ⇒ Δ

H | (∃p)A(p), Γ ⇒ Δ
(∃ ⇒)

H | Γ ⇒ A(X)
H | Γ ⇒ (∃p)A(p)

(⇒ ∃)

Cut:
H | Γ ⇒ A H | A,Γ ⇒ B

H | Γ ⇒ B
(cut)
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Communication:

H | Γ1, Γ
′
1 ⇒ A1 H | Γ2, Γ

′
2 ⇒ A2

H | Γ ′
1, Γ

′
2 ⇒ A1 | Γ1, Γ2 ⇒ A2

(comm)

Density:
H | Π ⇒ a | a, Γ ⇒ C

H | Π,Γ ⇒ C
(tt)

In the density rule (tt) the propositional variable a is subject to the eigenvariable
condition, i.e., it must not occur freely in the lower hypersequent.

Remarks on the communication rule. The significance of the communication rule
stems from the fact that it allows to derive the linearity axiom, as can be seen
in the following derivation:

A⇒ A B ⇒ B
A⇒ B | B ⇒ A

(comm)

A⇒ B |⇒ B ⊃ A
(⇒⊃)

⇒ A ⊃ B |⇒ B ⊃ A
(⇒⊃)

⇒ A ⊃ B ∨B ⊃ A |⇒ B ⊃ A
(⇒ ∨)

⇒ A ⊃ B ∨B ⊃ A |⇒ A ⊃ B ∨B ⊃ A
(⇒ ∨)

⇒ A ⊃ B ∨B ⊃ A
(ec)

A number of variants of the communication rule exist. In [1]

H | Γ1, Γ2 ⇒ A1 H | Γ1, Γ2 ⇒ A2

H | Γ1 ⇒ A1 | Γ2 ⇒ A2
(comm′)

was used. In our context also the combination of the following two rules

H1 | Γ1 ⇒ A1 H2 | Γ2 ⇒ A2

H1 | H2 | Γ1 ⇒ A1 | Γ2 ⇒ A2
(comm′

m)
H | Γ1, Γ2 ⇒ A

H | Γ1 ⇒ A | Γ2 ⇒ A
(SI)

is equivalent to the use of (comm) as remarked in [2].

Remarks on the density rule. A variant of the density rule (tt), as described in
the Introduction, was first considered by Takeuti and Titani in the context of
intuitionistic fuzzy logic [20]. Note that the system HQGL—at first sight—looks
similar to first order intuitionistic fuzzy logic [20]. In HQGL however, the rule
(tt) can not be eliminated, since it expresses density of truth values; semantically,
density does not follow from the other axioms. We shall investigate the status
of the density rule more carefully in Section 6 below.

4 Soundness and Completeness

We show the soundness and completeness of HQGL relative to the Hilbert style
axiomatization QGL of quantified Gödel logic.

To facilitate argumentation we will make use of the following lemma:
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Lemma 1. If HQGL � U,Π ⇒ U ′ and HQGL � V, Γ ⇒ V ′ then also:
HQGL � U ∨ V,Π ⇒ U ′ | U ∨ V, Γ ⇒ V ′.

Proof.

V, Γ ⇒ V ′
U,Π ⇒ U ′

V, Γ ⇒ V ′ U,Π ⇒ U ′

V,Π ⇒ U ′ | U, Γ ⇒ V ′ (comm)

U ∨ V,Π ⇒ U ′ | U, Γ ⇒ V ′ (ew), (∨ ⇒)

U ∨ V,Π ⇒ U ′ | U ∨ V, Γ ⇒ V ′ (ew), (∨ ⇒)
�

Theorem 3. HQGL is complete for quantified propositional Gödel logic.

Proof. We use the completeness of QGL and thus have to show that ⇒ A is
derivable in HQGL for every formula A that is derivable in QGL.

It is straightforward to check this for every axiom A of IPC. The linearity
axiom is derivable by use of the communication rule as was demonstrated in
Section 3 above.

By Lemma 1 we obtain:

HQGL � A(p) ∨B(p)⇒ B(p) | A(p) ∨B(p)⇒ A

From this the axiom ∨-Shift is derived as follows:

A(p) ∨B(p)⇒ B(p) | A(p) ∨B(p)⇒ A(p)

∀p(A(p) ∨B(p))⇒ B(p) | ∀p(A(p) ∨B(p))⇒ A(p)
2× (∀ ⇒)

∀p(A(p) ∨B(p))⇒ ∀pB(p) | ∀p(A(p) ∨B(p))⇒ A(p)
(⇒ ∀)

∀p(A(p) ∨B(p))⇒ A(p) ∨ ∀pB(p) | ∀p(A(p) ∨B(p))⇒ A(p) ∨ ∀pB(p)
2× (⇒ ∨)

∀p(A(p) ∨B(p))⇒ A(p) ∨ ∀pB(p)
(ec)

⇒ [∀p(A(p) ∨B(p))] ⊃ [A(p) ∨ ∀pB(p)]
(⇒⊃)

For the density axiom the density rule (tt) has to be used. Again we apply
Lemma 1 and obtain:

HQGL � (A(p) ⊃ p) ∨ (p ⊃ B(p)), A(p) ⇒ p | (A(p) ⊃ p) ∨ (p ⊃ B(p)), p⇒ B(p)

From this we proceed as follows:

(A(p) ⊃ p) ∨ (p ⊃ B(p)), A(p) ⇒ p | (A(p) ⊃ p) ∨ (p ⊃ B(p)), p ⇒ B(p)

∀p(A(p) ⊃ p) ∨ (p ⊃ B(p)), A(p) ⇒ p | ∀p(A(p) ⊃ p) ∨ (p ⊃ B(p)), p ⇒ B(p)
2× (∀ ⇒)

∀p(A(p) ⊃ p) ∨ (p ⊃ B(p)), A(p) ⇒ B(p)
(tt)

∀p(A(p) ⊃ p) ∨ (p ⊃ B(p))⇒ A(p) ⊃ B(p)
(⇒⊃)

⇒ ∀p(A(p) ⊃ p) ∨ (p ⊃ B(p)) ⊃ (A(p) ⊃ B(p))
(⇒⊃)

Concerning the two quantifier axioms A(X) ⊃ ∃pA(p) and ∀pA(p) ⊃ A(X)
we use the fact (noted above) that instances where A is quantifier-free suffice for
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the completeness of QGL. Such instances are easily derivable using (⇒ ∃) and
(∀ ⇒), respectively.

Modus Ponens corresponds to the derivability of A,A ⊃ B ⇒ B and the cut
rule.

Finally, we observe that the QGL-rules R∀ and R∃ correspond to a combi-
nation of the cut rule and HQGL-rules (⇒ ∀) and (∃ ⇒), respectively. We show
this for R∀:

⇒ Y ⊃ Z(a)
Y ⇒ Y ⊃ Z(a)

(iw ⇒)
Y ⇒ Y Z(a)⇒ Z(a)

Y ⊃ Z(a), Y ⇒ Z(a)
(⊃⇒)

Y ⇒ Z(a)
(cut)

Y ⇒ ∀pZ(p)
(⇒ ∀)

⇒ Y ⊃ ∀pZ(p)
(⇒⊃)

�

In order to prove soundness we have to translate hypersequents into corre-
sponding formulas.

Definition 2. The generic interpretation I(H) of a hypersequent H is defined
as follows:

I(⇒ B) := B
I(A1, . . . , An ⇒ B) := (A1 ⊃ . . . ⊃ (An ⊃ B) . . . ) and
I(A1, . . . , An ⇒) := (A1 ⊃ . . . ⊃ (An ⊃ ⊥) . . . )
I(S1 | . . . | Sn) := ∀p[I(S1) ∨ . . . ∨ I(Sn)], where p is the vector of all free

variables occurring in the sequents S1, . . . , Sn.

Theorem 4. HQGL is sound for quantified propositional Gödel logic.

Proof. Since the axioms of HQGL are trivially sound it suffices to show that for
every rule

H
H∗ and

H H′

H∗

their translations I(H) ⊃ I(H∗) and I(H) ⊃ (I(H′) ⊃ I(H∗)), respectively, are
derivable in QGL.

First observe that the derivability of A ⊃ B implies the derivability of (A ∨
C) ⊃ (B∨C). Therefore we can disregard side sequents in proving the soundness
of hypersequent rules. Moreover, if

QGL � (A1 ⊃ (. . . ⊃ (An ⊃ B) . . . ))

then, for any permutation π, also

QGL � (Aπ(1) ⊃ (. . . ⊃ (Aπ(n) ⊃ B) . . . )).

Moreover,

QGL � (B ⊃ C) implies QGL � (A ⊃ B) ⊃ (A ⊃ C).
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Consequently, we can also disregard side formulas in all rules.
Given these preparations it is straightforward to check that the formulas

corresponding to translations of HQGL-rules are derivable in QGL. For example,
the translation of the density rule (tt) is

[∀p∀a(B ∨ (C ⊃ a) ∨ (a ⊃ D))] ⊃ [∀p(B ∨ (C ⊃ D))]

where p is the vector all free variables in B ∨ (C ⊃ D) and a does not occur
in p. This formula is easily derived from the density axiom of QGL. �

We have already remarked that we obtain different quantified propositional
Gödel logics if we consider arbitrary infinite subsets of [0, 1], that contain 0 and
1 and are closed under taking infima and suprema, as sets of truth values. Since
only the density axiom (or equivalently: the density rule) is not sound under all
of these interpretations we can draw the following interesting conclusion about
the intersection of all Gödel logics from Theorem 4.

Corollary 1. HQGL without the density rule is sound for all quantified propo-
sitional Gödel logics (and therefore also in their intersection).

5 Cut-Elimination

Obviously, the question whether HQGL remains complete without the cut rule
is of central interest. (Observe that the proof of Theorem 3 does not give any
hint in that direction.) Cut-elimination for Avron’s hypersequent calculus GLC
for quantifier free propositional Gödel logics was demonstrated in [1]. Extending
this result to HQGL is non-trivial because of the fact that arbitrarily complex
formulas are replaced by propositional variables when introducing weak quanti-
fier occurrences.

Theorem 5. HQGL enjoys cut-elimination, i.e., any derivation of a hyperse-
quent G in HQGL can be transformed into a derivation of G that does not use
the cut rule.

Proof. Except for the quantifier rules and the density rule, HQGL is like Avron’s
system GLC presented in [1] and in [2]. Since it is impossible to present a fully
self-contained cut-elimination proof for HQGL within the available space we
focus on the single argument that is different from the cut-elimination proof for
GLC (see [1]).

In order to see that reducing cuts on quantified formulas does not spoil the
termination of the cut-elimination procedure of [1] we have to introduce the
number of quantifier occurrences in a formula A—qfo(A)—as an additional pa-
rameter. More exactly, let π be a derivation with a single application of the cut
rule as last inference. We show by induction along the lexicographical ordering
of triples (q, c, r) of non-negative integers that π can be stepwise transformed
into a cut-free derivation of the same end hypersequent. If A is the cut-formula
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to be considered, then q will be qfo(A), c the complexity of A, (i.e., the total
number of logical symbols occurring in A), and r the “rank” of the derivation,
i.e., the sum of the heights of the derivation of the premisses of the cut.

As usual, the rank r is decreased until the cut-formula can be assumed to have
been introduced immediately before the application of the cut rule. Eliminating
cuts with axioms is also exactly as usual. Since all structural rules are present
they obviously pose no problem in reducing a cut. The cases for logical rules
introducing propositional connectives, too, are—modulo side hypersequents—
identical to those for LJ (i.e., the complexity c of cut-formula is decreased by
cut-reduction). The fact that the cut rule permutes with the communication rule
(thereby decreasing the rank r) is (easy to see and) known from [1]. The density
rule (tt) straightforwardly commutes with the cut rule modulo structural rules.
Since it does not introduce any formula, no additional reduction rule is needed.

The only remaining cases are those with quantified cut-formulas.

π1

H | Γ ⇒ A(a)
H | Γ ⇒ (∀p)A(p)

(⇒ ∀)

π2

H | A(X), Γ ⇒ B

H | (∀p)A(p), Γ ⇒ B
(∀ ⇒)

H | Γ ⇒ B
(cut)

is reduced to
π1[X/a]

H | Γ ⇒ A(X)
π2

H | A(X), Γ ⇒ B

H | Γ ⇒ B
(cut)

where π1[X/a] denotes π1 after substituting all occurrences of a by X. The
number q of occurrences of quantifiers in the cut-formula is decreased, since
X is quantifier free. Therefore the reduced derivation is strictly smaller with
respect to our induction ordering (even if c is increased). The case for existential
quantification is analogous.

It follows that the iterated application of the indicated reduction procedures
is guaranteed to terminate and yields a cut-free proof. �

6 The Role of the Density Rule

Obviously the density rule is needed to derive instances of the density axiom
in HQGL. On the other hand it renders tableau style proof search in HQGL
problematic. Therefore it is useful to know for which fragments of quantified
propositional Gödel logic the rule (tt) (or a variant thereof) is actually needed
to find a proof. To this aim we show (in Theorem 6 below) that the density rule
is in fact redundant for the existential fragment of QGL (see Definition 4).

We first need to replace rule (tt) by the following variant of it:

H | Π1 ⇒ a | . . . | Πn ⇒ a | a, ..., a, Γ1 ⇒ C1 | . . . | a, ..., a, Γm ⇒ Cm

H | Π1, ..., Πn, Γ1 ⇒ C1 | . . . | Π1, ..., Πn, Γm ⇒ Cm
(tt∗)
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where a must not occur freely in the lower sequent. (a, ..., a indicates one or more
occurrences of a.)

(tt∗) incorporates external and internal contractions and therefore commutes
with most other rules of HQGL. (See proof of Theorem 6, below.)

Proposition 1. Rules (tt) and (tt∗) are equivalent in HQGL. More exactly,
any derivation using applications of (tt∗) can be transformed into one using
applications of (tt) (and the other rules of HQGL) only, and vice versa.

Proof. The second direction is trivial since (tt) is just an instance of (tt∗).
The first direction, i.e., the derivation of the conclusion of (tt∗) from its

premiss using only the rules of HQGL is as follows.
We first apply internal contraction to the premiss hypersequent

H | Π1 ⇒ a | . . . | Πn ⇒ a | a, ..., a, Γ1 ⇒ C1 | . . . | a, ..., a, Γm ⇒ Cm

to obtain the hypersequent

H | Π1 ⇒ a | . . . | Πn ⇒ a | a, Γ1 ⇒ C1 | . . . | a, Γm ⇒ Cm

By weakening the left hand sides of the first n exhibited components of the hyper-
sequent from Πi into Π1, . . . , Πn these components become identical. Therefore,
by external contraction, we obtain:

H | Π1, . . . , Πn ⇒ a | a, Γ1 ⇒ C1 | . . . | a, Γm ⇒ Cm

Applying rules (∧ ⇒) and (⇒⊃) to the m rightmost components leads to

H | Π1, . . . , Πn ⇒ a | a ⇒
(∧

Γ1
)
⊃ C1 | . . . | a ⇒

(∧
Γm

)
⊃ Cm

where
∧
{B1, . . . Bk} abbreviates B1 ∧ . . .∧Bk. We then combine the right hand

sides of the last m components using (⇒ ∨) and (ec) to derive

H | Π1, . . . , Πn ⇒ a | a ⇒
i=m∨
i=1

((∧
Γi

)
⊃ Ci

)

At this point (tt) can be applied to obtain

H | Π1, . . . , Πn ⇒
i=m∨
i=1

((∧
Γi

)
⊃ Ci

)
(1)

It now remains to take apart the right hand side into the relevant sub-formulas.
By Lemma 2 (below) we have a proof of

i=m∨
i=1

((∧
Γi

)
⊃ Ci

)
⇒

(∧
Γ1

)
⊃ C1 | . . . |

i=m∨
i=1

((∧
Γi

)
⊃ Ci

)
⇒

(∧
Γm

)
⊃ Cm (2)

After augmenting (2) with the corresponding side hypersequents and side
formulas by weakenings, we can repeatedly apply the cut rule to eliminate all
occurrences of

∨i=m
i=1

((∧
Γi

)
⊃ Ci

)

in (1) and (2). This leads to a derivation of

H | Π1, . . . , Πn ⇒
(∧

Γ1
)
⊃ C1 | . . . | Π1, . . . , Πn ⇒

(∧
Γm

)
⊃ Cm (3)

To break up
(∧

Γi

)
⊃ Ci into sub-formulas we use cuts with easily provable
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hypersequents of the form (B1∧ . . .∧Br) ⊃ A,B1, . . . Br ⇒ A. More exactly, we
derive (from axioms) for each i (1 ≤ i ≤ m) the hypersequent

(∧
Γi

)
⊃ Ci, Γi ⇒ Ci,

augment it, through external weakenings, by appropriate side hypersequents,
and cut upon the formula

(∧
Γi

)
⊃ Ci) with the right hand side of the corre-

sponding component of (3). These m cuts result, modulo applications of external
weakenings and contractions, in the hypersequent

H | Π1, ..., Πn, Γ1 ⇒ C1 | . . . | Π1, ..., Πn, Γm ⇒ Cm

which is the conclusion of rule (tt∗). �

Lemma 2. Every hypersequent H of the form

B1 ∨ . . . ∨Br ⇒ B1 | . . . | B1 ∨ . . . ∨Br ⇒ Br

is provable in HQGL.

Proof. Space limits do not permit us to present a derivation. However, by the
completeness proof of Section 4 it suffices to argue semantically and show that
the formula I(H) =

∨

1≤i≤r(B1 ∨ . . . ∨ Br) ⊃ Bi is valid in QGL. Since v(B1 ∨
. . . ∨ Br) = max1≤i≤r(v(Bi)) and v(A ⊃ B) = 1 if v(A) ≤ v(B) (see Section 2)
we know that, for every variable valuation v, at least one disjunct of I(H) must
take value 1. Therefore, I(H) always evaluates to 1; i.e., it is valid. �

Definition 3. A quantifier occurrence “∃x” is weak (strong) in a formula F if
– F ≡ ∃xG (¬∃xG), or
– F ≡ G ◦ H for ◦ ∈ {∨,∧} and the occurrence of “∃x” is weak (strong) in

either G or H, or
– F ≡ G ⊃ H and the occurrence of “∃x” is weak (strong) in H or strong

(weak) in G.
The definition for “∀x” is completely dual. I.e., the occurrence of “∀x” is strong
in ∀xG and weak in ¬∀xG, etc.

Definition 4. We call the set of valid formulas of quantified propositional Gödel
logic in which all quantifier occurrences are weak the existential fragment of QGL.
The calculus HQGL without the rules (⇒ ∀) and (∃ ⇒) is denoted by HQGLm.

Corollary 2. Cut-free HQGLm is sound and complete for the existential frag-
ment of QGL.

Proof. Follows directly from the proofs of Theorems 3, 4, and 5. �

Theorem 6. Every HQGLm-proof π of a hypersequent G (in the language of
QGL) can be transformed into a cut-free proof π′ of G in which no application of
the density rule occurs.
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Proof. By Proposition 1 we can transform π into a proof of G containing ap-
plications of (tt∗) instead of (tt). By Theorem 5 we can assume this proof to
be cut-free. Without loss of generality, we only have to show how to eliminate
a single application of (tt∗) which appears as last inference. We show that the
application of (tt∗) can either be moved upwards (i.e., closer to the axioms) or
simply be replaced by weakenings and contractions. Since the premiss of (tt∗)
has to contain at least two components it cannot be an axiom. Therefore the
redundancy of (tt∗) follows by induction on the height of the proof above the
application of (tt∗).

We distinguish cases according to the type of rule applied immediately be-
fore (tt∗). Due to space limitations, we only present a few exemplary sub-cases.
completely

Internal structural rules: We present the case where (⇒ iw) is used to com-
plete an exhibited component of the premiss of (tt∗):

H | Π1 ⇒ | Π2 ⇒ a | . . . | Πn ⇒ a | a, ..., a, Γ1 ⇒ C1 | . . . | a, ..., a, Γm ⇒ Cm

H | Π1 ⇒ a | Π2 ⇒ a | . . . | Πn ⇒ a | a, ..., a, Γ1 ⇒ C1 | . . . | a, ..., a, Γm ⇒ Cm
(⇒ iw)

H | Π1, ..., Πn, Γ1 ⇒ C1 | . . . | Π1, ..., Πn, Γm ⇒ Cm
(tt∗)

is transformed into

H | Π1 ⇒ | Π2 ⇒ a | . . . | Πn ⇒ a | a, ..., a, Γ1 ⇒ C1 | . . . | a, ..., a, Γm ⇒ Cm

H | Π1 ⇒| Π2, ..., Πn, Γ1 ⇒ C1 | . . . | Π2, ..., Πn, Γm ⇒ Cm
(tt∗)

H | Π1, ..., Πn, Γ1 ⇒ C1 | Π1, ..., Πn, Γ1 ⇒ C1 | . . . | Π1, ..., Πn, Γm ⇒ Cm
(⇒ iw)′s

H | Π1, ..., Πn, Γ1 ⇒ C1 | . . . | Π1, ..., Πn, Γm ⇒ Cm
(ec)

If the occurrence of a introduced by weakening is a necessary condition for
the application of rule (tt∗), then the application of (tt∗) can be replaced by
weakenings and external contractions. E.g., if π ends in

H | Π1 ⇒ a | . . . | Πn ⇒ a | Γ ⇒ C

H | Π1 ⇒ a | . . . | Πn ⇒ a | a, Γ ⇒ C
(iw ⇒)

H | Π1, ..., Πn, Γ ⇒ C
(tt∗)

then, since there are no left hand side occurrences of a in the first hyperse-
quent, the remaining occurrences of a must have been introduced by weake-
nings. By dropping these weakenings we can transform π into a proof ending
with

H | Π1 ⇒| . . . | Πn ⇒| Γ ⇒ C

H | Π1, ..., Πn, Γ ⇒ C | . . . | Π1, ..., Πn, Γ ⇒ C
(iw ⇒)′s, (⇒ iw)′s

H | Π1, ..., Πn, Γ ⇒ C
(ec)′s

If (iw ⇒), (⇒ iw) do not introduce an occurrence of a, then the permutation
with (tt∗) is trivial. The cases for (ic⇒) are straightforward, too.

External structural rules: Like for (⇒ iw), above, the application of (tt∗) is
replaced by weakenings and contractions if an essential component of the
premiss of (tt∗) arises from external weakening.
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Otherwise we can permute (tt∗) with (ew). E.g.,

H | Π2 ⇒ a | . . . | Πn ⇒ a | a, ..., a, Γ1 ⇒ C1 | . . . | a, ..., a, Γm ⇒ Cm

H | Π1 ⇒ a | Π2 ⇒ a | . . . | Πn ⇒ a | a, ..., a, Γ1 ⇒ C1 | . . . | a, ..., a, Γm ⇒ Cm
(ew)

H | Π1, ..., Πn, Γ1 ⇒ C1 | . . . | Π1, ..., Πn, Γm ⇒ Cm
(tt∗)

is transformed into
H | Π2 ⇒ a | . . . | Πn ⇒ a | a, ..., a, Γ1 ⇒ C1 | . . . | a, ..., a, Γm ⇒ Cm

H | Π2, ..., Πn, Γ1 ⇒ C1 | . . . | Π2, ..., Πn, Γm ⇒ Cm
(tt∗)

H | Π1, ..., Πn, Γ1 ⇒ C1 | . . . | Π1, ..., Πn, Γm ⇒ Cm
(iw ⇒)′s

Similarly, external contractions turn into internal contractions by moving
(tt∗) upwards.

Logical rules: We present the transformation for the case where an application
of rule (∀ ⇒) is situated above an application of (tt∗):

A(X), Π1 ⇒ a | . . . | Πn ⇒ a | a, ..., a, Γ1 ⇒ C1 | . . . | a, ..., a, Γm ⇒ Cm

(∀p)A(p), Π1 ⇒ a | . . . | Πn ⇒ a | a, ..., a, Γ1 ⇒ C1 | . . . | a, ..., a, Γm ⇒ Cm
(∀ ⇒)

(∀p)A(p), Π1, ..., Πn, Γ1 ⇒ C1 | . . . | (∀p)A(p), Π1, ..., Πn, Γm ⇒ Cm
(tt∗)

is transformed into
A(X), Π1 ⇒ a | . . . | Πn ⇒ a | a, ..., a, Γ1 ⇒ C1 | . . . | a, ..., a, Γm ⇒ Cm

A(X), Π1, ..., Πn, Γ1 ⇒ C1 | . . . | A(X), Π1, ..., Πn, Γm ⇒ Cm
(tt∗)

(∀p)A(p), Π1, ..., Πn, Γ1 ⇒ C1 | . . . | (∀p)A(p), Π1, ..., Πn, Γm ⇒ Cm
n× (∀ ⇒)

Permuting (tt∗) with other logical inferences of HQGLm is straight forward,
too.

Communication: Consider, e.g., the following typical case:
H | Π, a, ..., a ⇒ D | Γ1, Γ

′
1 ⇒ a H | Π, a, ..., a ⇒ D | Γ2, Γ

′
2, a ⇒ C

H | Π, a, ..., a ⇒ D | Γ ′
1, Γ

′
2 ⇒ a | Γ1, Γ2, a ⇒ C

(comm)

H | Γ ′
1, Γ

′
2, Γ1, Γ2 ⇒ C | Γ ′

1, Γ
′
2, Π ⇒ D

(tt∗)

is transformed into
H | Π, a, ..., a ⇒ D | Γ1, Γ

′
1 ⇒ a

H | Π ⇒ D | Γ1, Γ
′
1 ⇒

(tt∗)

H | Γ ′
1, Γ

′
2, Γ1, Γ2 ⇒ C | Γ ′

1, Γ
′
2, Π ⇒ D

(iw)′s

If an application of the communication rule which has at least one premise
is of the form H | Γ, a ⇒ a is followed by an application of (tt∗), then it is
replaced by subsequent weakenings. E.g., we replace

H | Γ1, a ⇒ a H | Γ2, Γ
′
2 ⇒ Δ

H | Γ1, Γ2 ⇒ a | Γ ′
2, a ⇒ Δ

(comm)

H | Γ1, Γ2, Γ
′
2 ⇒ Δ

(tt∗)
by:

H | Γ2, Γ
′
2 ⇒ Δ

H | Γ1, Γ2, Γ
′
2 ⇒ Δ

(iw ⇒)′s

�

Remark 2. Permuting (tt∗) with (⇒ ∀) or (∃ ⇒) is unsound because the eigen-
variable condition may be violated.

Theorem 6 and Corollaries 2 and 1 jointly imply the following interesting fact:

Corollary 3. The existential fragment of QGL coincides with the existential
fragment of the intersection of all quantified propositional Gödel logics.
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Abstract. We present a tableau method for inconsistency-adaptive lo-
gics and illustrate it in terms of the two best studied systems. The me-
thod is new in that adaptive logics require a more complex structure of
the tableaus and of some rules and conditions. As there is no positive
test for derivability in inconsistency-adaptive logics, the tableau method
is important for providing criteria for derivability.

1 Aim of This Paper

Inconsistency-adaptive logics, surveyed in [8], interpret a set of premises ‘as con-
sistently as possible’, and hence define a consequence set that is (except for a
border case) much richer than that defined by paraconsistent logics.1 Semanti-
cally, they do so by selecting a set of the paraconsistent models (see [2] and [6]).
However, they also have a dynamic proof theory—see [1], [3] (the oldest paper),
and [6]—that we characterize below.

Consider a theory T that was intended as consistent and has Classical Logic
(CL) as its underlying logic. If T turns out to be inconsistent, we shall want to
replace it by some consistent improvement T ′. To this end, we cannot start from
T itself, as it is trivial. Replacing CL by some (monotonic) paraconsistent logic
will give us a theory that is too poor, for example in that Disjunctive Syllogism2

and other inferential rules are invalid. What we want to improve on is T in
its full richness, except for the pernicious consequences of its inconsistency—
see [15] for a case study. So, we want to locate the inconsistencies, to restrict
applications of CL-rules whenever inconsistencies are involved, but to apply
these rules elsewhere.3 Similarly, if a database turns out to be inconsistent, but
� The research for this paper was financed by the Fund for Scientific Research – Flan-

ders, and indirectly by the Flemish Minister responsible for Science and Technology
(contract BIL98/37). We are indebted to the three referees that reviewed this paper.

�� Joke Meheus is a Postdoctoral Fellow of the Fund for Scientific Research – Flanders.
1 If the premises are consistent, all now existing inconsistency-adaptive logics deliver

the same consequence set as classical logic.
2 Disjunctive Syllogism is invalid in nearly all (monotonic) paraconsistent logics. An

exception is the system AN from [16], which invalidates Addition.
3 While monotonic paraconsistent logics invalidate some rules of inference of CL,

inconsistency-adaptive logics invalidate specific applications of such rules.
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we nevertheless have to rely on it, we shall not give up the CL-rules, but restrict
them locally, where an inconsistency turns up. The adaptive logics studied in the
present paper rely solely on logical considerations. They enable one to analyze
the theory or database in its present state, to act on it (if we must), and to
devise experiments and other ways to gain more relevant information.4 They do
not in themselves provide a consistent replacement—that will usually require
new information and always non-logical preferences.

The phrase “as consistent as possible” is not unambiguous. Inconsistency-
adaptive logics may be defined from a variety of paraconsistent logics by a variety
of adaptive strategies (that specify the ambiguous phrase)—more variation is
possible as appears from [8], that also describes other sorts of adaptive logics.

The derivability relation of adaptive logics is not only undecidable, there is
no positive test for it.5 This is why a dynamic proof theory was devised for them.
In a dynamic proof, a line added at some stage may be marked (as not any more
derivable) at a later stage in view of the understanding of the premises offered
by the proof at that stage. At a still later stage, the line may be non-marked
again. Apart from derivability at a stage, final derivability, which is sound and
complete with respect to the semantics, may be defined (in terms of extensions
of the proof). So, it is central to specify criteria that warrant that a formula
derived at a stage is finally derived. Some such criteria are provided by the
dynamic semantics of [5], but more are provided by tableau methods. Apart
from its direct interest, the importance of the present paper lies there.

It was shown in [9] that all flat Rescher–Manor consequence relations (Free,
Strong, Argued, C-Based, and Weak consequences—see [11]) are characterized by
an adaptive logic (studied here or belonging to the same family). Similar results
are forthcoming about prioritized such consequence relations (as described in
[12]). It also was shown (in [4] and [13]) that several popular ‘non-monotonic
logics’ are characterized by an adaptive logic combined with preferences.

We present tableau methods for two inconsistency-adaptive logics that are
defined from the paraconsistent logic P (see Sect. 2) by the Minimal Abnormality
Strategy and the Reliability Strategy respectively; they will be named Pm and
Pr.6 We start with a tableau method for P and stepwise transform it to a method
for the adaptive Pm. We also present the variant for Pr. The tableau methods
may be modified to suit various other systems.

4 So, the aim of adaptive logics is drastically different from the non-monotonic systems
discussed, for example, in [14].

5 Where A is a formula and Γ a set of formulas, there is no Turing Machine that,
started with a couple 〈Γ, A〉, halts with a positive answer after finitely many steps
whenever A follows from Γ . This should not be counted as a weakness of adaptive
logics. To the contrary, there is no positive test for important common inference
relations, and adaptive logics provide a dynamic proof theory for some of them.

6 In other papers, the three systems are called CLuN (CL allowing for gluts with
respect to negation), ACLuN2, and ACLuN1 respectively (pronounce clun, aclun-
one and aclun-two); the referees complained about these names. The names of the
authors were left unchanged.
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As all Pr-models, Pm-models, and CL-models (if any) of some set of formulas
Γ are P-models of Γ , the unqualified “model” will always mean “P-model”.

2 The Paraconsistent P and the Inconsistency-Adaptive
Pm

Negation in CL is semantically characterized by (i) vM (∼A) = 1 if vM (A) = 0
(negation-completeness) and (ii) vM (∼A) = 0 if vM (A) = 1 (consistency). P is
obtained by simply dropping (ii). So, in a sense, it is the most straightforward
paraconsistent logic obtained from CL. P is an extremely weak paraconsistent
logic,7 that maximally isolates inconsistencies. For example, some P-models ve-
rify both p∧ q and ∼(p∧ q), but falsify any other inconsistency. As we shall see,
this has specific advantages for the inconsistency-adaptive logics defined from
P. Syntactically, P is full positive CL plus the axiom schema A ∨ ∼A.8

Let L be the usual predicative language schema, with S, C, V, Pr, F and W
respectively the sets of sentential letters, individual constants, individual varia-
bles, predicate letters of rank r, formulas, and wffs (closed formulas). To sim-
plify the semantic handling of quantifiers, we extend L to the pseudo-language
schema L+ by introducing a set of pseudo-constants, O, that has at least the
cardinality of the largest model one wants to consider. Let W+ denote the
set of wffs of L+ (in which C ∪ O plays the role played by C in L) and let
∼W+ = {∼A | ∼A ∈ W+}.

A model M = 〈D, v〉, in which D is a set and v an assignment function, is
an interpretation of W+, and hence of W, which is what we are interested in.
The assignment function v is defined by:

C1.1 v : S −→ {0, 1}
C1.2 v : C ∪ O −→ D (where D = {v(α) | α ∈ C ∪ O})
C1.3 v : Pr −→ ℘(Dr) (the power set of the r-th Cartesian product of D)
C1.4 v : ∼W+ −→ {0, 1}

The valuation function, vM :W+ −→ {0, 1}, determined by M is defined by:

C2.1 where A ∈ S, vM (A) = v(A)
C2.2 vM (πrα1 . . . αr) = 1 iff 〈v(α1), . . . , v(αr)〉 ∈ v(πr)
C2.3 vM (α = β) = 1 iff v(α) = v(β)
C2.4 vM (∼A) = 1 iff vM (A) = 0 or v(∼A) = 1
C2.5 vM (A ⊃ B) = 1 iff vM (A) = 0 or vM (B) = 1
C2.6 vM (A ∧B) = 1 iff vM (A) = 1 and vM (B) = 1
7 De Morgan properties are invalid, and Replacement of Identicals is only valid outside

the scope of a negation.
8 If the language contains ⊥, characterized by the schema ⊥ ⊃ A, classical negation

is definable (by ¬A =df A ⊃ ⊥). Then, P may also be seen as CL extended with
a weak paraconsistent negation ∼ (which is intended for formalizing negation). In
the semantics below, vM (⊥) = 0 is then added to C2.1; the additions to the tableau
methods below are obvious.
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C2.7 vM (A ∨B) = 1 iff vM (A) = 1 or vM (B) = 1
C2.8 vM (A ≡ B) = 1 iff vM (A) = vM (B)
C2.9 vM ((∀α)A(α)) = 1 iff vM (A(β)) = 1 for all β ∈ C ∪ O
C2.10 vM ((∃α)A(α)) = 1 iff vM (A(β)) = 1 for at least one β ∈ C ∪ O

A is true in M (M verifies A) iff vM (A) = 1; Γ |= A iff all models of Γ (the
models that verify all members of Γ ) verify A; A is valid iff it is verified by all
models. For the Soundness and Completeness proofs, we refer to [6].

To characterize Pm, we first define the ‘abnormal part’ of a model. Let ∃A
denote A preceded (in some specified order) by an existential quantifier over any
variable free in A.

Definition 1. Ab(M) =df {A | A ∈ F ; vM (∃(A ∧ ∼A)) = 1}.
Definition 2. M is a minimally abnormal model of Γ iff (i) M is a model of
Γ , and (ii) there is no model M ′ of Γ such that Ab(M ′) ⊂ Ab(M).

Definition 3. Γ |=Pm A iff A is true in all minimally abnormal models of Γ .

Thus, Pm is obtained by eliminating all models of Γ that are more incon-
sistent than required: those for which some other model of Γ verifies (set theo-
retically) less inconsistencies. In [7], it was proved that, if M is not a mini-
mally abnormal model of Γ , then Γ has a minimally abnormal model M ′ such
that Ab(M ′) ⊂ Ab(M) (Strong Reassurance). For the dynamic proof theory,
soundness and completeness, and further metatheory, we refer to [6].

Inconsistency-adaptive logics may be defined from many paraconsistent lo-
gics. The fact that P does not spread inconsistencies causes the adaptive logics
defined from it to have a richer consequence set. For example, all minimally ab-
normal models of {∼(p∧ q), p∧ q,∼p∨ r} falsify ∼p and verify r, whence r is an
Pm-consequence of the set.

3 Tableau Method for P

We shall follow [19], but use a slightly different metalanguage and introduce
some further terminology. A tableau is started as a list containing each premise
(if any) preceded by T and the conclusion preceded by F (Starting Rule). The
Starting Rule brings a tableau at stage 1; applying a rule to a branch of a tableau
at stage s brings the tableau at stage s + 1. Where a new arbitrary constant is
introduced in [19], we introduce a new pseudo-constant (member of O).9 The
set of constants and pseudo-constants that occur in branch θ at stage s will be
denoted by θcon

s . We shall refer to the rules by a T or F followed by a logical
constant—for example, T≡ refers to the left rule in the next paragraph. Finally,
a branch or tableau will be said to be open iff it is complete and not-closed.

The rules for the propositional fragment are as in [19], except that (i) there
is no rule for T∼A, and (ii) we need explicit rules for equivalence:10

9 This clearly separates the constants from the dummy constants in the tableau (and
will greatly simplify the metatheory of the adaptive logics).

10 Equivalence cannot be defined in P. For example, ∼(A ≡ B) ≡ ∼((A ⊃ B) ∧ (B ⊃
A)) is not P-valid.
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T (A ≡ B)
T (A ⊃ B)
T (B ⊃ A)

F (A ≡ B)
F (A ⊃ B) | F (B ⊃ A)

The rules for the quantifiers are as follows:

T (∀α)A
TAα

β

F (∃α)A
FAα

β

provided β ∈ θcon
s

F (∀α)A
FAα

β

T (∃α)A
TAα

β

provided β ∈ O − θcon
s

If θcon
s = ∅ and θ contains formulas of the form T (∀α)A or F (∃α)A, then

Tα = α is added to θ for some α ∈ O. (If you want a name for this, call it NED,
as it depends on the supposition that the domain is non-empty.)

Finally, here are the rules for identity:

Fα = α
Tα = α

Tα = β
TAγ

α ≡ Aγ
β

provided A is primitive, TA or FA occurs
in the branch, and γ ∈ C ∪ O occurs in A

Figure 1 contains simple applications of Modus Ponens, Disjunctive Syllo-
gism, and Modus Tollens—the first is valid in P, the latter two are not.

Tp
Tp ⊃ q
Fq

Fp Tq
× ×

Tp
T∼p ∨ q
Fq

T∼p Tq
×

Tp
T∼q ⊃ ∼p
Fq

F∼q T∼p
Tq
×

Fig. 1. Modus Ponens, Disjunctive Syllogism, and Modus Tollens

Let f : O −→ C∪O be a partial function and let Af be the result of replacing
any α ∈ O that occurs in A by f(α). We shall say that a model M agrees with
a branch θ iff, for some f , vM (Af ) = 1 iff TA ∈ θ, and vM (Af ) = 0 iff FA ∈ θ.

In preparation of the tableau methods for the adaptive logics, we phrase this
in words. A branch θ imposes requirements on any α ∈ θcon

s by requiring that
some members of W+ in which α occurs are true and others false. To see the
resulting requirements on the models that agree with θ, it is sufficient to realize
that the pseudo-constants that occur in θ may be replaced (in some systematic
way characterized by f) by arbitrary constants or pseudo-constants. The proof
of the following theorem is left to the reader.11

11 Suppose that A1, . . . , An |= B; then some model M agrees with the sole branch of
the tableau at stage 1—select the empty f at this point. Next show that, if M agrees
at stage s with a branch that has X as its end point, then it agrees at stage s + 1
with some branch passing through X—extend f as pseudo-constants are introduced
in the branch.
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Theorem 1. If the tableau for A1, . . . , An |= B is closed, then A1, . . . , An |= B.

For each open branch θ we define a set of characteristic models. Let s be the
last stage of the tableau. For each α ∈ θcon

s , we define an equivalence class [α]
fulfilling the following conditions: (i) α ∈ [α], and (ii) [α] = [β] iff Tα = β ∈ θ.
Moreover, for each α ∈ θcon

s , we define an equivalence class [[α]] by the following
conditions: (i) α ∈ [[α]] and (ii) [[α]] = [[β]] iff Tα = β ∈ θ and, for each formula
A and γ ∈ V, TAγ

α ∈ θ iff TAγ
β ∈ θ and FAγ

α ∈ θ iff FAγ
β ∈ θ.12 Both kinds

of equivalence classes are obviously well-defined.13 Let g : C ∪ O −→ θcon
s be a

function such that g(α) = α for all α ∈ θcon
s .

In terms of these equivalence classes, we define the characteristic model M =
〈D, v〉 of θ by choosing a function g and stipulating:

CM1 D = {[α] | α ∈ θcon
s }.

CM2 For all C ∈ S, v(C) = 1 iff TC ∈ θ.
CM3 For all α ∈ C ∪ O, v(α) = [g(α)].
CM4 For all πr ∈ Pr, v(πr) = {〈[α1], . . . , [αr]〉 | Tπrβ1 . . . βr ∈ θ for some

β1 ∈ [α1], . . . , βr ∈ [αr]}.
CM5 For all ∼C(α1, . . . , αn) ∈ ∼W+ (where n ≥ 0), v(∼C(α1, . . . , αn)) = 1

iff, for some β1, . . . , βn ∈ θcon
s , T∼C(β1, . . . , βn) ∈ θ, FC(β1, . . . , βn) �∈ θ,

and g(α1) ∈ [[β1]], . . . , and g(αn) ∈ [[βn]].

It is helpful to check that, if M and M ′ are characteristic models of θ, and
vM (A) �= vM ′(A), then A contains some α ∈ C∪O−θcon

s . It follows that, for the
propositional fragment of P, an open branch has a unique characteristic model.

Lemma 1. If θ is open, Tπrα1 . . . αr ∈ θ and Fπrβ1 . . . βr ∈ θ, then [α1] �= [β1]
or . . . or [αn] �= [βn].

Proof. Suppose that the antecedent is true and that [α1] = [β1] and . . . and
[αn] = [βn]. So, Tα1 = β1, . . . , Tαn = βn ∈ θ by the definition of [α]. But then
θ cannot be open in view of rules T= and T≡. ��

Lemma 2. A characteristic model M of an open branch θ agrees with θ.

Proof. Let M = 〈D, v〉 be a characteristic model of some open θ. Consider

(†) If TC ∈ θ then vM (C) = 1; if FC ∈ θ then vM (C) = 0.

12 The condition is obviously fulfilled if γ is not free in A or if other variables are free
in A.

13 The only thing worth mentioning is that, if α, β ∈ θcon
s and [α] = [β], then there

are γ1, . . . , γn ∈ θcon
s such that Tα = γ1, Tγ1 = γ2, . . . , Tγn = β ∈ θ. But then

T=, T≡, and T⊃ warrant that Tα = β ∈ θ. In the construction below in the text,
[α] = [β] warrants that v(α) = v(β), whereas [[α]] = [[β]] moreover warrants that
vM (Aγ

α) = vM (Aγ
β) for all A and for all γ ∈ V.
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We first show that (†) holds for primitive formulas. The proof is obvious for
members of S.

If Tα = β ∈ θ, then v(α) = [α] = [β] = v(β) and hence vM (α = β) = 1. If
Fα = β ∈ θ, then Tα = β �∈ θ (as θ is open), whence [α] �= [β] in view of the
definition of [α].

If Tπrα1 . . . αr ∈ θ, then vM (πrα1 . . . αr) = 1 in view of CM4. If Fπrα1 . . . αr

∈ θ, then vM (πrα1 . . . αr) = 0 in view of CM4 and Lemma 1.
We show that (†) holds for all formulas by an induction on their comple-

xity. We consider only two cases, the proof of the others being analogous or
straightforward.

Case 1. If T∼A ∈ θ, then FA ∈ θ or FA �∈ θ. So, vM (∼A) = 1 in view of
C2.4 and either the induction hypothesis or CM5.

Case 6. T (∀α)C ∈ θ. In view of rule T∀, TCα
β ∈ θ for all β ∈ θcon

s . By the
induction hypothesis, vM (Cα

β ) = 1 for all β ∈ θcon
s . But then vM (Cα

γ ) = 1 for all
γ ∈ C ∪ O in view of the definition of g, and CM3–5. Hence vM ((∀α)C) = 1 in
view of C2.9. ��

Theorem 2. If the tableau for A1, . . . , An |= B is open, then A1, . . . , An �|= B.

Proof. Suppose that the antecedent is true, that θ is an open branch of the
tableau, and that M is a characteristic model of θ. In view of Lemma 2, M
agrees with θ and hence verifies A1, . . . , An and falsifies B. ��

As any tableau for the propositional case is completed after finitely many
steps:

Theorem 3. The propositional fragment of P is decidable.

4 Tableau Method for Pm

To decide whether A1, . . . , An |=Pm B, we need to identify, in the P-tableau, the
branches that correspond to Pm-models of A1, . . . , An. The P-tableau method
is unfit for this. Step by step, we shall introduce modifications to overcome this
problem. If T∼A occurs on a branch, any model that agrees with it may be
inconsistent, for example if A is P-valid, but the present method fails to reveal
this. This is repaired by the rule

T∼A
TA | FA

which is obviously redundant in the tableau method for P. The rule is illustrated
in the left and middle tableau in Fig. 2. Next, we need to keep track of the
formulas that stem from the premises. This will be done by labeling them—we
shall prefix them with a dot, as in Fig. 2.

Before we comment on the examples, let us make things precise. Applying
the Starting Rule, we label the formulas of the form TA (the premises). Next,
when a rule is applied to a labeled formula, the result of the application is also
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·T∼∼p
Fp

·T∼p ·F∼p
·Tp ·Fp ·Tp
× ×

·T∼p
·Tp ∨ q
Fq

·Tp ·Fp
·Tp ·Tq ·Tp ·Tq

× ⊗ ×

·Tp
·T∼p
F∼(q ∧ ∼q)
Tq ∧ ∼q
Tq
T∼q

Tq Fq
×

Fig. 2. Three tableaus illustrating T∼ and labeling

labeled.14 Let θ be the set of labeled formulas in θ—thus TA ∈ θ denotes that
TA occurs labeled in θ and TA ∈ θ that it occurs in θ, whether labeled or not.
A set θ may itself be closed, complete, or open (the definitions are obvious).
Moreover, we define a complete tableau as one in which each branch θ is closed
or complete and each θ is closed or complete. We postpone the definitions of
closed and open tableaus (and provisionally stick to an intuitive approach).

Without the modifications, the leftmost tableau in Fig. 2 would just consist
of the two top nodes. Applying rule T∼, we obtain three branches (we shall
always number branches from left to right). The set θ2 is open; θ1 and θ3 are
closed. All three interpretations of the premises, θ1–θ3, are open, but only θ3
is consistent. As all branches that correspond to a minimally inconsistent (in
this case consistent) interpretation of the premises are closed, ∼∼p |=Pm p. The
tableau is easily modified to show that ∼∼p,∼p �|=Pm p.

In the second tableau, the ⊗ indicates that θ3 is an incoherent interpretation
of the premises—no model of the premises corresponds to it. θ4 represents the
only consistent interpretation of the premises. As it closes, ∼p, p∨q |=Pm q. The
tableau is easily modified to show that p,∼p, p ∨ q �|=Pm q.

The third tableau reveals that any model falsifying the conclusion (see θ1)
is more inconsistent than some models of the premises (see θ1 and θ2). Hence,
p,∼p |=Pm ∼(q ∧ ∼q). The tableau is easily modified to show that q,∼q �|=Pm

∼(q∧∼q). Needless to say, we still have to make the method precise and to prove
its adequacy.

Even with these modifications, the branches do not provide a correct indi-
cation of the abnormal part of the models that correspond to them. If a is the
only member of C ∪ O that occurs in a branch, then the formulas TPa ∧ ∼Pa
and T (∀x)(Px∧∼Px) have exactly the same effect. However, some models that
agree with a branch in which the first formula occurs, falsify Pb∧∼Pb, whereas
all models that agree with a branch in which the latter formula occurs, verify
Pb ∧ ∼Pb. This difficulty is solved by the finishing procedure.

14 Consider an application of T∀ to ·T (∀x)Px, resulting in ·TPa. Even if a occurs
only in the conclusion, it is justified that TPa is labeled: any model of the premises
verifies Pa. Similarly if the result involves a pseudo-constant. Applications of F∃
and T= are justified in the same way.
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To simplify the notation, let us say that, in a completed tableau, a branch
θ is in stage S0 if θ is open—the (earlier introduced) stages 1, 2, . . . refer to the
tableau—and let us suppose that o1, o2, . . . ∈ O do not occur in any branch at
stage S0. If we add To1 = o1 to branch θ at stage S0,15 the rules T∀ and F∃ will
lead to o1-instances of quantified formulas. While we again complete the tableau,
θ may be extended into several branches. The resulting branch or branches will
be said to be at stage S1 and will be called children of θ. Adding To2 = o2 to
such a child θ′ will make θ′ the parent of one or more children which are at stage
S2, etc. From now on, oi, oj , o1, . . . will always refer to pseudo-constants added
during the finishing procedure.

Definition 4. Where θ is at stage Si and is a child of θ′, oi is redundant in θ
iff there is an oj (1 ≤ j < i) such that, for all A, (i) TAx

oi
∈ θ iff TAx

oj
∈ θ′,

and (ii) FAx
oi
∈ θ iff FAx

oj
∈ θ′.

The effects of the addition of Toi = oi on non-labeled formulas are immaterial
to determine whether oi is redundant in the branch.

Definition 5. A branch θ at stage Si is finished iff oi is redundant in θ.

Definition 6. A tableau is finished iff, for each branch θ, θ is finished or θ is
closed.

As any branch contains at most a finite number of quantifiers:

Theorem 4. Any completed tableau can be finished.

A simple example involving the finishing procedure is listed in Fig. 3. We did
not apply the rule T∼ to formulas of the form ·T∼Pα (in the left subbranch,
θi1, ·TPα would be duplicated, for the right one, θi2 is closed).

The relevant properties of the oi in the descendants of θ are only determined
by formulas of the forms T (∀α)A and F (∃α)A that occur in θ. In this sense, the
descendants of θ reveal the requirements that θ imposes on the constants and
pseudo-constants in models that agree with θ. Some θ and θ specify alternative
requirements. For example, if T (∀x)(Px ⊃ Qx), T (∀x)(Rx ⊃ Sx) ∈ θ, there are
four alternative requirements (neither P nor R, Q and not R, . . . ). At least one
of these will be fulfilled by the oi in each descendant of θ. In some descendants
of θ, henceforth called the richest descendants, each alternative requirement is
fulfilled by one or other oi. This is obvious in view of the finishing procedure,
and we shall rely upon it below.

Our last step consists in defining the marked branches—those that no mi-
nimally abnormal model of the premises strongly agrees with—see below for
strongly agreeing.

Let A� be the set of all B ∈ F for which ∃B is obtained by existential
generalization from A ∈ W+. Remark that members of C that occur in A occur
in some members of A� and not in others, and that A ∈ A� if A ∈ W.16
15 It is immaterial whether To1 = o1 is labeled or not.
16 Each member of A� is obtained by systematically replacing all pseudo-constants in

A (if any), and possibly some constants in A, by variables.
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·T (∀x)(Px ∧ (∼Px ∨Qx))
F (∀x)(Px ∧Qx)
FPo ∧Qo
·TPo ∧ (∼Po ∨Qo)
·TPo
·T∼Po ∨Qo

·T∼Po ·TQo
FPo FQo FPo FQo
× × ×

Each branch is extended as follows by the finishing procedure:
To1 = o1

·TPo1 ∧ (∼Po1 ∨Qo1)
·TPo1

·T∼Po1 ∨Qo1

·T∼Po1 ·TQo1

To2 = o2 To2 = o2

·TPo2 ∧ (∼Po2 ∨Qo2) ·TPo2 ∧ (∼Po2 ∨Qo2)
·TPo2 ·TPo2

·T∼Po2 ∨Qo2 ·T∼Po2 ∨Qo2

·T∼Po2 ·TQo2 ·T∼Po2 ·TQo2

To3 = o3 To3 = o3

·TPo3 ∧ (∼Po3 ∨Qo3) ·TPo3 ∧ (∼Po3 ∨Qo3)
·TPo3 ·TPo3

·T∼Po3 ∨Qo3 ·T∼Po3 ∨Qo3

·T∼Po3 ·TQo3 ·T∼Po3 ·TQo3

Fig. 3. The tableau for (∀x)(Px ∧ (∼Px ∨Qx)) |= (∀x)(Px ∧Qx).

Definition 7. Ab(θ) =df {B | B ∈ A�;TA, T∼A ∈ θ}; Ab(θ) =df {B | B ∈
A�;TA, T∼A ∈ θ}.

These infinite sets may be represented by the finite sets of the formulas that
behave inconsistently in θ and θ respectively. The same holds for the sets that
characterize the ‘abnormal behaviour’ of the α ∈ θcon

s in θ and in θ:

Definition 8. Abα(θ) = {A | A ∈ Ab(θ);α occurs in A}; Abα(θ) = {A | A ∈
Ab(θ);α occurs in A}.

Given a finished tableau (at stage s), we define:

Definition 9. An open branch θ is marked iff some θ′ (for which θ′ is open) is
such that (i) Ab(θ′) ⊂ Ab(θ) and, for all oi ∈ θcon

s , there is an oj ∈ θ′con
s such

that Aboj (θ′) ⊆ Aboi(θ), or (ii) Ab(θ′) = Ab(θ) and, for all oi ∈ θcon
s , there is

an oj ∈ θ′con
s such that Aboj (θ′) ⊂ Aboi(θ).

The definition should be taken literally: θ is also marked if it is more abnormal
than θ. In the example in Fig. 3, the finishing procedure leads to 24 branches.
Of these, only Ab(θ24) is empty, and hence all open branches are marked. An
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example that fully illustrates Definition 9 would require several pages. We shall,
however, explain the definition below.

Definition 10. A Pm-tableau is closed iff all its branches are either closed or
marked. A Pm-tableau is open iff it is finished and not closed.

This ends the description of the tableau method. Given the complexity of the
models, the method is quite simple—even extremely simple at the propositional
level, for which it forms a decision method.

To prove that the method is adequate, we only need one more definition and
one small change. We shall say that a model M strongly agrees with a branch θ of
a finished tableau (at stage s) iff M agrees with θ and each constant (α ∈ C) that
does not occur in θ fulfills in M the requirements imposed on some oi ∈ θcon

s .
Formally: for all α ∈ C − θcon

s , there is a f—see Sect. 3—such that f(oi) = α
for some oi in θ, vM (Af ) = 1 for all TA ∈ θ, and vM (Af ) = 0 for all FA ∈ θ.
That a model M strongly agrees with θ is defined similarly. The change is that
we impose a similar requirement on characteristic models: for all α ∈ C − θcon

s ,
g(α) = oi, for some oi ∈ θcon

s , and that we extend the notion of a characteristic
model to the sets θ—the required changes are obvious.

At this point, the importance of the finishing procedure appears. The pseudo-
constants oi that occur in θ indicate the requirements θ and θ impose, in the
models that correspond to them, on constants that do not occur in θ. Let
Abα(M) = {A | A ∈ Ab(M);α occurs in A}. We may consider Ab(M) as
consisting of two parts, Ab†(M), containing the members of Ab(M) in which
occur only constants that also occur in the premises and conclusion,17 and
Ab(M)−Ab†(M), containing the other members of Ab(M), viz. those in which
some other constant occurs. In other words, Ab(M)− Ab†(M) is the union, for
all α ∈ C − θcon

s , of Abα(M). Where Ab†(M) is adequately measured by Ab(θ),
Ab(M)−Ab†(M) depends on the oi in θ, viz. on the Aboi(θ); similarly for θ and
Aboi(θ).

Consider three branches, θ, θ′, and θ′′, of a tableau and let the labeled in-
consistent oi-formulas in them be as follows:

θ : Po1, Qo1, Po2, Qo2
θ′ : Po1, Po2, Qo2, Po3, Qo3
θ′′ : Po1, Qo2, Ro3, Ro4

Suppose that Ab(θ) ⊂ Ab(θ′′) and Ab(θ′) ⊂ Ab(θ′′). Branch θ′′ will not be
marked in view of θ or θ′, because no oi ∈ θcon

s is such that Aboi(θ) ⊆ Abo3(θ′′);
similarly for the oi ∈ θ′con

s . The reason for this is quite simple. In a model M ′′

that strongly agrees with θ′′, some constant, say c, may be such that Abc(M ′′) =
{Rc}. However, in any model M that strongly agrees with θ, Abc(M) will be
{Pc,Qc}. So, Ab(M) �⊆ Ab(M ′′). Also, if Ab(θ) = Ab(θ′), branch θ′ is not
marked in view of θ because no oi ∈ θcon

s is such that Aboi(θ) ⊂ Abo1(θ′). The
effect of this becomes apparent in the proof of Theorem 8.

In view of the finishing procedure (and the fact that each θ has a richest
descendant), the proof of the following lemma is obvious:
17 So, if A ∈ Ab(M) and no constant occurs in A, then A ∈ Ab†(M).
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Lemma 3. A model M agrees with some completed branch θ (at stage S0) iff
M strongly agrees with some finished descendant of θ. A model M agrees with
some completed θ iff θ has a descendant θ′ such that M strongly agrees with θ′.

Lemma 4. Any model M of A1, . . . , An strongly agrees with some open θ in the
tableau for A1, . . . , An |= B. Any model M of A1, . . . , An that falsifies B strongly
agrees with some open branch θ in the tableau for A1, . . . , An |= B.

Proof. At stage 1 of the tableau, any model M of A1, . . . , An agrees with a non-
closed θ, viz. the sole one. By the standard inductive proof, this is extended to
any subsequent stage relying on the correctness of the tableau rules with respect
to the P-semantics and on the P-validity of oi = oi.

Let M agree with an open θ at stage S0. In view of Lemma 3, θ has a
descendant θ′ such that M strongly agrees with θ′.

Similarly for a model of A1, . . . , An that falsifies B. ��

Lemma 5. If M strongly agrees with some finished open θ (respectively θ) of a
tableau (at stage s), then
(i) for all α ∈ θcon

s , Abα(M) ⊇ Abα(θ) (respectively Abα(M) ⊇ Abα(θ)),
(ii) for all α ∈ C − θcon

s , there is an oi ∈ θcon
s such that Abα(M) ⊇ Aboi(θ)

(respectively Abα(M) ⊇ Aboi(θ)),
(iii) Ab†(M) ⊇ Ab(θ) (respectively Ab†(M) ⊇ Ab(θ)).

Proof. Statements (i)–(ii) follow directly from the fact that M strongly agrees
with θ (respectively θ). Statement (iii) is a direct consequence of (i). ��

Lemma 6. In a finished tableau (at stage s), any characteristic model M of
some open θ (respectively θ), is such that
(i) for all α ∈ θcon

s , Abα(M) = Abα(θ) (respectively Abα(M) = Abα(θ)),
(ii) for all α ∈ C − θcon

s , there is an oi ∈ θcon
s such that Abα(M) = Aboi(θ)

(respectively Abα(M) = Aboi(θ)),
(iii) for all α ∈ O − θcon

s , there is a β ∈ θcon
s such that Abα(M) = Abβ(θ)

(respectively Abα(M) = Abβ(θ)),
(iv) Ab†(M) = Ab(θ) (respectively Ab†(M) = Ab(θ)).

Proof. Statements (i)–(iii) are obvious in view of the definition of a characteristic
model. Statement (iv) is a direct consequence of (i). ��

Lemma 7. If a branch θ of a finished tableau (at stage s) is marked, then no
minimally abnormal model M of the premises strongly agrees with θ.

Proof. Let θ be marked in view of θ′ but open, and suppose that M is a minimally
abnormal model of the premises that strongly agrees with θ.

Case 1. Ab(θ′) ⊂ Ab(θ) and, for all oi ∈ θcon
s , there is an oj ∈ θ′con

s such
that Aboj (θ′) ⊆ Aboi(θ). By Lemma 6, Ab†(M ′) = Ab(θ′) for any characteristic
model M ′ of θ′. By Lemma 5, Ab(θ) ⊆ Ab†(M) for any model M that agrees
with θ. Hence, Ab†(M ′) ⊂ Ab†(M) for some characteristic model M ′ of θ′.
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It remains to be shown that, for some characteristic model M ′ of θ′, Ab(M ′)−
Ab†(M ′) ⊆ Ab(M)−Ab†(M), which means that Abα(M ′) ⊆ Abα(M) for all α ∈
C− θcon

s . We construct such a model by selecting a suitable function g. Consider
some α ∈ C − θcon

s . By Lemma 5, Aboi(θ) ⊆ Abα(M) for some oi ∈ θcon
s . We

pick such oi. As θ is marked, there is an oj ∈ θ′con
s such that Aboj (θ′) ⊆ Aboi(θ).

As M ′ is a characteristic model of θ′, Aboj (M ′) = Aboj (θ′) by Lemma 6. So,
by setting g(α) = oj , we make sure that Abα(M ′) = Aboj (M ′) = Aboj (θ′) ⊆
Aboi(θ) ⊆ Abα(M).

Case 2. Ab(θ′) = Ab(θ) and, for all oi ∈ θcon
s , there is an oj ∈ θ′con

s such
that Aboj (θ′) ⊂ Aboi(θ). The proof proceeds exactly as in case 1, except that
the chosen g now warrants that, for any α ∈ C − θcon

s , Abα(M ′) ⊂ Abα(M) as
desired. ��

Theorem 5. If the Pm-tableau for A1, . . . , An |= B is closed, then A1, . . . ,
An |=Pm B.

Proof. Suppose that some minimally abnormal model M of the premises falsifies
the conclusion. In view of Lemmas 4 and 7, M strongly agrees with some non-
marked open branch θ in the finished tableau. Hence, the tableau is not closed.

��

Lemma 8. If a branch θ of a finished tableau (at stage s) is open and not
marked, then some minimally abnormal model of the premises strongly agrees
with θ.

Proof. Suppose that the antecedent is true and the conclusion false. Consider
a characteristic model M of θ in which, for each oi ∈ θcon

s , oi = g(α) for some
α ∈ C−θcon

s . As M is not a minimally abnormal model of the premises, it follows
by Strong Reassurance (proved as Theorem 1 of [7]), that Ab(M ′) ⊂ Ab(M)
for some minimally abnormal model M ′ of the premises. But then Ab†(M ′) ⊆
Ab†(M). In view of Lemma 4, M ′ strongly agrees with some open θ′. By Lemma
5, Ab(θ′) ⊆ Ab†(M ′). By Lemma 6, Ab†(M) = Ab(θ). Hence, Ab(θ′) ⊆ Ab(θ).

Case 1. Ab(θ′) ⊂ Ab(θ). Consider an arbitrary oi ∈ θcon
s and a β ∈ C − θcon

s

such that g(β) = oi. As M is a characteristic model of θ, Abβ(M) = Aboi(θ).
By Lemma 5, Aboj (θ′) ⊆ Abβ(M ′) for some oj ∈ θ′con

s . But Ab(M ′) ⊂ Ab(M)
entails that Abβ(M ′) ⊆ Abβ(M). It follows that Aboj (θ′) ⊆ Aboi(θ). As this
holds for any oi ∈ θcon

s , θ is marked, which contradicts the supposition.
Case 2. Ab(θ′) = Ab(θ). The proof proceeds literally as for case 1, except for

the obvious replacements of “⊂” by “=” and of “⊆” by “⊂”. ��

This gives us at once:

Theorem 6. If the Pm-tableau for A1, . . . , An |= B is open, then A1, . . . , An

�|=Pm B.

Notwithstanding Theorems 5 and 6, there is no positive test for Pm-semantic
consequence. If A1, . . . , An |=Pm B but A1, . . . , An �|=P B, the construction
might never be complete (nor a fortiori finished) and hence non-closed branches
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might not be marked. As any finite premise set leads to a finite completed tableau
in the propositional case, the Pm-tableau method forms a decision method for
the propositional fragment.

5 Pr and Its Tableau Method

Pr is obtained from P by the Reliability Strategy—see [3] for the propositional
fragment of Pr and [6] for a full study of the predicate logic. We first briefly
characterize Pr, and then offer some motivation. Let

DEK (A1, . . . , An) = ∃(A1 ∧ ∼A1) ∨ . . . ∨ ∃(An ∧ ∼An).

DEK (A1, . . . , An) is a minimal DEK-consequence of Γ iff it is a P-consequence
of Γ , and no result of dropping some disjunct from DEK (A1, . . . , An) is. U(Γ ),
the set of formulas that is unreliable with respect to Γ , is defined by:

Definition 11. U(Γ ) = {A | for some B1, . . . , Bn, DEK (A,B1, . . . , Bn) is a
minimal DEK-consequence of Γ}.

Definition 12. A model M of Γ is reliable iff Ab(M) ⊆ U(Γ ).

Definition 13. Γ |=Pr A iff all reliable models of Γ verify A.

If DEK (A1, . . . , An) is a minimal DEK-consequence of Γ , the latter informs
you that one of the Ai behaves inconsistently, but does not inform you which one.
So, it is sensible not to rely on the consistent behaviour of any of the Ai. This is
exactly what the Reliability Strategy comes to. Moreover, it is attractive (and
much simpler than the Minimal Abnormality Strategy) from a computational
point of view.

The Reliability Strategy defines a slightly poorer consequence set than the
Minimal Abnormality Strategy. The basic difference is best seen from a proposi-
tional example: r is a Pm-consequence, but not a Pr-consequence of {(p∧∼p)∨
(q∧∼q), (p∧∼p)∨ r, (q∧∼q)∨ r}. In this case, Pm rules out models that verify
both (p ∧ ∼p) and (q ∧ ∼q), whereas Pr does not. Apart from such cases, both
strategies lead to the same consequences.

The tableau method for Pr differs only from that for Pm in the definition of
marked branches. As no room for metatheoretic proofs is left, we mention that
it is easy to prove, in view of Sect. 4 and [6, § 5–6], that the definition given
below is correct. We shall always consider the finished tableau (at stage s) for
some Γ |= A, where Γ is finite.

Let us say that a branch θ verifies A ∧ ∼A iff TA, T∼A ∈ θ, and that θ
verifies (A1 ∧ ∼A1) ∨ . . . ∨ (An ∧ ∼An) iff it verifies some of the Ai ∧ ∼Ai. It is
easy enough to identify the (finitely many) disjunctions of contradictions that
are verified by all θ, and to sift out the minimal ones. U‡(Γ ) is the smallest
set fulfilling: (i) if (A ∧ ∼A) ∨ . . . is such a minimal disjunction, A ∈ U‡(Γ ),
and (ii) where Σ is the set of pseudo-constants that occur in the tableau, if
A ∈ U‡(Γ ), h is a bijection of Σ on Σ, and B is obtained by replacing in A any
α ∈ O by h(α), then B ∈ U‡(Γ ). Finally, let Ab‡(θ) = {A | TA, T∼A ∈ θ}.
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Definition 14. A branch θ of a finished tableau for Γ |= A, is marked iff it is
open and Ab‡(θ) �⊆ U‡(Γ ).

Open and closed tableaus are defined as for Pm, this time with reference to
Definition 14. It is provable that:

Theorem 7. If the Pr-tableau for Γ |= A is closed, then Γ |=Pr A. If the
Pr-tableau for Γ |= A is open, then Γ �|=Pr A.

As might be expected, the tableau method for Pr is much simpler than
that for Pm, both because U‡(Γ ) and Ab‡(θ) are finite sets of pseudo-wffs, and
because marking is much simpler.

6 Some Remarks in Conclusion

For the propositional fragments, the methods reduce to something very simple.
One constructs the tableau and makes sure any non-closed θ is completed (finis-
hing does not apply). Ab(θ) = {A | TA, T∼A ∈ θ}; similarly for Ab(θ). For Pm,
θ is marked iff Ab(θi) ⊂ Ab(θ) for some θi. For Pr, U{A1, . . . , An} is directly
read off from the non-closed θi, and θ is marked iff Ab(θ) �⊆ U{A1, . . . , An}.
Both methods are decision procedures for derivability at the propositional level.

As explained in Sect. 1, the special importance of the present results derives
from the absence of a positive test for derivability in Pr and Pm. The tableau
methods nevertheless enable one to decide that some conclusions are consequen-
ces of a set of premises. Given the relation between tableau methods and proofs,
the former allow one to formulate criteria for final derivability in terms of proofs.

Several simplifications and shortcuts are possible. For example, the methods
may be turned into unsigned tableau methods by relying on the defined classical
negation: TA and FA are then respectively replaced by A and ¬A. The tableau
methods may also be made more efficient by applying criteria that allow one to
mark branches before they are finished or even completed (or by marking the
labeled subsets of a branch before they are finished or completed) and hence stop
applying rules to them. Of special interest is dynamic marking. This procedure
introduces provisional marks in view of the present stage of the tableau. These
marks must be updated at each stage, but ‘guide’ the construction (a closed/open
tableau is reached more quickly). All this will be presented in a separate paper.

As these are the first published results on tableau methods for adaptive logics,
there are many open problems concerning other adaptive logics—see, e.g., [18],
[20], [16], and [13]—including ampliative logics.18

18 Inconsistency-adaptive logics and other corrective adaptive logics deliver conse-
quence sets that are subsets of the CL-consequence set if the latter is trivial. Am-
pliative adaptive logics (compatibility, abduction, . . . ) deliver consequence sets that
are supersets of the CL-consequence set, but still are not trivial (and are determined
by some normality suppositions).
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Abstract. In this paper we describe an approach to integrate first-order
reasoning with stratified set theory reasoning, resulting into a techni-
que which allows to lift decision procedures for ground theories to ∃∀-
sentences and combine them also with elementary set constructs, such as
union, intersection, finite enumerations, membership, inclusion, equality,
and monotonicity predicates over function maps.
A tableau calculus, both sound and complete, is provided. The calculus
is proven complete also in presence of suitable restrictions which enforce
termination, thus yielding decision procedures in certain cases.

1 Introduction

Most of the work in computable set theory has concentrated on the decision
problem for fragments of Zermelo-Fraenkel set theory, in presence of foundation
or anti-foundation axiom (cf. [4] and [5]).

Some exceptions are [10], [6], [3], and [2], where decision procedures have been
provided for fragments of stratified set theory, and precisely for (1) a quantifier-
free language 2LS (two-level syllogistic) with individual constants (ranging over
some domain D) and set constants (ranging over the collection of subsets of D),
(2) 2LS in presence of a topological closure operator, (3) two 2LS-like languages
over the set of real numbers and the set of natural numbers, and (4) a three-level
syllogistic with unionset and powerset operators, respectively.

It has been observed that decision procedures in the context of stratified sets
are usually at least one order of magnitude more efficient than the analogous ones
for pure sets. That is because, essentially, in pure set theory everything is treated
as a set: for instance, to prove the simple arithmetic identity 2+1 = 3 in a pure
set-theoretic context, one has to show that {∅, {∅}} + {∅} = {∅, {∅}, {∅, {∅}}}
(where natural numbers are represented à la von Neumann and the addition
among natural numbers is defined appropriately in set-theoretic terms), which
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needs certainly more machinery and effort than a simple binary computation
within the microprocessor of a computer or a pocket calculator.

For this reason, it is important to use decision procedures for sets only when
set reasoning is the main point. This can be done effectively in a stratified setting,
by designing decision procedures in a 2-level environment, where the bottom le-
vel consists of urelements, and the upper level consists of sets of urelements.
Then the urelements can be treated with “ad hoc” methods, if required. For
instance, in proving a theorem like

{4x : x ∈ Z} ⊆ {2x + 2 : x ∈ Z}
one mixes set reasoning together with Presburger arithmetic, and aims to treat
the set-theoretic part and the arithmetic part efficiently using specialized me-
thods for each part.

Typical situations in which the ability to reasoning effectively with sets of
urelements of a given nature (such as integers, reals, lists, etc.) is particularly
important arise in the mechanization of proofs of verification conditions which
come up during the proof of correctness of programs. In such cases, it is much
more convenient to rely on proof procedures for stratified sets and domain spe-
cific decision procedures.

In this paper we address the problem of integrating simple set theory reaso-
ning with first-order reasoning. For practical reasons, we focus our attention on
stratified set theory and consider only those elementary set operators and mo-
notonicity predicates that can be handled quite efficiently. Our approach results
into a technique which allows to lift decision procedures for ground theories to
∃∀-sentences and combine them also with elementary set constructs.1

More specifically, given a ground-decidable first-order theory T for a language
L, namely a theory for which there is a decision procedure for the satisfiability
problem for conjunctions of ground T -literals, we define 2LS(L) as the language
resulting by extending L with (a) set constants, (b) set functional symbols, (c)
standard boolean set operators (union, intersection, set difference, and finite
enumerations), (d) the predicates membership, set equality, and set inclusion,
and (e) the predicates inc(f) and dec(f) over set functional symbols, where the
intended meaning is, respectively, “f is increasing” and “f is decreasing” (with
respect to set inclusion).

A tableau calculus, both sound and complete, is provided for the T -satisfiabi-
lity problem of 2LS(L)-sentences. Our calculus is largely based on the calculi
presented in [7,8], though the latter have been developed to deal with fragments
of (non-stratified) Zermelo-Fraenkel set theory and do not address the problem
of integrating first-order reasoning with set theory reasoning.

For restricted ∃∀-sentences of 2LS(L), the calculus is proven complete also
in presence of suitable restrictions which enforce termination, thus yielding a
decision procedure.2

1 We recall that an ∃∀-sentence is a closed formula in which no essentially existential
quantifier is within the scope of an essentially universal quantifier.

2 A restricted 2LS(L)-formula is one in which each quantified variable has to range
over a specific set term.
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Furthermore, it is shown that when the underlying theory T enjoys cer-
tain properties, our decision result extends naturally to general ∃∀-sentences of
2LS(L), not necessarily restricted.

Notice that the satisfiability problem for pure first-order ∃∀-sentences with
equality has been first solved by Bernays and Schönfinkel (cf. [9]).

A more general approach to theory reasoning has been first described in
[12] (in the context of resolution) and, more recently, in [1] (in the context of
semantic tableaux). In particular, [1] proposes a general incremental approach
to apply theory reasoning to the framework of free-variable semantic tableaux.
Though our approach is more restricted in scope, in some favorable cases it yields
decidability results.

2 First-Order Theories

We closely follow the notation and terminology of [11], with the difference that
the word structure is used in place of model (for us a model of a formula ϕ is
just a structure satisfying ϕ). Throughout the paper, L will denote a first-order
language with equality and function symbols.

Definition 2.1 (First-order theories). A theory T for a first-order langu-
age L is any (not necessarily finite) collection of sentences of L.

Given a theory T , by ground(T ) we denote the collection of ground terms
occurring in T .

Example 2.1. Notice that if T is finite, then ground(T ) must be finite too. Thus,
for instance, for any finite axiomatization T of Presburger arithmetic, ground(T )
is finite and therefore does not contain the natural numbers. To further clarify
the above definition, let T = {(∀x)(∀y)f(x) = f(y), f(a) = f(f(a))}; then we
have ground(T ) = {a, f(a), f(f(a))}.

Definition 2.2 (Structures and models). A structure for a language L
is a pair M = 〈D, I〉, where D is a non-empty domain and I is an interpretation
of the symbols of L over D.

A structure M = 〈D, I〉 is said to be a model for a theory T if ϕI = t, for
each sentence ϕ in T .

Definition 2.3. Given a theory T , a sentence ϕ is said to be

– T -valid, if it is true in every model of T ;
– T -satisfiable, if it is true in some model of T ;
– T -unsatisfiable, if it is not T -satisfiable.

The notions of T -validity, T -satisfiability, and T -unsatisfiability extend naturally
to collections of sentences.

Definition 2.4 (Ground-decidability). A theory T is ground-decidable
if there exists an algorithm which, given as input a finite collection C of ground
literals, always terminates returning yes if C is T -satisfiable and no otherwise.
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Example 2.2. Examples of ground–decidable theories are: the theory of equality,
Presburger arithmetic 〈N, 0, 1,+, <〉, Tarski’s theory of reals 〈R, 0, 1,+,×, <〉,
the theory of abelian groups, the theory of linear orderings, etc. .

Next we define the notion of canonical model property, expressing the exi-
stence of models which are canonical with respect to suitable collections of gro-
und terms. For theories T enjoying the canonical model property and such that
ground(T ) is finite, we will be able to solve the T -satisfiability problem for
slightly larger classes of sentences.

Definition 2.5 (Canonical model property). A theory T has the cano-
nical model property if for every T -satisfiable collection C of ground li-
terals there exists a model M = 〈D, I〉 of T ∪ C over a domain D such that
D = {sI : s ∈ ground(T ) ∪ ground(C)}.

We have immediately

Theorem 2.1. Let T be a theory such that ground(T ) is finite. If T has the
canonical model property, then it is ground-decidable.

Example 2.3. Notice that if T is a finite axiomatization of Presburger arithme-
tic, then T does not have the canonical model property, though it is ground-
decidable.

Nontrivial examples of theories enjoying the canonical model property are
those whose axioms (with the only exception of the equality axioms, if present)
are expressible by means of ∀-sentences, defined as follows:

Definition 2.6. A first-order ∀-sentence ϕ is a sentence in which

– no essentially existential quantifier occurs, and
– if f(u) is an individual term in ϕ, then u is ground.

The following result, which is easily seen to be a variant of Bernays-Schön-
finkel result [9], holds:

Theorem 2.2. Let T be a theory for the first-order language L, whose axioms
(with the only exception of the equality axioms, if present) are ∀-sentences. Then
T has the canonical model property.

Proof (Sketch). Let C be a T -satisfiable collection of ground-literals of L and
let M = 〈D, I〉 be a model for T which satisfies C. Let TC∪T be the collection
of ground terms occurring in C or in T and consider the set D′ =Def {tI : t ∈
TC∪T } . Also, let d0 be a fixed element in D′.

For each k-ary function symbol f in L and b1, . . . , bk ∈ D′, let us put

f I′
(b1, . . . , bk) =Def

{
f I(b1, . . . , bk) if f I(b1, . . . , bk) ∈ D′

d0 otherwise.

Likewise, for each k-ary predicate symbol P in L and b1, . . . , bk ∈ D′, let us put

P I′
(b1, . . . , bk) =Def P I(b1, . . . , bk) .

Then it can easily be seen that the structure M′ = 〈D′, I′〉 T -satisfies C. Moreo-
ver, D′ = {tI′

: t ∈ TC∪T }. ��
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3 Basic 2-Level Set Theoretic Extension

Let L be a first-order language with equality and let T be a theory for L. We
now define a language 2LS(L) which extends L with basic 2-level set-theoretic
constructs. It turns out that the satisfiability problem for the language 2LS
studied in [10] is a particular instance of the T -satisfiability problem for ground
sentences of 2LS(L), where T is the theory of equality and L does not contain
any functional or relational symbol in its signature.

Note 3.1. In the rest of the paper we shall refer to formulae of a first-order lan-
guage L (not involving any set-theoretic symbol) as first-order formulae. Terms
of a language 2LS(L) which do not involve any set-theoretic symbol will be re-
ferred to as individual terms; otherwise they will be called set terms. Finally, by
a set formula we shall mean any formula of 2LS(L).

3.1 Syntax

Let T be a theory for the first-order language L. The vocabulary of 2LS(L)
extends that of L with:

– a denumerable infinity of uninterpreted set constants s1, s2, . . . ;
– a denumerable infinity of uninterpreted set functional symbols f1, f2, . . . ;
– the interpreted constant ∅ (empty set);
– the set operators � (union), � (intersection), − (set difference), and 〈·, . . . , ·〉

(finite enumeration);
– the set-theoretic relational symbols �− (membership), ≈ (set equality), and
� (set inclusion);

– the unary predicates inc and dec.

Definition 3.1 (Set terms). Set terms of 2LS(L) are recursively defined
as follows:

– each set constant is a set term;
– ∅ is a set term;
– if s and t are set terms, so are s � t, s � t and s− t;
– 〈u1, . . . , un〉 is a set term, provided that u1, . . . , un are individual terms;
– f(t) is a set term, provided that f is a set functional symbol and t is a set

term.3

Definition 3.2 (Set formulae). Set formulae of 2LS(L) are recursively
defined as follows:

– each first-order formula is a set formula;
– s ≈ t and s � t are set formulae, provided that s and t are set terms;

3 For the sake of simplicity, we shall limit our treatment to unary set functional sym-
bols. It is not difficult to generalize what follows to the general case of k-ary set
functional symbols.
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– u �− t is a set formula, provided that u is an individual term and t is a set
term;

– if f and g are set functional symbols, then inc(f) and dec(f) are set formu-
lae;

– if ϕ is a set formula, so is ¬ϕ;
– if ϕ and ψ are set formulae and ◦ is a binary propositional connective, then

ϕ ◦ ψ is a set formula;
– if x is an individual variable and ϕ is a set formula, then both (∀x)ϕ and

(∃x)ϕ are set formulae.

It is convenient to adopt Smullyan’s unifying notation. Accordingly, we divide
the formulae of the language into four categories: conjunctive, disjunctive, uni-
versal, and existential formulae (called α-, β-, γ-, and δ-formulae, respectively).

Given a δ-formula δ, the notation δ0(x) will be used to denote the formula ϕ
or ¬ϕ, according to whether δ has the form (∃x)ϕ or ¬(∀x)ϕ. Likewise, for any
γ-formula γ, γ0(x) will denote the formula ϕ or ¬ϕ, according to whether γ has
the form (∀x)ϕ or ¬(∃x)ϕ, respectively.

By defining the complement operator � as

�(X) =
{

Z if X = ¬Z
¬X otherwise,

to each α- and β-formula, we associate two components, α1, α2 and β1, β2,
respectively, in the following way:

α α1 α2 β β1 β2
X ∧ Y X Y X ∨ Y X Y
¬(X ∨ Y ) �(X) �(Y ) ¬(X ∧ Y ) �(X) �(Y )
¬(X → Y ) X �(Y ) (X → Y ) �(X) Y

The following equivalences are immediate to check:

|= α↔ α1 ∧ α2 |= β ↔ β1 ∨ β2 |= γ ↔ (∀x)γ0(x) |= δ ↔ (∃x)δ0(x) .

We shall be interested in ∃∀-set formulae and restricted ∃∀-set formulae. Such
notions are defined as follows:

Definition 3.3. An ∃∀-formula ϕ in the language 2LS(L) is a set formula
in which

– no essentially existential quantifier falls within the scope of some essentially
universal quantifier;

– if f(u) is an individual term in ϕ, then u is ground;
– if the set term 〈u1, . . . , un〉 occurs in ϕ, then the individual terms u1, . . . un

are ground.

Definition 3.4. A set formula ϕ is said to be restricted if each quantified
subformula of ϕ is of type (∃x)(x �− t ∧ ψ), or (∀x)(x �− t→ ψ).
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3.2 Semantics

The intended semantics for 2LS(L) is the most natural one and is given in the
following definition.

Definition 3.5. A set structure M for a language 2LS(L) is a pair 〈D, I〉
such that

– the pair 〈D, I′〉, where I′ is the restriction of I to the symbols of L, is a
first-order structure;

– ∅I = ∅;
– sI ∈ pow(D), for each set constant s;
– f I is a map from pow(D) into pow(D), for each set functional symbol f ;
– the set operators �, �, and − are interpreted in the standard way as ∪, ∩,

and \ over pow(D)× pow(D), respectively;
– 〈·, . . . , ·〉 is interpreted as {·, . . . , ·} over Dn, for n ∈ N;
– the set-theoretic predicate symbols ≈ (set equality) and � are interpreted

respectively as = and ⊆ over pow(D)× pow(D);
– �− is interpreted as the relationship ∈ over D× pow(D);
– inc(f)I = t iff u1 ⊆ u2 implies f I(u1) ⊆ f I(u2), for all u1, u2 ∈ pow(D)

(similar for dec(f)I).

Given a theory T over a first-order language L, the notions of T -validity, T -
satisfiability, and T -unsatisfiability extend naturally to collections of 2LS(L)-
sentences.

4 A Ground Tableau Calculus for 2LS(L)-sentences

In order to simplify the presentation of our calculus, without loss of generality
we will assume implicitly that from now on every first-order theory which we
consider embodies the axioms of equality.

Let T be a theory over a first-order language L. In this section we pre-
sent a ground tableau calculus for the T - satisfiability problem for 2LS(L)-
sentences. We shall prove that our calculus is both sound (i.e., if a sentence ϕ
is T -satisfiable, then it has no closed tableau) and complete (if a sentence ϕ is
T -unsatisfiable, then it must have a closed tableau). We will also spot two clas-
ses of formulae for which the calculus can be made terminating without losing
completeness, thus obtaining a decidability result.

More precisely, we shall exhibit a terminating variant of our calculus which
is complete for

– restricted ∃∀-sentences of 2LS(L), provided that T is ground-decidable;
– (unrestricted) ∃∀-sentences of 2LS(L), provided that T has the canonical

model property and ground(T ) is finite.

Standard first-order tableau rules in uniform notation are listed in Table 1.
Rules dealing with set constructs are presented in Table 2.

2LS(L)-tableaux can be constructed as follows.
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Table 1. First-order tableau rules.

¬¬Z

Z
(¬¬) α

α1

α2

(α)
β

β1 β2
(β)

γ

γ0(u)
(γ) δ

δ0(p)
(δ)

(u can be any ground term and p must be a new individual constant)

0 : ¬((∀x)(x ≤ b → x < a) → 〈a, b〉 ≈ 〈a〉)
1 : (∀x)(x ≤ b → x < a)

2 : 〈a, b〉 ≈ 〈a〉
3 : 〈a, b〉 � 〈a〉
4 : 〈a〉 � 〈a, b〉
5 : b �− 〈a, b〉
6 : b �− 〈a〉
7 : b ≈ a

8 : b ≤ b → b < a

¬9 : ¬(b ≤ b) 10 : b < a
⊥ ⊥

Fig. 1. A tableau proof for (∀x)(x ≤ b → x < a)→ 〈a, b〉 ≈ 〈a〉.

Definition 4.1. An initial 2LS(L)-tableau for a set formula ϕ is a tree
consisting of only one node, with such a node labeled with ϕ. A 2LS(L)-tableau
for ϕ is a tree whose nodes are labeled with set formulae and which is constructed
starting from the initial tableau for ϕ by applying the rules of Tables 1 and 2.

Definition 4.2. A (possibly infinite) branch θ of a 2LS(L)-tableau is satura-
ted if no application of any rule in Tables 1 and 2 can add new formulae to θ.
A 2LS(L)-tableau is saturated if all its branches are saturated.

We give next the notion of closure, relativized to a given theory T .

Definition 4.3. Given a theory T for a first-order language L, a branch θ of a
2LS(L)-tableau is T -open if the following four conditions are met:

– the collection of first-order literals occurring in θ is T -satisfiable;
– no complementary set literals �,¬� occur in θ;
– no set literal of the form t �≈ t occurs in θ;
– no set literal of the form u �− ∅ occurs in θ.

A branch which is not T -open is said to be T -closed.

4.1 Two examples

In the first example in Fig. 1, we show a tableau proof of the sentence
(∀x)(x ≤ b→ x < a)→ 〈a, b〉 �≈ 〈a〉
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Table 2. Set-theoretic tableau rules.

u �− t1 � t2

u �− t1 u �− t2
(1)

u �− t1

u �− t1 � t2
(2)

u �− t2

u �− t1 � t2
(3)

u �− t1 � t2

u �− t1
u �− t2

(4)

u �− t1
u �− t2

u �− t1 � t2
(5)

u �− t1 − t2

u �− t1

u �− t2

(6)

u �− t1

u �− t2

u �− t1 − t2
(7)

u �− 〈u1, . . . , un〉
u ≈ u1 . . . u ≈ un

(8)
u1 �− 〈u1, . . . , un〉

...
un �− 〈u1, . . . , un〉

(9)

t1 ≈ t2

t1 � t2
t2 � t1

(10)

t1 � t2
u �− t1

u �− t2
(11)

t1 ≈ t2

t1 � t2 t2 � t1
(12)

t1 � t2

p �− t1

p �− t2

(13)

u �− t1

v �− t1

u ≈ v
(14)

t1 ≈ t2

f(t1) ≈ f(t2)
(15)

inc(f)
t1 � t2

f(t1) � f(t2)
(16)

¬inc(f)

s1 � s2

f(s1) � f(s2)

(17)

dec(f)
t1 � t2

f(t2) � f(t1)
(18)

¬dec(f)

s1 � s2

f(s2) � f(s1)

(19)

u �− t u �− t
(C1)

t1 ≈ t2 t1 ≈ t2
(C2)

t1 � t2 t1 � t2
(C3)

Notice that in rule (13), p stands for a new individual constant. Likewise, in rules
(17) and (19), the symbols s1 and s2 stand for new uninterpreted set constants.
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0 : ¬((inc(f) ∧ (∀x)(x �− A → x + x < x + 3) ∧ (∀x)(x < 5 → x �− B))→ f(A) � f(B)
1 : inc(f)

2 : (∀x)(x �− A → x + x < x + 3)
3 : (∀x)(x < 5 → x �− B)

4 : f(A) � f(B)
5 : A � B 7 : A � B

6 : f(A) � f(B) 8 : a �− A

⊥ 9 : a �− B

10 : a �− A → a + a < a + 3
11 : a < 5 → a �− B

12 : a �− A 13 : a + a < a + 3
⊥ 14 : a ≥ 5 15 : a �− B

⊥ ⊥

Fig. 2. A tableau proof.

in the theory T of partial orders, with axioms
(∀x)¬(x < x)

(∀x)(∀y)(∀z)((x < y ∧ y < z)→ x < z)
(∀x)(∀y)((x ≤ y)↔ (x < y ∨ x ≈ y))

Denoting with ϕi the formula labeling node i in Fig. 1, deductions are justified
as follows.

– ϕ1, ϕ2, are obtained from ϕ0 by an application of the α-rule;
– ϕ3 and ϕ4 are obtained from ϕ2 by an application of rule (10);
– ϕ5 is obtained by an application of rule (9) (subject to restriction R2; see

below);
– ϕ6 is obtained from ϕ3 and ϕ5 by an application of rule (11);
– ϕ7 is obtained from ϕ6 by an application of rule (8);
– ϕ8 is obtained from ϕ1 by an application of the γ-rule (subject to restriction

R2; see below);
– ϕ9 and ϕ10 are obtained form ϕ8 by an application of the β-rule;
– the leftmost branch is T -closed since ϕ9 is contradictory in the theory of

partial orders;
– the rightmost branch is T -closed since literals ϕ7 and ϕ10 are contradictory

in the theory of partial orders.

As a second example, we exhibit a tableau proof for the sentence
(inc(f) ∧ (∀x)(x �− A→ x + x < x + 3) ∧ (∀x)(x < 5→ x �− B))→ f(A) � f(B)
in Presburger arithmetic (see Figure 2). Though the present example falls outside
the scope of the decision procedures which will be derived later, tableau closure
has been obtained under the same restrictions R1 and R2 (see below) which
force termination and, in general, spoil completeness.

Denoting with ψi the formula labeling node i in Figure 2, deductions are
justified as follows.
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– ψ1, ψ2, ψ3 and ψ4 are obtained from ψ0 by propositional rules;
– ψ5 and ψ7 are obtained with an application of the cut rule (C3);
– ψ6 is obtained from ψ4 and ψ5 by means of rule (16); the branch is closed

by the complementary literals ψ4 and ψ6;
– ψ8 and ψ9 are obtained from ψ7 by using rule (13);
– ψ10 and ψ11 are obtained by applications of the γ-rule from ψ2 and ψ3,

respectively;
– an application of the β-rule to ψ10 yields ψ12 and ψ13. The left branch is

closed by the complementary literals ψ8 and ψ12;
– finally, an application of the β-rule to ψ11 yields ψ14 and ψ15. The left branch

is closed because ψ14 and ψ13 are contradictory literals in Presburger arith-
metic. The right branch is closed by ψ15 and ψ9.

4.2 Soundness

Soundness of our tableau calculus follows immediately by inspection of its rules
in Tables 1 and 2, and by observing that any T -closed branch is obviously T -
unsatisfiable, with respect to structures for 2LS(L). Hence we have the following
result:

Theorem 4.1 (Soundness). If a set sentence of 2LS(L) has a T -closed ta-
bleau then it is T -unsatisfiable.

4.3 Termination

In general, our tableau calculus does not terminate. However, in favorable cases,
restrictions on the applicability of some of its rules can be imposed in such a way
that in a finite number of steps one can construct a weakly saturated tableau
which, though not necessarily saturated, carries enough information to let one
decide whether it is satitisfiable or not.

For a given theory T relative to a first-order language L, the restrictions we
shall enforce are the following:

R1. rules are to be applied strictly (i.e., no rule can be applied twice on a branch
with the same premisses4);

R2. rules (9), (15), (16), (18), (C1), (C2), (C3), and (γ) are allowed to add to
the branch to which they are applied only terms already occurring on the
branch itself or belonging to {∅}∪ground(T ) (thus, genuine new terms can
only be introduced by rules (13), (17), (19), and (δ) only).

Definition 4.4. Let T be a theory for a first-order language L and let T be a
2LS(L)-tableau constructed by a sequence of applications of rules in Tables 1
and 2, subject to restrictions R1 and R2 above.
4 We assume that cut rules (C1), (C2), (C3) have as premisses the literals u �− t,

t1 ≈ t2, and t1 � t2, respectively.
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A branch θ of T is said to be weakly T -saturated if no further application
of any rule on θ is possible without disrupting either R1 or R2.

If each branch of T is weakly T -saturated, then T is said to be weakly T -
saturated.

Restrictions R1 and R2 are at the base of the following termination property.

Theorem 4.2 (Termination). Let T be a theory for a first-order language L,
such that ground(T ) is finite. Then any ∃∀-sentence of 2LS(L) has a finite
weakly T -saturated 2LS(L)-tableau.

Proof (Sketch). Let Tϕ be a weakly T -saturated 2LS(L)-tableau for ϕ (the
existence of Tϕ could be shown by exhibiting a suitable fair weakly T -saturation
strategy). We need to show that Tϕ is finite. Let θ be any branch in Tϕ. Since
ground(T ) is finite, restrictions R1 and R2 imply that θ can contain only finitely
many different individual and set terms. Therefore θ, and more in general every
branch in Tϕ, must be necessarily finite so that, by König’s lemma, Tϕ is finite.

��

4.4 Completeness

We introduce the notion of realization, which will be used next to extend a
first-order structure into a set structure.

Definition 4.5. Let T be a theory for a first-order language L, let θ be a T -
open branch of a 2LS(L)-tableau, and let M = 〈D, I〉 be a first-order structure
satisfying all first-order literals occurring in θ. Then the realization RI

θ of θ
with respect to M is the map RI

θ : Sθ → pow(D) defined by
RI

θ(t) = {uI : u �− t occurs in θ} ,
where Sθ is the collection of the set terms occurring in θ.

We have the following elementary result.

Lemma 4.1. Let T be a theory for a first-order language L, let θ be a T -open
and weakly T -saturated branch of a 2LS(L)-tableau, and let RI

θ be a realization
of θ with respect to a first-order structure M = 〈D, I〉 satisfying all first-order
literals occurring in θ. We have:

(i) if u �− t occurs in θ, then uI ∈ RI
θ(t);

(ii) if u ��− t occurs in θ, then uI /∈ RI
θ(t);

(iii) if t1 � t2 occurs in θ, then RI
θ(t1) ⊆ RI

θ(t2);
(iv) if t1 �� t2 occurs in θ, then RI

θ(t1) �⊆ RI
θ(t2);

(v) if t1 ≈ t2 occurs in θ, then RI
θ(t1) = RI

θ(t2);
(vi) if t1 �≈ t2 occurs in θ, then RI

θ(t1) �= RI
θ(t2).

(u stands for an individual term and t1, t2, and t stand for set terms.)

Proof. (i) Trivial.
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(ii) Let u ��− t be in θ and suppose, by contradiction, that uI ∈ RI
θ(t). Then

uI = vI, for some individual term v such that the literal v �− t occurs in
θ. By saturation with respect to rule (14), the literal u �≈ v must also be
in θ, and since θ is T -open, we can infer the contradiction uI �= vI. Thus
uI /∈ RI

θ(t).
(iii) Let t1 � t2 be in θ. By saturation with respect to rule (11), for each literal

u �− t1 occurring in θ, the corresponding literal u �− t2 must also occur in
θ. Thus, plainly, RI

θ(t1) ⊆ RI
θ(t2).

(iv) Let t1 �� t2 be in θ. By saturation with respect to rule (13), a pair of literals
u �− t1 and u ��− t2 must occur in θ, for some individual term u. Then, by
(i) and (ii) above, uI ∈ RI

θ(t1) \RI
θ(t2), and, in turn, RI

θ(t1) �⊆ RI
θ(t2).

(v) Let t1 ≈ t2 be in θ. By saturation with respect to rule (10), the literals
t1 � t2 and t2 � t1 must occur in θ too, so that, by (iii) above, RI

θ(t1) ⊆
RI

θ(t2) and RI
θ(t2) ⊆ RI

θ(t1). Thus RI
θ(t1) = RI

θ(t2).
(vi) Let t1 �≈ t2 be in θ. By saturation with respect to rule (12), one of the two

literals t1 �� t2 and t2 �� t1 must occur in θ. Thus, by (iv) above, in any
case we have RI

θ(t1) �= RI
θ(t2). ��

Given a first-order structure M = 〈D, I〉 satisfying all first-order literals
occurring in a T -open branch θ of a 2LS(L)-tableau, where T is a theory for a
first-order language L, we next define how M = 〈D, I〉 can be extended to a set
structure.

Definition 4.6 (Promising structure). Let M = 〈D, I〉 be a first-order struc-
ture satisfying all first-order literals occurring in a T -open branch θ of a 2LS(L)-
tableau, where T is a theory for a first-order language L. The promising struc-
ture SM

θ of θ relative to M is the set structure 〈D,J〉 extending M and such
that

sJ = RI
θ(s) , for each uninterpreted set constant s,

and

fJ(a) ={uI : u �− f(t) occurs in θ and RI
θ(t) = a, for some t} ∪

{uI : u �− f(t), inc(f) occur in θ and RI
θ(t) ⊆ a, for some t} ∪

{uI : u �− f(t), dec(f) occur in θ and a ⊆ RI
θ(t), for some t} ,

for each set functional symbol f and each set a ∈ pow(D).

In view of Lemma 4.1, the next two lemmas show that if θ is a T -open and
weakly T -saturated branch of a 2LS(L)-tableau, whose first-order literals are
satisfied by a first-order structure M, then the promising structure of θ relative
to M satisfies also the set-literals in θ.

Lemma 4.2 (Coherence). Let θ be a T -open and weakly T -saturated branch
of a 2LS(L)-tableau, where T is a theory for the first-order language L. Let
M = 〈D, I〉 be a first-order structure satisfying all first-order literals occurring
in θ, and let RI

θ be the realization of θ relative to M. Also, let SM
θ = 〈D,J〉 be
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the promising structure of θ relative to M. Then RI
θ is coherent with SM

θ , in the
sense that

RI
θ(t) = tJ , for each set term t occurring in θ.

Proof. The proof can be done by structural induction on t, where t is a set
term occurring in a T -open and saturated branch θ. For brevity, we omit the
verification of the base case and, for the inductive step, we concentrate only on
the case in which t is of type f(t0).

Assume first that a ∈ RI
θ(f(t0)). Then a = uI

0, for an individual term u0 such
that u0 �− f(t0) occurs in θ. By induction, RI

θ(t0) = tJ0 , so that uI
0 ∈ {uI : u �−

f(t′) is in θ and RI
θ(t

′) = tJ0}. Therefore RI
θ(f(t0)) ⊆ [f(t0)]J.

Conversely, assume that a ∈ [f(t0)]J. By definition of fJ(tJ0 ), we have that
there must exist an individual term u0 and a set term t′ such that a = uI

0, the
literal u0 �− f(t′) occurs in θ, and one of the following conditions holds:

(a) RI
θ(t

′) = tJ0 ;
(b) inc(f) is in θ and RI

θ(t
′) ⊆ tJ0 ;

(c) dec(f) is in θ and tJ0 ⊆ RI
θ(t

′).

In case (a), by inductive hypothesis we have RI
θ(t

′) = RI
θ(t0). Hence, by sa-

turation with respect to rule (C2), either t′ ≈ t0 or t′ �≈ t0 occurs in θ. The
second case is ruled out by Lemma 4.1. Therefore the literal t′ ≈ t0 must
occur in θ. Since both f(t′) and f(t0) occur in θ, by saturation with respect
to rule (15), also f(t′) ≈ f(t0) occurs in θ. Therefore, again by Lemma 4.1,
we have RI

θ(f(t′)) = RI
θ(f(t0)). Finally, since u0 �− f(t′) occurs in θ, we have

a = uI
0 ∈ RI

θ(f(t0)). Hence [f(t0)]J ⊆ RI
θ(f(t0)).

In case (b), by inductive hypothesis we have RI
θ(t

′) ⊆ RI
θ(t0). By saturation

with respect to rule (C3), either t′ � t0 or t′ �� t0 occurs in θ. The second case is
excluded by Lemma 4.1, so that t′ � t0 must occur in θ. Thus, by saturation with
respect to rule (16), f(t′) � f(t0) occurs in θ and therefore, again by Lemma 4.1,
RI

θ(f(t′)) ⊆ RI
θ(f(t0)). Again, since uI

0 ∈ RI
θ(f(t′)), we have a = uI

0 ∈ RI
θ(f(t0)),

and therefore [f(t0)]J ⊆ RI
θ(f(t0)).

Case (c) is similar to case (b).
In conclusion, in either case we have [f(t0)]J ⊆ RI

θ(f(t0)), which together
with RI

θ(f(t0)) ⊆ [f(t0)]J shown earlier yields RI
θ(f(t0)) = [f(t0)]J. ��

Lemma 4.3. Let θ be a T -open and weakly T -saturated branch of a 2LS(L)-
tableau, where T is a theory for the first-order language L. Let M = 〈D, I〉 be
a first-order structure satisfying all first-order literals occurring in θ, and let RI

θ

be the realization of θ relative to M. Also, let SM
θ = 〈D,J〉 be the promising

structure of θ relative to M. We have:

(i) if inc(f) is in θ then fJ is increasing;
(ii) if dec(f) is in θ then fJ is decreasing;
(iii) if ¬inc(f) is in θ then fJ is not increasing;
(iv) if ¬dec(f) is in θ then fJ is not decreasing.
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Proof. Concerning (i), let inc(f) be in θ, let a ⊆ b, for a, b ∈ pow(D), and let
c ∈ fJ(a). We shall prove that c ∈ fJ(b).

From c ∈ fJ(a), it follows that there exist an individual term u and a set
term t such that c = uI, the literal u �− f(t) occurs in θ, and one of the following
conditions holds:

(a) RI
θ(t) ⊆ a;

(b) dec(f) is in θ and a ⊆ RI
θ(t).

In case (a), since RI
θ(t) ⊆ a ⊆ b we have plainly c = uI ∈ fJ(b).

In case (b), by saturation with respect to rule (C3) (restricted by R2), either
∅ � t or ∅ �� t occurs in θ. The latter case would lead to a closed branch by
saturation with respect to rule (13), hence ∅ � t must occur in θ. Since we are
also assuming that dec(f) occurs in θ, by saturation with respect to rule (18),
the literal f(t) � f(∅) is in θ, so that, by rule (11), the literal u �− f(∅) must
also be in θ. But, plainly, RI

θ(∅) = ∅ ⊆ b, and therefore c = uI ∈ fJ(b).
Case (ii) is analogous to case (i).
Finally, cases (iii) and (iv) plainly hold, since θ is saturated with respect to

rules (17) and (19), respectively. ��
The following lemma contains the main results towards the proof of comple-

teness of our tableau calculus (even of the terminating variant).

Lemma 4.4. Let T be a ground-decidable theory for a first-order language L,
let θ be a T -open branch of a 2LS(L)-tableau, and let Cθ be the collection of all
first-order literals occurring in θ. Let us also assume that θ is weakly T -saturated,
provided that either

(a) ϕ is a restricted ∃∀-sentence of 2LS(L), or
(b) ϕ is an ∃∀-sentence of 2LS(L), T has the canonical model property, and

ground(T ) is finite;

otherwise let θ be T -saturated.
If Cθ is T -satisfiable by a first-order structure, then θ is T -satisfiable by a set

structure.

Proof. Let M = 〈D,J〉 be a first-order model for T which satisfies Cθ, and let
SM

θ = 〈D,J〉 be its corresponding promising structure, relative to θ and M.
Plainly, SM

θ satisfies T ∪ Cθ. Moreover, by Lemmas 4.1 and 4.2, SM
θ satisfies all

set literals in θ, as well. Proceeding by structural induction, it is straightforward
to show that SM

θ satisfies also all formulae in θ of type α, β, and δ. The case of
γ-formulae is more delicate.

So, let γ be in θ. We distinguish the following three cases:

θ is T -saturated
Let γ be in θ and suppose, by contradiction, that γJ = f . Then there exists
some a ∈ D such that γ(x)J,{x/a} = f . Since we can suppose, without loss
of generality, that M is a canonical model, there exists an individual term
u such that uJ = a. By saturation with respect to the γ-rule, the instance
γ(u) is in θ. Therefore, by inductive hypothesis, γ(u)J = t, contradicting
γ(x)I,{x/a} = f .
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θ is weakly T -saturated and condition (a) holds
Let γ be in θ and suppose, by contradiction, that γJ = f . Notice that γ
must be equivalent to a sentence of the form (∀x)(x �− t → ψ). Then there
exists some a ∈ D such that a ∈ tJ and ψ(x)J,{x/a} = f . By Definition 4.5,
there exists an individual term u occurring in θ such that uJ = a and the
literal u �− t occurs in θ. Thus, by saturation with respect to the γ- and β-
rules, the formula ψ(u) must occur in θ. By inductive hypothesis, ψ(u)J = t,
contradicting ψ(x)J,{x/a} = f .

θ is weakly T -saturated and condition (b) holds
Let γ be in θ and suppose, by contradiction, that γJ = f . Then there exists
some a ∈ D such that γ(x)J,{x/a} = f . Since T has the canonical model
property, we may assume that D = {uI : u ∈ ground(T ∪ Cθ)}. Thus,
there exists an individual term u ∈ ground(T ∪ Cθ) such that uJ = a.
By saturation with respect to γ-rule (even restricted by R2), the instance
γ(u) is in θ. Therefore, by inductive hypothesis, γ(u)J = t, contradicting
γ(x)J,{x/a} = f . ��
The preceding results can be combined and summarized in the following two

main theorems.

Theorem 4.3 (Completeness). Given a theory T for a first-order language
L, the tableau calculus in Tables 1 and 2 is complete for the T -satisfiability
problem of 2LS(L)-sentences.

Moreover, if restrictions R1 and R2 are enforced and ground(T ) is finite, our
tableau calculus remains complete for restricted ∃∀-sentences of 2LS(L), provi-
ded that T is ground-decidable, and for (unrestricted) ∃∀-sentences of 2LS(L),
provided that T has the canonical model property.

Theorem 4.4 (Decidability). Given a ground-decidable theory T for a first-
order language L such that ground(T ) is finite, the T -satisfiability problem for
restricted ∃∀-sentences of 2LS(L) is decidable. If in addition T has the canonical
model property, then the T -satisfiability problem for (unrestricted) ∃∀-sentences
of 2LS(L) is also decidable.

5 Directions for Further Research

The results presented in the preceding sections can be extended by also allowing
occurrences of literals of type f * g, with f and g functional set variables, whose
intended meaning is that f(s) ⊆ g(s), for every set s.

Another possible elementary extension concerns the introduction of set terms
ranging over tuples of urelements. In such a context, besides the set-theoretic
constructs seen before, it would be possible also to allow the cartesian product.

Concerning future research, we are currently investigating the following fur-
ther extensions:

– drop from the definition of ∃∀-sentences of the language 2LS(L) the re-
quirement that each set term of the form 〈u1, u2, . . . , un〉 cannot involve
individual variables (we have already some partial results);
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– in the case of ground-decidable theories T for a first-order language L such
that ground(T ) is finite, solve the T -satisfiability problem for (unrestricted)
∃∀-sentences.

Finally, we intend to investigate the ideas presented in this paper also from
an experimental point of view. To this end, we are currently implementing our
calculus in Java. Using the terminology introduced in [1], we intend to explore
different policies of interaction between the foreground reasoner (namely, the
tableau calculus) and the background reasoner (namely, the T -reasoner).
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Abstract. In this paper we investigate the tableau systems correspon-
ding to hypersequent calculi. We call these systems hypertableau cal-
culi. We define hypertableau calculi for some propositional intermediate
logics. We then introduce path-hypertableau calculi which are simply
defined by imposing additional structure on hypertableaux. Using path-
hypertableaux we define analytic calculi for the intermediate logics Bdk,
with k ≥ 1, which are semantically characterized by Kripke models of
depth ≤ k. These calculi are obtained by adding one more structural rule
to the path-hypertableau calculus for Intuitionistic Logic.

1 Introduction

Hypersequent calculi are a simple and natural generalization of Gentzen sequent
calculi to sets of sequents (see [4] for an overview). Hypersequents allow to for-
malize logics of a different nature ranging from modal to many-valued logics.

In this paper we are concerned with intermediate logics, that is, logics bet-
ween Intuitionistic and Classical Logic. In [4,3,9,8] cut-free hypersequent calculi
have been defined for:

1. the logics Bwk, with k ≥ 1, which are semantically characterized by Kripke
models of width ≤ k;

2. the logics Bck, with k ≥ 1, which are semantically characterized by Kripke
models of cardinality ≤ k;

3. the logics Gk+1, with k ≥ 1, which are semantically characterized by linearly
ordered Kripke models of cardinality ≤ k;

4. LQ logic (also known as Jankov logic [18]).

In particular Bw1 coincides with infinite-valued Gödel (Dummett) logic G∞,
while for k ≥ 2, Gk is k-valued Gödel logic. Bc2 is identical with Sm logic [7].

In the literature, there do exist sequent or tableau calculi for some of these
logics. For instance, in [1] duplication-free tableau calculi for Sm, LQ and G∞
have been defined (see also [10] for a deterministic terminating sequent calculus
for G∞). Analytic calculi for finite-valued Gödel logics, based on their many-
valued semantics, can be found, e.g., in [19,14,6]. Nevertheless all these calculi are
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so much tailored to their corresponding logic that they hardly give information
on the existing connections with other logics. In particular, they cannot help to
define analytic calculi for related logics.

Hypersequent calculi for all the above logics are simply obtained by adding
just one structural rule to a common system, namely the hypersequent calculus
for Intuitionistic Logic [4,3,9,8]. This structural rule reflects in a natural way the
characteristic semantical features of the corresponding logic.

In this paper we introduce the notion of hypertableau1. Hypertableau calculi
stand to hypersequent calculi as tableau systems stand to sequent calculi.

By dualizing the hypersequent calculi of [4,3,9,8] we define hypertableau cal-
culi for the logics Bwk,Bck,Gk and LQ. Then, by simply generalizing the pecu-
liar rule of LQ logic, we obtain a hypertableau calculus for the family of inter-
mediate logics semantically characterized by rooted posets with at most k final
states. Although hypertableaux (hypersequents) turn out to be more expressive
than tableaux (sequents), there do exist intermediate logics with a simple Kripke
semantics for which such calculi seem to be hardly definable. An important ex-
ample of a logic for which no hypertableau (hypersequent) systems have been
devised so far is the logic Bd2. This logic is semantically characterized by the
class Fd≤2 of all rooted posets whose depth is at most 2 (see [7]). As is well
known, like LQ, Sm and G∞, Bd2 is one of the seven interpolable propositional
logics [15]. More generally, for each k > 2, the intermediate logic Bdk semanti-
cally characterized by Kripke models of depth ≤ k does not have any tableau
(sequent)-style formalization yet.

In Section 4 we introduce a new hypertableau framework, called path-hyperta-
bleaux. The notion of path-hypertableau naturally arises by introducing addi-
tional structure on hypertableaux. Using path-hypertableaux we define uniform
analytic calculi for the Bdk logics, with k ≥ 1. This is done by adding one more
structural rule to the path-hypertableau calculus for intuitionisticlogic.

We assume familiarity with intermediate logics and Kripke models. Intro-
ductory material can be found, e.g., in [7]. Henceforth we shall denote by Int
and Cl the set of valid well-formed formulas (wffs for short) of propositional
intuitionistic logic and classical logic, respectively.

2 Hypersequent Calculi

Hypersequent calculi [17,2] are a simple and natural generalization of Gentzen
calculi. See [4] for an overview.

Definition 1. A hypersequent is an expression of the form

Γ1 � Δ1 | . . . | Γn � Δn,

where, for all i = 1, . . . n, Γi � Δi is an ordinary sequent. Γi � Δi is called a
component of the hypersequent.
1 The name “hypertableau” was already used in [5] in the context of a different kind

of calculus.
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The intended meaning of the symbol | is disjunctive.
Like in ordinary sequent calculi, in a hypersequent calculus there are axioms

and rules, which are divided into logical and structural rules. The logical rules are
the same as in sequent calculi but for the presence of dummy contexts, denoted
by G and G′, that are called side hypersequents. For instance, in the hypersequent
calculus for Intuitionistic Logic, the rules for the → connective are:

(→, l)
G | Γ � A G′ | Γ,B � C

G | G′ | Γ,A→ B � C
(→, r)

G | Γ,A � B

G | Γ � A→ B

The structural rules can either be internal or external. The internal rules deal
with wff’s within components. They are the same as in ordinary sequent calculi.
The external rules manipulate whole components within a hypersequent. They
are external weakening (EW), exchange (EE) and contraction (EC):

(EW )
G

G | G′ (EE)
G | G′

G′ | G
(EC)

G | G′ | G′

G | G′

In hypersequent calculi it is possible to define new kind of structural rules which
simultaneously act on several components of one or more hypersequents. It is
this type of rule which increases the expressive power of hypersequent calculi
with respect to ordinary sequent calculi. See [2,3,4,9,8] for some examples of
hypersequent calculi ranging from modal to many-valued logics.

3 Hypertableau Calculi

It is well known that tableau calculi can be easily obtained by dualizing sequent
calculi (see, e.g., [20,11]). Here we define the tableau systems corresponding to
hypersequent calculi. We call these systems hypertableau calculi.

As usual, a signed formula (swff for short) is an expression of the form TX or
FX where X is any wff. The meaning of the signs T and F is as follows: Given
a Kripke model K = 〈P,≤, v〉 and a swff H, we say that α ∈ P realizes H (in
symbols α � H) if H ≡ TX and α‖−−X, or H ≡ FX and α‖−/−X.

A set S of swff’s is realized in K (in symbols α�S) if there exists an element
α realizing all the swff’s in S. S is contradictory if it contains either T⊥ or both
TX and FX for some wff X2.

Definition 2. An h-set is an expression of the form

S1 | . . . | Sn

where, for all i = 1, . . . , n, Si is a set of swff’s. Si is called a component of the
h-set. An h-configuration is an expression of the form

Ψ1 ‖ . . . ‖ Ψm

where, for all i = 1, . . . , n, Ψi is an h-set called component of the h-configuration.
2 This condition can be equivalently reformulated by requiring X to be a propositional

variable.
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As shown by the following definition the intended meaning of the symbol | is
conjunctive while the one of the symbol ‖ is disjunctive.

Definition 3. We say that an h-set S1 | . . . | Sn is realized in K, if all the
sets Sj, with j = 1, . . . , n, are realized in K.

An h-configuration Ψ1 ‖ . . . ‖ Ψm is realized in K, if there exists j ∈
{1, . . . ,m} such that Ψj is realized in K.

Definition 4. An h-set is contradictory if at least one of the Si, with i =
1, . . . , n, is contradictory.

Hypertableau calculi are defined by dualizing hypersequent calculi as follows:
Given a hypersequent Γ1 � Δ1 | . . . | Γn � Δn, each component Γi � Δi

translates into the set of swff’s T(Γi) ∪ F(Δi) where T(Γi) = {TA | A ∈ Γi}
and F(Δi) = {FA | A ∈ Δi}. Thus the above hypersequent translates into the
h-set

T(Γ1) ∪ F(Δ1) | . . . | T(Γn) ∪ F(Δn).

Clearly, the axioms of hypersequent calculi are translated into contradictory h-
sets. As for the tableau rules, the hypertableau ones are obtained by simply
reversing the corresponding hypersequent rules.

Definition 5. A hypertableau for Ψ1 ‖ . . . ‖ Ψm is a finite sequence of h-
configurations obtained by applying the rules of the calculus to Ψ1 ‖ . . . ‖ Ψm.

A hypertableau is said to be closed if all the h-sets in its final configuration
are contradictory.

In Table 1 one can find the rules of the hypertableau calculus t-Int for Intuitio-
nistic Logic coming from the above translation. The notation S,H with S set of
swff’s and H swff will denote the set S ∪ {H}.

We remark that, as in the hypersequent calculus for Intuitionistic Logic, in
t-Int the external structural rules are redundant.

To simplify the notation, in the above rules we omitted the components of
the h-configurations not involved in the derivation. E.g., the schema

Ψ1 ‖ . . . ‖ Ψ | Φ ‖ . . . ‖ Ψn

Ψ1 ‖ . . . ‖ Ψ ‖ . . . ‖ Ψn

HEW

illustrates the external weakening rule HEW spelt out in more detail, and simi-
larly for the other rules.

Remark 1. In the above calculus the internal structural rules are internalized
into logical rules, for the former are playing no semantical rôle.

Remark 2. By reversing the (∨, l), (∧, r), (→, l) rules of the hypersequent calcu-
lus for Intuitionistic Logic one would obtain the following hypertableau rules:

Ψ | Ψ ′ | S,T(A ∨B)

Ψ | S,TA ‖ Ψ ′ | S,TB

Ψ | Ψ ′ | S,F(A ∧B)

Ψ | S,FA ‖ Ψ ′ | S,FB

Ψ | Ψ ′ | S,T(A→B)

Ψ | S,T(A→B),FA ‖ Ψ ′ | S,TB



164 A. Ciabattoni and M. Ferrari

Table 1. Hypertableau calculus t-Int for Intuitionistic Logic

External Structural Rules

Ψ | Φ

Ψ
HEW

Ψ | S

Ψ | S | S
HEC

Ψ | S1 | S2 | Φ

Ψ | S2 | S1 | Φ
HEE

Logical Rules

Ψ | S,T(A1 ∧A2)

Ψ | S,TAi

T∧i for i = 1, 2
Ψ | S,F(A ∧B)

Ψ | S,FA ‖ Ψ | S,FB
F∧

Ψ | S,T(A ∨B)

Ψ | S,TA ‖ Ψ | S,TB
T∨

Ψ | S,F(A1 ∨A2)

Ψ | S,FAi

F∨i for i = 1, 2

Ψ | S,T(A→B)

Ψ | S,T(A→B),FA ‖ Ψ | S,TB
T→

Ψ | S,F(A→B)

Ψ | ST,TA,FB
F→

ST = {TX | TX ∈ S}

Nevertheless, these rules introduce non-determinism in proof search. It is easy
to see that using the external rules, these rules are interderivable with the rules
T∨,F∧ and T→ of t-Int, respectively.

Any hypertableau rule coming from the above translation is correct, i.e., when
its premise is realized, so is the conclusion. This immediately follows from the
correctness of the corresponding hypersequent rule. Thus, the proof of the so-
undness theorem for the hypersequent calculus can be translated into a proof of
the soundness theorem for the corresponding hypertableau calculus. Accordingly,
one can look at the proof of the completeness theorem given for the hypersequ-
ent calculus as a completeness proof for the corresponding hypertableau calcu-
lus. Indeed, each proof of a valid hypersequent directly translates into a closed
hypertableau.

Theorem 1. A wff A is intuitionistically valid iff there exists a closed hyper-
tableau for {FA} in t-Int.

3.1 On Hypertableaux for Intermediate Logics

The hypertableau framework is stronger than that of tableau. Intuitively, the
former allows to formalize logics whose properties can be simply expressed in a
disjunctive form. This section is devoted to define hypertableau calculi for some
families of intermediate logics and to give some insights on the expressive power
of hypertableaux (hypersequents).



Hypertableau and Path-Hypertableau Calculi for Some Intermediate Logics 165

In [4,3,9,8] cut-free hypersequent calculi have been defined for the intermediate
logics Bwk, Bck, Gk+1 and LQ, whose semantics are given by

Bwk : the class of finite trees not containing k + 1 pairwise incomparable nodes
(for short, finite trees of width ≤ k);

Bck : the class of trees containing at most k nodes;
Gk+1 : the class of trees of width ≤ 1 and with at most k nodes;
LQ : the class of finite posets with a single final node.

By dualizing these calculi as described in the previous section, one gets sound
and complete hypertableau calculi for Bwk,Bck,Gk+1 and LQ. All these logics
share the property that their Kripke models K can be described by disjunctively
combining “basic” conditions of the form:

(a) αi ≤ αj or αj ≤ αi (b) αi = αj (c) ∃αk ∈ K : αi ≤ αk and αj ≤ αk

Indeed, the Kripke models of the Bwk logic can be characterized as follows: For
every k + 1 elements α0, . . . , αk,

∨

i �=j∈{0,...,k}
αi ≤ αj or αj ≤ αi.

The Kripke models of the Bck logic have the following property: For every k +1
elements α0, . . . , αk,

∨

i �=j∈{0,...,k}
αi = αj .

Finally, the Kripke models of the LQ logic satisfy (c).
The above conditions can be formalized in the hypertableau framework. In-

deed, consider the following rule, originally defined in [4] in the context of cut-free
hypersequent calculi

Ψ | T(Γ0),FA0 | T(Γ1),FA1

Ψ | T(Γ0),T(Γ1),FA1 ‖ Ψ | T(Γ0),T(Γ1),FA0

(≤)

By adding this rule to t-Int one gets a hypertableau calculus for infinite-valued
Gödel logic.

Example 1. We display a proof of axiom (q→p)∨ (p→q) in the above calculus.

F(q→p) ∨ (p→q)
HEC

F(q→p) ∨ (p→q) | F(q→p) ∨ (p→q)
F∨

F(q→p) ∨ (p→q) | F(p→q)
F→

F(q→p) ∨ (p→q) | Tp,Fq
HEE

Tp,Fq | F(q→p) ∨ (p→q)
F∨

Tp,Fq | F(q→p)
F→

Tp,Fq | Tq,Fp
(≤)

Tp, Tq , Fq ‖ Tq, Tp , Fp
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As is well known, in every Kripke model K of G∞ for all αi, αj ∈ K, either
we have αi ≤ αj or αj ≤ αi. Thus a hypertableau calculus for the Bwk logic
is simply defined by adding to t-Int the following generalization of the (≤) rule
(see [8])

Ψ | T(Γ0),FA0 | . . . | T(Γk),FAk

. . . ‖ Ψ | T(Γi),T(Γj),FAi ‖ for every 0≤i �=j≤k . . .
(Bwk)

As an example we show a proof of axiom (p0→p1 ∨ p2) ∨ (p1→p0 ∨ p2) ∨ (p2→
p0 ∨ p1) in the above calculus for Bw2.

Example 2. Let H = (p0→p1∨p2)∨(p1→p0∨p2)∨(p2→p0∨p1). The derivation
proceeds as follows:

FH
HEC

FH | FH
HEC

FH | FH | FH
·····
by several applications of F∨ and HEE

F(p0→p1 ∨ p2) | F(p1→p0 ∨ p2) | F(p2→p0 ∨ p1)
·····
by several applications of F→ and HEE

Tp0,F(p1 ∨ p2) | Tp1,F(p0 ∨ p2) | Tp2,F(p0 ∨ p1)
(Bw2)

Tp0,Tp1,F(p1 ∨ p2) ‖ Tp0,Tp2,F(p1 ∨ p2) ‖ Tp1,Tp0,F(p0 ∨ p2) ‖
Tp1,Tp2,F(p0 ∨ p2) ‖ Tp2,Tp0,F(p0 ∨ p1) ‖ Tp2,Tp1,F(p0 ∨ p1)

·····
by several applications of F∨ and HEE

Tp0, Tp1,Fp1 ‖ Tp0, Tp2,Fp2 ‖ Tp1, Tp0,Fp0 ‖

Tp1, Tp2,Fp2 ‖ Tp2, Tp0,Fp0 ‖ Tp2, Tp1,Fp1

By extending the hypertableau calculus for Intuitionistic Logic with the following
rule

Ψ | T(Γ0),FA0 | T(Γ1)

Ψ | T(Γ0),T(Γ1),FA0

(=)

one gets a calculus for Classical Logic (see [9]). As is well known, in this logic
for every two states αi, αj ∈ K, αi = αj . A hypertableau calculus for the Bck

logic is simply defined by adding to t-Int the following generalization of the (=)
rule (see [8])

Ψ | T(Γ0),FA0 | . . . | T(Γk)

. . . ‖ Ψ | T(Γi),T(Γj),FAi ‖ for every 0≤i≤k−1 and i+1≤j≤k . . .
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To obtain a hypertableau calculus for Gk+1 it suffices to extend t-Int with both
the (≤) rule and the above rule. However, an alternative hypertableau calculus
for Gk+1 can be defined by replacing these two rules with the following one (see
[8])

Ψ | T(Γ0),FA0 | . . . | T(Γk)

. . . ‖ Ψ | T(Γi),T(Γi+1),FAi ‖ for every 0≤i≤k−1 . . .

Finally, the (c) condition exactly corresponds to the following rule defined for
LQ logic (see [9])

Ψ | T(Γ0) | T(Γ1)

Ψ | T(Γ0),T(Γ1)
(∃≤)

thus, for each k ≥ 1, adding to t-Int the following generalization of the (∃ ≤)
rule

Ψ | T(Γ0) | . . . | T(Γk)

. . . ‖ Ψ | T(Γi),T(Γj) ‖ for every 0≤i �=j≤k . . .

one gets a calculus for the logic which is semantically characterized by Kripke
models with at most k final states.

However, there do exists intermediate logics characterized by simple semantical
conditions that cannot be described only combining the (a)-(c) conditions above.
Let us consider, for instance, the Bd2 logic which is semantically characterized
by the class Fd≤2 of all rooted posets with depth at most 2 (see [7]). To describe
its models one needs to express the condition: for all αi, αj , αk

αi ≤ αj ≤ αk =⇒ αi = αj or αj = αk.

We believe that this condition is hardly formalizable in the hypertableau (hyper-
sequent) framework.

In the next section we will show how to suitably modify hypertableaux in
order to define an analytic calculus for this logic.

4 Path-Hypertableau Calculi

In this section we introduce path-hypertableaux. Whereas hypertableaux are
based on h-sets with explicit external rules for manipulating the order and the
number of their components, the idea behind path-hypertableaux is to consi-
der the components of h-sets as suitable ordered sequences. This eliminates the
external exchange rule. Thus path-hypertableaux can be seen as substructural
hypertableaux.

Let us call a path of a Kripke model K any sequence α = α1, . . . , αn ∈ K
such that α1 ≤ . . . ≤ αn.
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Definition 6. We say that an h-set S1 | . . . | Sn is path-realized (p-realized
for short) in a Kripke model K, if there exists a path α = α1, . . . , αn ∈ K such
that αi � Si, for every 1 ≤ i ≤ n. In this case we say that the path α realizes
the h-set S1 | . . . | Sn. An h-configuration Ψ1 ‖ . . . ‖ Ψm is p-realized in K, if
there exists j ∈ {1, . . . ,m} such that Ψj is p-realized in K.

A p-hypertableau is a finite sequence of h-configurations obtained by applying the
rules of the p-hypertableau calculus. The closure condition for a p-hypertableau
is the same as that we gave for a hypertableau (see Definition 5).

Intuitively, each component of an h-set describes a particular state of a Kripke
model. Thus path-hypertableaux allow to simultaneously explore all the states
constituting an ascending chain.

It is immediate to verify that the following proposition holds:

Proposition 1. If an h-set is contradictory then it is not p-realizable.

In Table 2 we display the p-hypertableau calculus pt-Int for Intuitionistic Logic.

Table 2. Path-hypertableau calculus pt-Int for Intuitionistic Logic

External Structural Rules

Ψ | Φ

Ψ
HEWr

Ψ | Φ

Φ
HEWl

Ψ | Φ

Ψ | Φ | Φ
HECr

Ψ | Φ

Ψ | Ψ | Φ
HECl

Logical Rules

Ψ | S,T(A1 ∧A2) | Ψ ′

Ψ | S,TAi | Ψ ′
T∧i for i = 1, 2

Ψ | S,F(A ∧B) | Ψ ′

Ψ | S,FA | Ψ ′ ‖ Ψ | S,FB | Ψ ′
F∧

Ψ | S,T(A ∨B) | Ψ ′

Ψ | S,TA | Ψ ′ ‖ Ψ, S,TB | Ψ ′
T∨

Ψ | S,F(A1 ∨A2) | Ψ ′

Ψ | S,FAi | Ψ ′
F∨i for i = 1, 2

Ψ | S,T(A→B) | Ψ ′

Ψ | S,FA,T(A→B) | Ψ ′ ‖ Ψ | S,TB | Ψ ′
T→

Ψ | S,F(A→B) | Ψ ′

Ψ | ST,TA,FB
F→

ST = {TX | TX ∈ S}

Remark 3. In the new interpretation of h-sets the external exchange rule does
not hold. This entails the splitting of the external rules of weakening and con-
traction into left and right rules, according to the part of the h-set they modify.

As usual, the main step of the Soundness Theorem is to prove that the rules of
the calculus preserve p-realizability.
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Lemma 1. The rules of pt-Int preserve p-realizability.

Proof. As an example, we shall give the proof for the F→ rule. Suppose that
α1, . . . , αn, β, γ1, . . . , γm is a path of a model K p-realizing S1 | . . . | Sn | S,F(A→
B) | S′

1 | . . . | S′
m. Thus, there exists an element δ in K such that β ≤ δ and

δ �TA,FB. Hence the path α1, . . . , αn, δ p-realizes S1 | . . . | Sn | ST,TA,FB.

Remark 4. The absence of the right context Ψ ′ in the consequent of the F→
rule is essential to preserve p-realizability of F→. Indeed the p-realizability of
F(A→B) in a state β requires the existence in the model of a state δ ≥ β p-
realizing TA and FB. However nothing is known about the relationship between
δ and the path p-realizing Ψ ′.

Theorem 2 (Soundness). If there exists a closed p-hypertableau for {FA} in
pt-Int, then A is valid in Intuitionistic Logic.

Proof. Let us suppose, by way of contradiction, that there are a Kripke model
K = 〈P,≤, v〉 and α ∈ P such that α � FA. By the previous lemma the final h-
configuration of the closed p-hypertableau for {FA} is p-realizable. This means
that a contradictory h-set is p-realizable, contradicting Proposition 1.

Theorem 3 (Completeness). If a wff A is valid in Intuitionistic Logic, then
there exists a closed p-hypertableau for {FA} in pt-Int.

Proof. Straightforward since the logical rules of pt-Int are essentially the same
as in ordinary tableau calculi for Intuitionistic Logic (see, e.g., [11]) with in
addition the contexts Ψ and Ψ ′.

4.1 Logics of Bounded Depth Kripke Models

In the following we define path-hypertableau calculi for the intermediate logics
of bounded depth Kripke models Bdk, with k ≥ 1. Our calculi are uniform, and
are simply obtained by adding a suitable structural rule to pt-Int (see Table 2).

Bdk is characterized by the class Fd≤k of rooted posets with depth ≤ k. In
other words, every chain of its models has at most k elements. Thus Bd1 coin-
cides with Classical Logic. A Hilbert style axiomatization of Bdk is obtained
by extending the axioms of Intuitionistic Logic with the axiom scheme (Bdk)
recursively defined as follows (see [12]):

(Bd1) A1 ∨ ¬A1
(Bdi+1) Ai+1 ∨ (Ai+1→(Bdi))

For k ≥ 1, the p-hypertableau calculus pt-Bdk is simply obtained by adding to
pt-Int the following structural rule:

Ψ | S0 | . . . | Sk | Ψ ′

Ψ | S0, S1 | Ψ ′ ‖ Ψ | S0 | S1, S2 | Ψ ′ ‖ . . . ‖ Ψ | S0 | . . . | Sk−2 | Sk−1, Sk | Ψ ′
(≤k)
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Remark 5. The (≤ k) rule resembles the n-Shifting restart rule introduced in
[13] in order to define goal-oriented deduction methods for Bdk.

We prove that pt-Bdk is sound and complete with respect to the Bdk logic.

Lemma 2. The rules of pt-Bdk preserve p-realizability.

Proof. By Lemma 1 we only have to show that the (≤ k) rule preserves p-
realizability over the frames for Bdk. Indeed, if its premise is realized in a model
K built on a frame of Fd≤k, then there exists a path β0 ≤ . . . ≤ βp ≤ α0 ≤ . . . ≤
αk ≤ γ0 ≤ . . . ≤ γq in K such that β = β0, . . . , βp realizes the h-set Ψ , αi � Si

for every i = 0, . . . , k, and γ = γ0, . . . , γq realizes the h-set Ψ ′. Since any path in
K has depth at most k, there exists h ∈ {0, . . . , k} such that αh = αh+1. Thus
the sequence β, α0, . . . , αh, γ realizes the h-set Ψ | S0 | . . . | Sh, Sh+1 | Ψ ′.

Theorem 4 (Soundness). If there exists a closed p-hypertableau for {FA} in
pt-Bdk, then A is valid in Bdk.

Proof. The proof proceeds as in Theorem 2.

Definition 7. An h-set Φ is Bdk-consistent if it has no closed p-hypertableau
in pt-Bdk.

The completeness theorem has the following form: If a wff A is valid in every
Kripke model of depth ≤ k, then there is a closed p-hypertableau for {FA} in
pt-Bdk. According to the semantical interpretation of the swff’s, it suffices to
prove that: If an h-set S of swff’s is Bdk-consistent then there is a Kripke model
K built on a poset in Fd≤k realizing it.

Our proof is based on a general method allowing to built up a rooted Kripke
model K(S) realizing each Bdk-consistent h-set S (see, e.g., [1,16]). We start by
defining the basic notions of node set and successor set.

Let Φ | S be any Bdk-consistent h-set with S = {A1, . . . , An}. We define the
sequence {Si}i∈ω of sets of swff’s as follows:

– S0 = S;
– Let Si = {H1, . . . , Hq}; then Si+1 =

⋃

Hj∈Si
U(Hj , i)

where, setting S′
j =

⋃j−1
k=1 U(Hk, i) ∪

⋃q
k=j+1 Hk, U(Hj , i) is defined as follows:

1. If Hj ≡ T(A ∨ B) and Φ | (S′
j ∪ {TA}) is Bdk-consistent, then U(Hj , i) =

{TA}, otherwise U(Hj , i) = {TB};
2. If Hj ≡ F(A ∧ B) and Φ | (S′

j ∪ {FA}) is Bdk-consistent, then U(Hj , i) =
{FA}, otherwise U(Hj , i) = {FB};

3. If Hj ≡ T(A→B) and Φ | (S′
j ∪ {TB}) is Bdk-consistent, then U(Hj , i) =

{TB}, otherwise U(Hj , i) = {FA,T(A→B)};
4. If Hj ≡ F(A→B), then U(Hj , i) = {F(A→B)}.
5. Otherwise, U(Hj , i) is the set of h-configurations obtained by applying the

rule in pt-Bdk for Hj to the h-configuration {Hj}.
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Since each step in the construction of Si+1 corresponds to the application of a
rule of pt-Bdk, it is easy to see (by induction on i) that every Φ | Si is Bdk-
consistent. The finiteness of each Si directly follows for S being finite. Thus there
exists k ≥ 0 such that Sk = Sk+1. We call Sk the node set of S w.r.t. Φ and we
denote it with S. We call the set S∗ =

⋃

i≥0 Si the saturated set related to S.
Given an h-set Φ | S, for every F(A → B) ∈ S we call path-extension of

Φ | S (w.r.t. F(A→B)) the path Φ | S | (ST ∪ {TA,FB}). Moreover, we call
ST ∪ {TA,FB} the successor set of S (w.r.t. F(A→B)).

Using the rules HECr and F→, one can easily check that every path-extension
of a Bdk-consistent h-set is Bdk-consistent.

Henceforth, we shall consider trees T whose nodes are sets of swff’s and we shall
identify each path Γ0, . . . , Γm of these trees with the h-set Γ0 | . . . | Γm.

To help the reader, we first give an overview on the construction of K(S).
Let T 0 be the tree only containing a node set of S (w.r.t. the empty h-set) as
root. Our aim is to build up a sequence of trees T 1, . . . ,T t having depth ≤ k.
This shall be done in the following steps:

Step 1: Expansion. For every leaf Δ of depth j in T i, with j < k + 1, the nodes
of depth j + 1 in T i+1 are obtained by adding, as the immediate descendent
of Δ, the node sets of its successor sets. If T i+1 has depth ≤ k go to Step 3.
Otherwise, go to Step 2.
Step 2: Contraction. The contraction of T i results in a tree of depth ≤ k obtained
by deleting some subtrees of T i. This shall be essentially done by using the (≤ k)
rule. Go to Step 1.
Step 3: Model construction. K(S) is built on the last tree T last of the sequence
and for every element α of T last, v(α) is defined as {p : Tp ∈ α}.
Expansion step

First we define an invariant on the trees T that we shall consider hereafter

T.1 For each internal node Γ , the path Γ 0 | . . . | Γ is Bdk-consistent and each
set occurring in it is a node set;

T.2 For every leaf Δ, the path Γ 0 | . . . | Γm | Δ is Bdk-consistent (possibly, Δ
is not a node set);

T.3 The depth of T is at most k + 1.

Let T be a tree satisfying the above conditions. The sequence {Si}Ti≤k+1 gene-
rated by T is defined as follows:

- S0 = T ;
- Given Si with i ≤ k + 1, let V1, . . . , Vq be the leaves of depth ≤ k. For every
j = 1, . . . , q let V j be the node set with respect to the h-set Φj (corresponding
to the path from the root of Si to the parent of Vj). Let U j

1 , . . . , U
j
lj

be the

successor sets of V j . For every U j
g , let U

j

g be its node set w.r.t. Φj | V j .
Si+1 is the tree obtained by substituting the node Vj in Si with the subtree
of depth 2 having V j as root and as leaves the node sets U

j

1, . . . , U
j

lj .
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It is easy to check that Si+1 satisfies the conditions (T.1)-(T.3).

Contraction

We call cut of the sequence {Si}Ti≤k+1 the tree T defined as follows:

- If the depth of Sk+1 is ≤ k + 1, then T = Sk+1;
- Otherwise, let π0, . . . , πr be the paths in Sk+1 with length k + 1. Since any
πj = Γ 0 | . . . | Γ k is Bdk-consistent, the application of the (≤ k) rule to
this h-set yields an h-configuration

Γ 0, Γ 1 ‖ Γ 0 | Γ 1, Γ 2 ‖ . . . ‖ Γ 0 | . . . | Γ k−2 | Γ k−1, Γ k

that contains at least a Bdk-consistent h-set. Let π+
j be the first Bdk-

consistent h-set in this h-configuration, i.e., the one corresponding to the
shortest path. Consider the paths π+

0 , . . . , π+
r together with the ordering in-

duced on this set from the sub-path relation. Let us denote with π̃0, . . . , π̃z

the minimal elements of this ordered set. For every j = 0, . . . , z, if π̃j =
Γ

j

0 | . . . | Γ j

p−1 | Γ
j

p, Γ
j

p+1 and Hj is the swff used to build up the succes-

sor node Γ
j

p+1 of Γ
j

p, we define πj = Γ
j

0 | . . . | Γ j

p−1 | Γ
j

p, Γ
j

p+1 \ {Hj}.
We remark that the Bdk-consistency of π̃j immediately implies the Bdk-
consistency of πj . Let Δj be the node set of (Γ

j

p \{Hj})∪Γ
j

p+1 with respect

to Γ
j

0 | . . . | Γ j

p−1. We define T as the tree obtained by replacing the sub-

tree of root Γ
j

p in Si+1 with the subtree only consisting of the node set Δj .

Moreover, we say that Δj is obtained by a cut on the set (Γ
j

p \{Hj})∪Γ
j

p+1.

By the above construction we immediately get that, if T satisfies conditions
(T.1)-(T.3), T satisfies these conditions too. Moreover T has depth ≤ k.

The sequence of trees

Given a Bdk-consistent h-set S, we define the sequence of trees {T i}i∈ω genera-
ted by S, as follows:

– T 1 is the cut of the sequence {Si}{S}
i≤k+1 where {S} is the tree only consisting

of the root S.
– T i+1 is the cut of {S}T i

i≤k+1.

For every tree T i in the above sequence, we define a function ρi associating with
each node of T i a saturated set as follows: For every node Γ in T i (i ≥ 1):

1. If Γ is a node of the tree Sk+1 in the sequence {Si}Ti

i≤k+1, then

ρi(Γ ) =
{

the saturated set related to Γ if i = 1
ρi−1(Γ ) otherwise
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2. If Γ is not a node of Sk+1, then it is obtained by a cut on a set Γ =
(Γ p \ {H}) ∪ Γ p+1), thus

ρi(Γ ) =
{

Γ ∗
p ∪ Γ ∗

p+1 ∪ Γ ∗ if i = 1
ρi−1(Γ p) ∪ ρi−1(Γ p+1) ∪ Γ ∗ otherwise

where Γ ∗
p , Γ ∗

p+1 and Γ ∗ are the saturated sets related to Γ p, Γ p+1 and Γ ,
respectively.

An inspection on the construction of the trees T i, easily shows that for any node
Γ of T i, the set ρi(Γ ) has the usual properties of a saturated set.

Model Construction

Being S a finite set of swff’s, one can easily prove that there exists an integer t
such that, for every i ≥ t, T i = T t. The Kripke model K(S) is defined thus:

1. 〈P,≤〉 is the poset where P contains all the nodes of T t and ≤ is the reflexive
and transitive closure of the immediate descendent relation of T t.

2. For every Γ ∈ P and for every propositional variable p, p ∈ v(Γ ) iff Tp ∈ Γ .

We associate with K(S) the function ρ = ρt. Using the construction of the trees
in {T i}i∈ω, it is easy to check that K(S) is a Kripke model built on Fd≤k.

Remark 6. The above construction shows that in pt-Bdk the HECl rule is ac-
tually redundant.

Now, it is only a matter of technicality to prove the main lemma:

Lemma 3. For each Γ ∈ K(S) and swff H ∈ ρ(Γ ), one has Γ � H in K(S).

Proof. By induction on the structure of H. The base cases H ≡ Tp and H ≡ Fp
immediately follow by definition of K(S). As for the induction step consider the
case H ≡ F(A→ B). Let Γ 1, . . . , Γ t−1, Γ t = Γ be the “history” of Γ in the
sequence {T i}i≤t. That is, for every j = t− 1, . . . , 1, if Γ j is obtained by a cut
on the set (Γ p \{H})∪Γ p+1 then Γ j is Γ p, otherwise Γ j is Γ j+1. Let Γh be the
first set in this sequence not containing F(A→B). Thus there exists a node set
Δh in T h such that Δh is an immediate descendent of Γh and TA,FB belongs
to ρh(Δh). By definition of the sequence {T i}i≤t and of the model K(S) there
exists an element Δ ∈ P such that Γ ≤ Δ and {TA,FB} ⊆ ρ(Δ). By induction
hypothesis one has Δ � TA,FB. Therefore, Γ � F(A→B).

This immediately yields the completeness theorem:

Theorem 5 (Completeness). If a wff A is valid in Fd≤k, then there exists a
closed p-hypertableau for {FA} in pt-Bdk.

Proof. Let us suppose by way of contradiction that {FA} is Bdk-consistent. By
the above lemma, this implies that FA is p-realizable in K(S), contradicting the
assumed validity of A in Fd≤k.
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Remark 7. By dualizing pt-Bdk, with k ≥ 1, one can easily define path-hyper-
sequent calculi for the Bdk logics. However, while in path-hypertableau calculi
there is an immediate relation between the semantics of these logics and the
interpretation of h-sets, this relation is not so obvious in the corresponding path-
hypersequent calculi.
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Abstract. In this paper we study proof procedures for some variants
of first order modal logics, where domains may be either cumulative
or freely varying and terms may be either rigid or non-rigid, local or
non-local. We define both ground and free variable tableau methods,
parametric with respect to the variants of the considered logics. The
treatment of each variant is equally simple and is based on the annotation
of functional symbols by natural numbers, conveying some semantical
information on the worlds where they are meant to be interpreted.

1 Introduction

First order modal logics constitute a delicate and difficult subject (see for exam-
ple [12] for an overview). In principle, their semantics could simply be obtained
by extension of the modal propositional semantics: a first order modal struc-
ture can be built on the base of a set of first order classical interpretations (the
“possible worlds”), connected by a binary relation (the accessibility relation).
However, there are a number of different possibilities that can be considered,
concerning for example:

The object domains: is there any relation between the universes of the diffe-
rent worlds? They can be required to be the same for all worlds (constant
domains), they can bear no relation one to the other (varying domains), or
the object domains can vary, but monotonically, i.e. if w′ is accessible from
w, then the object domain of w is included in the domain of w′ (cumulative
domains).

The designation of terms: is the denotation of terms the same in all worlds
or can it vary? When the answer is positive, then designation is taken to be
rigid, otherwise it is non-rigid (often, mixed approaches are of interest, too,
where the interpretations of some symbols are rigid, others are not).

The existence of objects: does the extension of any ground term belong to
every object domain or not? If the answer is positive, then we assume terms
to be local, otherwise terms are non-local.

So, several variants of quantified modal logics (QMLs) are possible, just by choo-
sing different combinations of the cases considered above. We call them DDE
variants (Domains/Designation/Existence variants) of QML. Obviously, the lo-
gic also depends on its propositional kernel, so that we have a four-dimensional
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space of possible QMLs. As often happens with modal logics, different choices
are appropriate for different applications. A discussion can be found in [12] as
well as [11].

Some DDE variants can easily be given a proof theoretic characterization,
some are harder to treat. The easiest approach is obviously obtained just by
adding the principles of classical logic to a propositional modal system. What
we obtain then is a logic with cumulative domains, rigid designation and local
terms. In fact, such a logic validates the converse of Barcan Formula (CBF),
that characterizes cumulative domains: �∀xA → ∀x�A. Rigid designation and
locality of terms are consequences of the instantiation rule of classical logic
∀xA→ A[t/x]. For example, �p(c) follows from the instantiation rule and p(c)∧
∀x(p(x)→ �p(x)), but it is not a logical consequence of the latter formula alone,
if the denotation of c can vary from world to world (the example is from [16]).

Besides the axiomatic characterization, some first order modal logics with
cumulative domains, rigid designation and local terms have been given sequent
and tableau calculi [9,10,15], natural deduction [5], matrix proof procedures [19],
resolution style calculi [1,7], and translation based procedures [3,18].

Now, while translation methods are general enough to treat also other DDE
variants of QML (for instance, [3] deals with constant domains logics, where de-
signation may be rigid as well as non rigid, and [18] handles all the DDE variants
of QML), the direct methods are less flexible. For instance, it can be proved that
constant domain logics cannot be treated by standard tableau systems (cut free
sequent calculi). The addition of prefixes labelling tableau nodes solves this pro-
blem [9], as matrix methods do [19]: in both kinds of calculi in fact it is possible
to analyse more than one possible world at a time, and this allows the proof
to “go back and forth” (the same mechanism solves the problem of symmetric
logics). In [9] all the variants of QML concerning the object domains of possible
worlds are treated by prefix tableau methods and some suggestions on how to
treat the varying domains case in calculi without prefixes can be found. A direct
approach dealing with both varying domains and non-rigid symbols has a repre-
sentative in [16], which defines a resolution method for epistemic logics, where
terms can be annotated by a “bullet” constructor distinguishing rigid terms from
non-rigid ones. A different direction is followed by [11], where the language of
modal logic is enriched by means of a predicate abstraction operator, in order to
capture differences on the denotation of terms, and a tableau proof procedure is
presented for such a logic, with no restriction on the domains of possible worlds.

In general, direct proof methods can treat the less easy variants of QML
either by modifications of classical and/or modal rules in an often cumbersome
manner (if the axiomatic approach is taken), or else by attaching some kind of
semantical information to the proof structures.

The aim of this work is to provide a treatment of some variants of QML,
where the explicit intrusion of semantics in the proof structures is kept as simple
and minimal as possible. We propose calculi in the tableau style, that allow us
to treat all the DDE variants of QML (that are formally defined at the end
of this section), with the exclusion of constant domain logics, that we believe
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cannot be captured in the same style. Namely, we deal with the combinations
cumulative/varying domains, rigid/non rigid designation, local/non local terms,
for the analytic logics K, D, T, K4, S4. The treatment of each DDE variant is
equally simple and is based on the annotation of functional symbols by natural
numbers, resulting in a minimal departure from standard tableau methods (i.e.
cut-free sequent systems). A similar mechanism is used in [7,8], to obtain Skolem-
like normal forms and define modal resolution proof procedures.

We define both ground tableau calculi — called TabG (Section 2), dealing
with closed formulae — and free variable tableau calculi — called TabFV (Section
3). In both cases, the calculi are parametric with respect to the DDE variants of
the considered logic. The treatments differ only in the annotation mechanism and
a suitable classification of terms according to the annotation of their symbols,
that determines, in TabG, which applications of the γ-rule are correct and, in
TabFV , which substitutions are allowed. Both classes of calculi are sound and
complete. Due to space restrictions, proofs are only sketched (Section 4).

In the rest of this section, we briefly recall the syntax and semantics of QML.
A first order modal language L is constituted by logical symbols (propositional
connectives, quantifiers, modal operators and a countable set X of individual
variables), a non empty set LP of predicate symbols and a set LF of functional
symbols with an associated arity. Constants are considered as functional symbols
with null arity. Terms are built using symbols from LF and X. The inductive
definition of terms and formulae is as usual.

A first order modal interpretationM of a language L is a tuple 〈W,w0, R,D,
δ, φ, π〉 such that:

– W is a non empty set (the set of “possible worlds”);
– w0 is a distinguished element of W ;
– R is a binary relation on W (the accessibility relation);
– D is a non empty set (the object domain);
– δ is a function assigning to each w ∈W a non empty subset of D, the domain

of w: δ(w) ⊆ D;
– φ represents the interpretation of constants and functional symbols in the

language: for every world w ∈W and n-ary functional symbol in the language
(with n ≥ 0), φ(w, f) ∈ Dn → D.

– π is the interpretation of predicate symbols: if p is a n-ary predicate symbol
and w ∈W , then π(w, p) ⊆ Dn is a set of n-tuples of elements in D.

The accessibility relation R of a modal structure can be required to satisfy
additional properties, characterizing different logics: we consider seriality (D),
reflexivity (T), transitivity (K4), both reflexivity and transitivity (S4). The
logic K makes no additional assumption on R.

The interpretation function φ is extended to terms in the usual way, and,
by an abuse of notation, φ(w, t) denotes the interpretation of t in w. If M =
〈W,w0, R,D, δ, φ, π〉 is an interpretation of the language L, the language of
the modelM, LD, is obtained from L by addition of a “name” for each d ∈ D,
i.e. a new constant d. The interpretation M is assumed to interpret names in
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such a way that that for every d ∈ D and w ∈ W , φ(w, d) = d. Note that the
interpretation of names d is always rigid.

Below we take ¬, ∧ and ∨ as the only primitive propositional connectives.
The relation |= between an interpretation M = 〈W,w0, R,D, δ, φ, π〉, a world
w ∈M and a closed formula in LD is defined inductively as follows:

1. M, w |= p(t1, ..., tn) iff 〈φ(w, t1), ..., φ(w, tn)〉 ∈ π(w, p).
2. M, w |= ¬A iff M,w �|= A.
3. M, w |= A ∧B iff M, w |= A andM, w |= B.
4. M, w |= A ∨B iff M, w |= A orM, w |= B.
5. M, w |= ∀xA iff for all d ∈ δ(w),M, w |= A[d/x]
6. M, w |= ∃xA iff there exists d ∈ δ(w) such that M, w |= A[d/x]
7. M, w |= �A iff for any w′ ∈W such that 〈w,w′〉 ∈ R, M, w′ |= A
8. M, w |= �A iff there is a w′ ∈W such that 〈w,w′〉 ∈ R andM, w′ |= A

A closed formula A is true in M iff M, w0 |= A, and it is valid iff it is true in
any interpretationM.

LetM = 〈W,w0, R,D, δ, φ, π〉 be a first order modal interpretation. We shall
deal with the following DDE variants of QML:

Cumulative domains: for all w,w′ ∈W , if wRw′ then δ(w) ⊆ δ(w′).
Varying domains: no restrictions on δ(w).
Rigid designation: for all w,w′ ∈ M and for every functional symbol f ,

φ(w, f) = φ(w′, f).
Non-rigid designation: no restrictions on the relation between φ(w, f) and

φ(w′, f), for any w �= w′ and f ∈ LF .
Local terms: for all w ∈ M and for every functional symbol f , if d1, ..., dn ∈

δ(w), then φ(w, f)(d1, ..., dn) ∈ δ(w).
Non-local terms: no restriction on the closure of domains δ(w) with respect

to the application of the designation of functional symbols.

For the sake of simplicity, we treat each variant as a different logic. However,
mixed approaches are also possible. For instance, we can establish that constant
symbols denote rigidly and functional symbols (of arity greater than 0) do not.
In the calculi described in the rest of this work, each symbol would then be
treated according to the rules of the corresponding logic.

Note that, if terms are local, the denotation of every ground term t is in every
domain δ(w). However, if domains are allowed to vary without restrictions, if
M, w |= ∃x�p(f(x)), and d is the element of δ(w) such thatM, w |= �p(f(d)),
then the denotation of f(d) is not necessarily in domain of the world w′ accessible
from w and such thatM, w′ |= p(f(d)), unless d ∈ δ(w′).

2 Ground Tableaux

In this section we illustrate the mechanism that allows us to deal with some DDE
variants of QML. We show how to treat the cases of cumulative and varying
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domains, where designation of terms can be either rigid or non-rigid, and terms
either local or not. In the following, we assume that a given logic has been fixed,
with a propositional basis that is one of the analytic logics K, D, K4, T, or
S4, and a first order variant.

The tableau systems presented in the sequel work with formulae in nega-
tion normal form: negation over non-atomic formulae is considered as a defined
symbol. In other terms, modal formulae are built out of literals (atoms and ne-
gated atoms) by use of ∧, ∨, �, � and the quantifiers ∀ and ∃. Negation over
non-atomic formulae is defined as usual.

Below, we present the ground calculus TabG. Formulae occurring in a gro-
und tableau for a set S of modal formulae are built over an extension L+ of
the language L of S, where constants and functional symbols can be annotated
by a numerical superscript, that is called the level of the symbol. Symbols with
superscripts are called annotated symbols. L+ extends L with two different infi-
nite sets of constants: a set A containing a constant for each level k ∈ IN and a
set C, containing an infinite number of constants for each level k > 0. Moreover,
L+ contains the annotated versions of the constants and functional symbols in
L. Precisely:

Definition 1. Let L be a modal language, A = {a0
0, a

1
1, .....} and C disjoint sets

of annotated constants different from any symbol in L, such that A contains
exactly one constant ak

k for each k ∈ IN, and C contains a denumerable set of
constants ck

k1
, ck

k2
, ... annotated with level k, for each k ≥ 1. Then the labelled

extension of L is the language L+ such that L+
P = LP and L+

F is:
LF ∪ C ∪ A ∪ {fk | f ∈ LF and k ∈ IN}

The nodes of a ground tableau for a set of closed formulae in the modal
language L are labelled sets of the form n : S where n is a natural number,
called the depth of the node, and S is a set of closed modal formulae in the
language L+. Similarly to the sequent calculus in [17], in this approach there is
no labelling of single formulae, but of whole sets of formulae.

Symbol annotations and node depths are related: let t be the occurrence of
a term in a node n : S, that we can assume describes a given world w; then the
levels of the symbols in t tell us whether t has a denotation in the domain of w,
and whether its denotation can be assumed to be the same as the denotation of
another occurrence of the same term t (with possibly different annotations).

Next, we define the initial tableau for S and an operation that is used in
some propositional expansion rules.

Definition 2.

1. If S is a set of modal formulae, then the initial tableau for S is the single
node 1 : S∗, where:

local terms and rigid designation: S∗ is obtained from S by an-
notating each functional symbol with level 0.

local terms and non-rigid designation: S∗ is obtained from S
by annotating each occurrence of a functional symbol outside the
scope of any modal operator with level 1.
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non local terms: S∗ = S
2. The base language of the tableau rooted at 1 : S∗ is the language L of S.

The language of the tableau is the labelled extension L+ of L.
3. If S is a set of modal formulae and n ∈ IN, then:

local terms: Sn is obtained from S by annotating each non-annotated
occurrence of a functional symbol outside the scope of any modal
operator with level n;

non local terms: Sn = S.

The main intuition behind the above notions is that symbols annotated with
level 0 are always symbols of the original language (and have not been introduced
by means of the δ-rule, defined below), their interpretation is the same in every
possible world and the domain of every world is closed with respect to the
application of the functions they denote. Thus, symbols of level 0 occur only
in the calculus for the DDE variant with rigid designation and local terms.

In the case of non-rigid designation and local terms, on the contrary, a symbol
of the base language L can occur with different levels in a tableau branch: when
occurring with level n, it actually refers to the denotation of the symbol in the
world corresponding to the node with depth n in that branch. Symbols occurring
outside the scope of a modal operator are initialized with level 1, the depth of
the initial node. Symbols of LF occurring inside a modal operator receive their
levels only when, by application of a propositional rule, they come to the surface
(by means of operation 3 in Definition 2).

In the case of non local terms, on the contrary, no assumption is made on
the denotation of symbols of the base language: they have no level in the initial
node of the tableau and never get one.

We consider a simple set of propositional tableau rules (others may be chosen
as well), shown in Table 1, where S, S′ are sets of modal formulae (in the language
of the tableau), �S stands for {�G | G ∈ S}, S′ is a set of non-boxed modal
formulae, comma is set union. The propositional part of the tableau systems we
consider consists of the classical rules, and: the rule πK in systems K, D and T,
the rule π4 in K4 and S4, the rule νT in T and S4, the rule νD in D.

Adopting a terminology from [13], the rules that do not modify the depth of
the node are called static, the others are called dynamic. So, a non-annotated
symbol can obtain a superscript only with the application of dynamic rules.

As can be noted, the depth n of a node n : S in a tableau “counts” the
number of dynamic rules applied in the branch before n : S. And, in fact, the
labelling of nodes is not essential and the depth of a node could be defined as
a meta-level concept. For this reason the present approach is not in the style of
prefixed tableaux.

The next definition establishes the relation between the depth of a node and
levels of symbols, by means of the concept of domain of a node, that is needed
to formulate the quantifier tableau rules.

Definition 3. Let L be a modal language and L+ its labelled extension.

1. A term t in L+ is in depth n iff every symbol in t has a level and t contains
only symbols with:
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Classical rules

(α)
n : A ∧B, S

n : A, B, S
(β)

n : A ∨B, S

n : A, S n : B, S

ν-rules

(νD)
n : �S, S′

n + 1 : Sn+1 (νT )
n : �A, S

n : An, �A, S

π-rules

(πK)
n : �A, �S, S′

n + 1 : An+1, Sn+1 (π4)
n : �A, �S, S′

n + 1 : An+1, Sn+1, �S

Fig. 1. Propositional expansion rules

varying domains and non-rigid designation: level n;
varying domains and rigid designation: level n and level 0;
cumulative domains: level k ≤ n.

2. If n : S is a tableau node, then its domain is:

dom(n : S) = {ap
p} ∪ {t | t occurs in S and t is in depth n},

where
varying domains, rigid designation and local terms: if there

is at least a constant in L then p = 0, otherwise p = n;
varying domains and either non-rigid designation or non-local

terms: p = n;
cumulative domains: p = 1

Roughly speaking, the object denoted by a term in dom(n : S) (and occurring
in a tableau) can be assumed to exist in the domain of the world “corresponding”
to the node n : S. Such terms are formed by use of symbols of level n itself,
symbols of level 0 in the case of rigid designation (i.e. symbols of the base
language L), and symbols having lower level in the case of cumulative domains,
e.g. constants denoting objects existing in the domain of some previous world,
therefore existing also in the considered world (in the ground version of the
calculus we are presenting in this section, the only functional symbols with non
null arity are those of the base language L).

Note that an annotated term may be in more than one depth. Moreover, if
t ∈ dom(n : S), then t is a ground term, it does not contain any non-annotated
symbol and every subterm t′ of t is in dom(n : S).

The quantifiers expansion rules in TabG are the following:
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(γ)
n : ∀xA, S

n : A[t/x],∀xA, S
(δ)

n : ∃xA, S

n : A[cn/x], S

In the γ-rule, t is any ground term in dom(n : ∀xA, S). In the δ-rule, c is a
constant in C that does not occur in {A} ∪ S. Note that c needs not be new in
the whole tableau: the local restriction on the δ-rule corresponds exactly to the
eigenvariable condition in sequent calculi.

Since dom(n : ∀xA, S) is never empty, even if n : ∀xA, S does not contain
any ground term, the γ-rule can always be applied at least once to such a node.
The constants of the set A (see Definition 1) in fact are used to take into account
the fact that the object domains are never empty, in much the same way as an
additional constant is used to form Herbrand domains in classical logic when
there are no ground terms. The difference, here, is that we may need to have an
infinite number of such constants, one for each depth. If domains are cumulative,
then one is enough: it denotes any object in the initial world w0, that exists in any
other world accessible from w0. Also if domains can vary but the base language L
contains at least a constant c and terms are assumed to be local, one additional
constant is enough: in fact, if terms of L are local, c denotes an object existing
in every world, and the constant a0

0 will be taken to denote such an object. If
none of the previous cases applies, then it may be the case that any two object
domains have empty intersection, so we need a different constant to name an
arbitrary object of each domain.

In TabG, once that an occurrence of a symbol gets a level, it never changes.
In particular, new constants introduced by the δ-rule never change their level
and the only symbols that may occur with different annotations in a tableau
node are symbols from the base language, when we are in the case of non-rigid
designation and local terms. In that case, fn is the denotation of f in the world
corresponding to the node of depth n, that can be different from the denotation
of the same symbol in another world. In consideration of this fact, the notion of
complementary literals does not ignore the level of symbols.

Definition 4. Two literals P and ¬Q in the language L+ of a tableau are com-
plementary iff P and Q are identical, including their annotations. A node is
closed if it contains two complementary literals. A tableau is closed iff all its
leaves are closed.

For example, p(c1) and ¬p(c1) are complementary, but p(c1) and ¬p(c2) are not.
In the case of cumulative domains, rigid designation and local terms, the

calculus is not different from the tableau system described in [9], Chapter 7
(where, however, the language does not contain any functional symbol with non
null arity). In fact, every functional symbol in a tableau is annotated and n : S
never contains symbols of level greater than n. So every term occurring in n : S
is in dom(n : S).
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Here follow some examples. The tableau on the left below proves the vali-
dity of CBF in the cumulative domain logics, using the πK-rule. Since there
are no functional symbols in LF , there is no distinction to be made about the
designation of terms. The last step in the varying domain systems would not be
allowed: ∀xp(x) can be instantiated only with terms in depth 2. Moreover, since
there are no choice points above and the last expansion can only be replaced by
an application of the γ-rule on the constant a2

2 (there are no constants in LF ),
CBF cannot be proved valid in the varying domains systems.

1 : ¬(�∀xp(x)→ ∀x�p(x))
1 : �∀xp(x), ¬∀x�p(x)

(α)

1 : �∀xp(x), ¬�p(c1)
(δ)

2 : ∀xp(x), ¬p(c1)
(πK)

2 : p(c1), ∀xp(x), ¬p(c1)
(γ)

1 : ¬(∀x�p(x)→ �∀xp(x))
1 : ∀x�p(x), ¬�∀xp(x)

(α)

1 : �p(a1), ∀x�p(x), ¬�∀xp(x)
(γ)

2 : p(a1), ¬∀xp(x)
(πk)

2 : p(a1), ¬p(c2)
(δ)

A similar reasoning shows that no instance of the Barcan formula (BF)
∀x�A → �∀xA, that characterizes constant domains, is provable. The tableau
above on the right is an attempt, using again the πK-rule and the instance where
A = p(x). In this case there is no difference between the cumulative and varying
domains variants of the calculus. Since with the application of the πK-rule the
universal formula is necessarily lost, the tableau cannot be closed.

Below, on the left, there is a proof of �(∀xp(x)→ p(c)) (in any propositional
basis) with rigid designation (either varying or cumulative domains: in both cases
the term c0 is in any depth) and local terms, showing that, in this variant of
the systems, the rule of instantiation is necessarily valid. The same formula has
a different proof (on the right, below) in the case of non rigid designation (and
local terms).

1 : ¬�(∀xp(x)→ p(c0))
2 : ¬(∀xp(x)→ p(c0))

(π)

2 : ∀xp(x), ¬p(c0)
(α)

2 : p(c0), ∀xp(x), ¬p(c0)
(γ)

1 : ¬�(∀xp(x)→ p(c))
2 : ¬(∀xp(x)→ p(c2))

(π)

2 : ∀xp(x), ¬p(c2)
(α)

2 : p(c2), ∀xp(x), ¬p(c2)
(γ)

And it cannot be proved when terms are not necessarily local. Here follows a
failed attempt:

1 : ¬�(∀xp(x)→ p(c))
2 : ¬(∀xp(x)→ p(c))

(π)

2 : ∀xp(x), ¬p(c) (α)

2 : p(a2
2), ∀xp(x), ¬p(c)

(γ)

The next example is a (failed) attempt to show that p(c),∀x(p(x)→ �p(x)) �
�p(c) in the case of non-rigid designation and local terms:
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1 : ∀x(p(x)→ �p(x)), p(c1), ¬�p(c)
1 : ∀x(p(x)→ �p(x)), p(c1)→ �p(c1), p(c1), ¬�p(c)

(γ)

1 : ∀x(p(x)→ �p(x)),
¬p(c1), p(c1), ¬�p(c)

1 : ∀x(p(x)→ �p(x)),
�p(c1), p(c1), ¬�p(c)

2 : p(c1), ¬p(c2)
(πk)

(β)

The leftmost leaf is closed, but the rightmost is not, because p(c1) and ¬p(c2)
are not complementary. And in fact �p(c) is not a logical consequence of p(c)
and ∀x(p(x) → �p(x)) in the case of non-rigid designation and local terms. If
terms are not local, even the first inference is not correct. In fact, the tableau
is initialized without any annotation on symbols and the γ-rule can never be
applied to a term with no levels.

3 Free Variable Tableaux

In this section we introduce TabFV , i.e. free-variable tableaux for the considered
logics. The definition of quantifier rules is similar to the classical case, but for
the annotation on symbols that is taken into account in the definition of modal
substitutions. First of all, we define a further extension of the labelled extension
of a language (Definition 1), by addition of parameters and Skolem functions:

Definition 5. Let L be a modal language, P = {zn1
1 , zn2

2 , ...} an infinite denu-
merable set of new annotated symbols, called parameters, and F a denumerable
set of new annotated function symbols such that, for each i, j ∈ IN, P contains
infinitely many parameters of level i and F contains infinitely many function
symbols of level i and arity j. Then the labelled free variable extension of L is
the language Lfv such that Lfv

P = LP and

Lfv
F = L+

F ∪ P ∪ F

The levels of parameters will be shown only when relevant. The definition
of the depth of a term (Definition 3) carries along to terms in Lfv with no
modification. The next definition introduces the notion of modal substitution,
where a parameter z can be mapped to a term t in Lfv only if the annotation of
symbols in t “agrees” with the level of z. Since the agreement depends on which
depths the term is, the different DDE variants of QML correspond to different
restrictions on modal substitutions.

Definition 6. A modal substitution σ is a function from P to terms in Lfv,
that is the identity almost everywhere, and such that if σ(zn) = t (and z has
level n) then t is in depth n. Substitutions are denoted as usual by expressions
of the form {t1/z1, ..., tm/zm}.
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Unifiers, i.e. solutions of unification problems, and most general unifiers
(m.g.u.) are defined like in the classical case. The following definition is also
borrowed from classical tableau calculi.

Definition 7. Let n1 : S1, ..., nk : Sk be all the leaves of a free variable tableau
T , and, for each i = 1, ..., k, let Pi and ¬Qi be a pair of literals in Si. If the modal
substitution σ is a solution of the unification problem P1 = Q1, ..., Pk = Qk, then
σ is an atomic closure substitution for T . If it is a most general solution for
such a unification problem, then it is a most general atomic closure substitution
for T .

Besides the propositional expansion rules, that are the same as in TabG (but
for the fact that parameters and Skolem functions can occur in tableau nodes),
the expansion rules of TabFV are:

Quantifier expansion rules :

(γ)
n : ∀xA, S

n : A[zn/x],∀xA, S
(δ)

n : ∃xA, S

n : A[fn(zn
1 , ..., zk

n)/x], S

In the γ-rule, z is a new parameter. In the δ-rule, fn is a new Skolem function,
i.e. a symbol of level n in F that does not occur in {∃xA}∪S, and z1

n, ..., zk
n

are all the parameters with level n in ∃xA, S.

Most General Atomic Closure Substitution Rule :
If T is a tableau for a set S of sentences in L and the modal substitution
σ is a most general atomic closure substitution for T , then the tableau T σ,
obtained by applying σ to T , is a tableau for S.

Note that the Skolem term fn(zn
1 , ..., zk

n) introduced by an application of
the δ-rule contains only parameters with level n, and the Skolem function f is
required to be “locally” new (i.e. new in the node). This is enough to ensure that
the rule is sound. In fact, the role of the restriction on f and the parameters
in the term is to prevent a modal substitution σ to make fn(zn

1 , ..., zk
n) equal

to some other parameter z occurring in the premise of the δ-rule, n : ∃xA, S.
If z has level n then σ(fn(zn

1 , ..., zk
n)) = σ(z) is impossible, because z is one

of zn
1 , ..., zk

n. The level m of z cannot be greater than n, since a node never
contains any symbol with level greater than its depth. Therefore, if m �= n, then
m is necessarily strictly less than n, and, by definition, a modal substitution
cannot map a variable with level m < n to a term containing a symbol of level
n, that is not in depth m in any DDE variant of QML.

The definition of closed tableau (Definition 4) stays unchanged for TabFV

(modulo the possible presence of parameters and Skolem functions in terms).
Note that in the calculi TabFV defined here, closed tableaux are built up by first
applying expansion rules, then computing an m.g.u. allowing to simultaneously
close all the leaves, and applying the substitution rule to the tableau so far
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constructed just once. Assuming a single, final application of the substitution
rule makes the soundness proof simpler. However, like in the classical case, an
alternative version of the rule can be considered, where any m.g.u. of a pair of
literals in a single leaf can be applied. Since any most general atomic closure
substitution can be found by repeated applications of such an alternative rule,
this second version of the calculi is equivalent to the first one.

As an example, below, we give again a proof of the validity of CBF in the
cumulative domain logics, using the πK-rule, but this time in the calculus TabFV .

1 : ¬(�∀xp(x)→ ∀x�p(x))
1 : �∀xp(x),¬∀x�p(x)

(α)

1 : �∀xp(x),¬�p(c1)
(δ)

2 : ∀xp(x),¬p(c1)
(πK)

2 : p(z2
1),∀xp(x),¬p(c1)

(γ)

Here, c1 is a (0-ary) Skolem function. Since c1 is in depth 2, it suffices to
apply the substitution {c1/z2

1} to close the tableau. In the case of varying domain
systems, such a substitution is illegal, because c1 is not in depth 2.

As a further example, the tableau below is a TabFV proof of the validity of the
formula �∀x∃yp(x, y)→ ∃v�∃wp(v, w) in the logic K with cumulative domains
(since LF is empty, there is no difference to be made about the designation of
terms).

1 : ¬(�∀x∃yp(x, y)→ ∃v�∃wp(v, w))
1 : �∀x∃y p(x, y), ¬∃v�∃wp(v, w)

(α)

1 : �∀x∃y p(x, y), ¬�∃wp(z1
1 , w)

(γ)

2 : ∀x∃y p(x, y), ¬∃wp(z1
1 , w)

(πK)

2 : ∃y p(z2
2 , y), ∀x∃y p(x, y), ¬∃wp(z1

1 , w)
(γ)

2 : p(z2
2 , g

2(z2
2)), ∀x∃y p(x, y), ¬∃wp(z1

1 , w)
(δ)

2 : p(z2
2 , g

2(z2
2)), ∀x∃y p(x, y), ¬∃wp(z1

1 , w), ¬p(z1
1 , z

2
3)

(γ)

Since domains are cumulative, the term z1
1 is in any depth k ≥ 1, thus, in

particular, it is in depth 2. Hence {z1
1/z

2
2 , g2(z1

1)/z2
3} is a modal substitution,

and constitutes a most general atomic closure substitution. Its application yields
a closed tableau. Note that in the varying domains option, no substitution can
close the tableau, since z1

1 is not in depth 2, and neither {z1
1/z

2
2} nor {z2

2/z
1
1}

are legal substitutions. Indeed, the considered formula is not valid in this case.

4 Soundness and Completeness of TabG and TabF V

In this section we briefly sketch the main ideas underlying the soundness and
completeness proofs for both systems TabG and TabFV .

In order to show that TabG is sound, we inductively show that every tableau
for a satisfiable set of formulae S has always an open leaf, i.e. a satisfiable leaf,
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where a node n : S is satisfied by a world w in M iff M, w |= S (ignoring
annotations) and for every ground term t ∈ dom(n : S), M(w, t) ∈ δ(w). The
latter requirement is exploited to show that if the premise of a γ-rule is satisfiable,
then so is its expansion. And it must be guaranteed to hold both in the initial
tableau and when a dynamic rule is applied.

In the completeness proof for TabG, we first consider a calculus where the
γ-rule is replaced by its “wasteful” variant γ∗:

(γ∗)
n : ∀xA, S

n : A[t/x],∀xA, S

where t is any ground term in depth
n of the language of the tableau L+

A tableau in this modification of the calculus will be called a γ∗-tableau. Comple-
teness is proved by construction of a “syntactical model” of any set of sentences
that has no closed γ∗-tableau, and the construction obviously exploits the wa-
steful γ∗-rule. Then we show that any γ∗-expansion in a closed γ∗-tableau can
be replaced by a γ-expansion (using a suitable term from the set of symbols
A introduced in Definition 1), thus obtaining a closed tableau in the original
ground calculus TabG.

The syntactical model of the unrefutable set of formulae S is built in two
steps. First of all an interpretation M of the extension L+ of the language L
of S is constructed, where however annotations are not ignored: a symbol f i is
considered different from f j when i �= j. The frame of M is a (possibly infinite
and infinitely branching) tree, whose elements are saturated sets of formulae
(the definition of saturation is similar to the standard one, obviously referring to
the calculi we are considering). The initial world w0 is a saturation of S∗, where
1 : S∗ is the initial tableau for S. Each element w of the frame is associated with
a natural number depth(w), that measures its distance from the root.

The elements δ and φ ofM make each possible world w a kind of Herbrand
interpretation: the domain δ(w) is the set of ground terms in dom(depth(w), w),
where terms that differ (even only) in the annotation of their symbols are diffe-
rent elements of the domain. Annotated functional symbols are always given a
rigid interpretation, in such a way that, if a term t contains only annotated sym-
bols, then φ(w, t) = t for all w ∈ W . The treatment of non-annotated symbols
differs in the cases of local and non-local terms. Finally, an atom P is true at w
iff P ∈ w. It can be shown that, for all w ∈W ,M, w |= A for all A ∈ w, where,
like before, symbols occurring with different levels are considered different. For
this reason, M is not yet an interpretation of the language L, and we cannot
directly conclude thatM |= S. From the interpretation of the (possibly infinite)
set of symbols f1, f2, f3, ... where f ∈ LF , the interpretation of f is extracted
for every w ∈W . Such a new interpretation satisfies all the requirements of the
different DDE variants of QML we are considering, and is indeed a model of S.

The soundness and completeness of TabFV is established by showing the
equivalence between the calculi TabFV and TabG. Therefore, since TabG is sound
and complete, S is unsatisfiable if and only if there is a closed TabFV tableau
for S. The proof is based on a syntactical transformation of TabG-tableau proofs
into tableau proofs in TabFV and viceversa.
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5 Concluding Remarks

In this paper we provide calculi treating different variants of first order modal
logic (varying and cumulative domains, rigid and non rigid designation, local
and non local terms), by addition of a minimal semantical annotation to tableau
methods obtained by extending propositional modal systems with the classical
rules for quantifiers. We give both a ground formulation of the calculi (TabG)
and free variable tableau systems (TabFV ). In both cases, the different DDE
variants are obtained in a simple and modular way, just by choosing among
alternative definitions of a few basic operations. In particular, in the case of
TabFV calculi, a first order variant is essentially characterized by the notion
of modal substitution. Differently from other approaches such as for instance
[15,2], however, term unification does not depend on the propositional kernel of
the logic (i.e. on the accessibility relation) and does not involve any complex
or strongly semantically dependent operation: what is additionally needed, with
respect to classical unification, is some numerical “greater than” test.

Although we have treated each DDE variant as a different logic, some mixed
approaches are possible with respect to the denotation of symbols: for example,
it can be established that constant symbols (proper names) are rigid while fun-
ctional symbols are not, so that definite descriptions do not necessarily denote
rigidly. Each symbol is then to be treated according to the corresponding variant
in the construction of the initial tableau and in the application of dynamic rules.
We believe that equality can easily be treated in the same style.

In the case of the (proof-theoretically) easiest DDE variant assuming cumu-
lative domains, rigid designation and local terms, the calculi TabG are actually
the same as what is obtained by a simple addition of classical quantifier rules
to modal propositional ones (such as, for example, in [9], Chapter 7). However,
their TabFV counterpart is not exactly the same as proposed in [10], where a
tableau calculus with free variables, dynamic skolemization and unification is
defined, that is correct and complete for this variant of QML. There, the new
Skolem term f(z1, ..., zn) introduced by an application of the δ-rule is such that
z1, ..., zn are all the parameters occurring in the branch. Exploiting the annota-
tion on symbols, the δ-rule in TabFV is somewhat more liberal, requiring only
parameters having the same level as the depth of the node to be the arguments
of the Skolem functions. Probably, the δ-rule can be further relaxed, in the style
of [14,6,4]. The details, however, still have to be worked out.

The (ground) prefixed tableaux presented in Chapter 8 of [9], in the three
different variants of constant, cumulative and varying domains, associate prefixes
with constants introduced by applications of the δ-rule in a way that bears
some resemblance with TabG and its labelling mechanism. The present approach,
however, is not in the style of prefixed tableaux, where prefixes are associated
to each formula (not the whole set of “active” formulae), are more complex
structures than integers and play a fundamental role in modal expansion rules.
A stricter relation links the present work with [7,8], where the same kind of
annotation is used to restrict unification in the context of modal resolution.
However, being the Skolem-like transformation static in that case, it works well
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with logics such as K and D, where formulae cannot move from their modal
context, but requires a preliminary propositional transformation of formulae
when dealing with reflexive and/or transitive logics, where the modal degree
of a formula is subject to change. The dynamic introduction of parameters and
Skolem terms in tableau systems makes things easier: a quantifier is treated only
when it comes to the surface, i.e. when, after possible changes due to applications
of the νT or π4-rule, its modal context is settled.
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Abstract. We characterize the computational complexity of simple de-
pendent bimodal logics. We define an operator ⊕⊆ between logics that
almost behaves as the standard joint operator ⊕ except that the in-
clusion axiom [2]p ⇒ [1]p is added. Many multimodal logics from the
literature are of this form or contain such fragments. For the standard
modal logics K,T ,B,S4 and S5 we study the complexity of the satis-
fiability problem of the joint in the sense of ⊕⊆. We mainly establish
the PSPACE upper bounds by designing tableaux-based algorithms in
which a particular attention is given to the formalization of termination
and to the design of a uniform framework. Reductions into the packed gu-
arded fragment with only two variables introduced by M. Marx are also
used. E. Spaan proved that K⊕⊆ S5 is EXPTIME-hard. We show that
for 〈L1,L2〉 ∈ {K, T, B}×{S4, S5}, L1⊕⊆ L2 is also EXPTIME-hard.

1 Introduction

Combining logics The combination of modal logics has deserved in the past years
a lot of attention (see e.g. [12,15,21,16,2,24]) and this is an exciting area. Indeed,
not only there are many ways to combine logics (fusion, product, . . . ) but also
many properties of the combined logics deserve to be studied (completeness,
compactness, finite model property, interpolation, decidability, complexity, . . . ).
In this paper, we are mainly concerned with computational complexity issues
and as a side-effect with the design of tableaux-based decision procedures. The
simplest way to combine two logics is to take their fusion, that is to obtain
a bimodal logic which has no axioms that use both of the operators. For two
normal modal logics L1 and L2, we write L1⊕L2 to denote the smallest bimodal
logic with two independent modal operators, say [1] and [2]. The complexity of
such logics has been analyzed in [19] and from [22,18], we know that for instance
the logics K ⊕ K, S5 ⊕ S5, S4 ⊕ S5 and K ⊕ S5 have PSPACE-complete
satisfiability problems.

Other combinators for modal logics are relevant (see e.g. [15,16]). We write
L1 ⊕⊆ L2 to denote the smallest bimodal logic containing L1 ⊕ L2 and the
axiom schema [2]p ⇒ [1]p. It is not very difficult to design new operators since
each recursive set of bimodal formulae potentially induces a way to combine
two logics. The fusion operator ⊕ is simply associated to the empty set of for-
mulae. In the paper, we investigate the complexity of bimodal logics obtained
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from monomodal logics by application of ⊕⊆. To be more precise, we adopt a
semantics-oriented definition since we define an operator ⊕⊆ on classes of mono-
modal frames. The logics of the form L1 ⊕⊆ L2 are said to be simple dependent
bimodal logics. For instance, adding a universal modal operator to certain mo-
nomodal logics corresponds exactly to operating with ⊕⊆. Unlike ⊕, ⊕⊆ does
not preserve decidability since by [30], a Horn modal logic whose satisfiability is
in NP, is shown to be undecidable when extended with the universal modal ope-
rator. Complexity neither transfers. Indeed, K ⊕⊆ S5 has an EXPTIME-hard
satisfiability problem [30] although K-satisfiability is PSPACE-complete and
S5-satisfiability is NP-complete [22]. In this paper, we analyze the complexity
of the logics L1⊕⊆L2 for L1,L2 ∈ {K,T,B, S4, S5}. To establish the PSPACE
upper bounds, we design Ladner-like algorithms [22,18,31] (see also [20,26,35] for
proof-theoretical analyses) that are known to be close to tableau-based proce-
dures. We invite the reader to consult [8] for understanding how the semantical
analysis in [22] can be given a proof-theoretical interpretation. Furthermore, the
(semantical) analysis developed in the paper can be plug into a labelled tableaux
calculus for the logics. Actually, such a calculus is not difficult to define for such
logics following for instance [1].

One may wonder why the operator ⊕⊆ deserves some interest. After all, any
bimodal formula generates an operator on logics. Actually, many logics can be
explained in terms of ⊕⊆. Below are few examples:

– the propositional linear temporal logic PLTL with future F and next X:
PLTL-satisfiability is PSPACE-complete whereas the fragment with F only
[resp. with X only] is in NP [29];

– the logic S4+5 is shown to have a satisfiability problem equal to the satis-
fiability problem for S5⊕⊆ S4 [33];

– many other logics have valid formulae of the form [2]p⇒ [1]p, from epistemic
logics to provability bimodal logics (see e.g. [36]) passing via variants of
dynamic logic approximating the Kleene star operator [7];

– information logics derived from information systems (see e.g. [34]).

Our contribution. The technical contribution of the paper is to characterize the
computational complexity of the satisfiability problem for the logics L1 ⊕⊆ L2
with L1,L2 ∈ {K,T,B, S4, S5} (see e.g. [27] for a thourough introduction to
complexity theory). The choice of the logics is a bit arbitrary since many other
standard modal logics would deserve such an analysis (the standard modal logics
D, K4, G, S4.3, S4.3.1 to quote a few of them). However, we felt that with
the present sample, we could reasonably show the peculiarity of ⊕⊆ and how
the Ladner-like algorithms are precious to establish PSPACE upper bounds.
Moreover, many proofs can be adapted to other logics not explicitly studied
here. By way of example, D ⊕⊆ K4 can be shown to be EXPTIME-complete.
In Table 1, we summarize the results. In the table, each problem in a given class
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is complete for the class with respect to logarithmic space transformations1. A
generalization from the bimodal case to the case with n ≥ 2 modal connectives
is sketched in Section 6 and is planned to be fully treated in a longer version.

Table 1. Worst-case complexity of simple dependent bimodal logics

⊕⊆ K T B S4 S5
K PSPACE PSPACE PSPACE EXPTIME EXPTIME
T PSPACE PSPACE PSPACE EXPTIME EXPTIME
B PSPACE PSPACE PSPACE EXPTIME EXPTIME
S4 PSPACE PSPACE PSPACE PSPACE PSPACE
S5 PSPACE PSPACE PSPACE PSPACE NP

The second contribution consists in comparing the operators ⊕ and ⊕⊆. Alt-
hough we know that ⊕ preserves for instance decidability (see e.g. [21]), ⊕⊆
does not, even if we restrict ourselves to logics with NP-complete satisfiability
problems (see e.g. [30]). It is known that for L1,L2 ∈ {K,T,B, S4, S5}, L1⊕L2
has a PSPACE-complete satisfiability problem. By contrast, we show that for
〈L1,L2〉 ∈ {K,T,B}× {S4, S5}, L1⊕⊆ L2 is EXPTIME-complete. In a sense,
the EXPTIME-hardness of the minimal normal modal logic K augmented with
the universal modal connective, should not necessarily be explained by the pre-
sence of the universal modal connective but rather as due to the dependent
combinaison of a logic between K and B and a logic between K4 and S5. This
reinterpretation is another original aspect of our investigation.

The last but not least contribution stems in the design of parametrized
Ladner-like algorithms that allows to establish PSPACE upper bounds. We
shall come back to this point throughout the paper.

2 Bimodal Logics

For any set X, we write X∗ to denote the set of finite strings built from elements
of X. λ denotes the empty string. For any finite string s, we write |s| [resp.
last(s)] to denote its length [resp. the last element of s, if any]. For s ∈ X∗, for
j ∈ {1, . . . , |s|}, we write s(j) [resp. s[j]] to denote the jth element of s [resp.
to denote the initial substring of s of length j]. By convention s[0] = λ. For any
s ∈ X∗, we write sk to denote the string composed of k copies of s. For instance,
(1.2)2 = 1.2.1.2 and |(1.2)2| = 4.

Given a countably infinite set For0 = {p0, p1, p2, . . .} of propositional va-
riables the bimodal formulae φ are inductively defined as follows: φ ::= pk |
1 In Table 1, we consider the satisfiability problem for L1 ⊕⊆ L2 (or equivalently

the consistency problem). In order to get the table for the validity problem (or
equivalently the theoremhood problem), replace NP by coNP.
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φ1∧φ2 | ¬φ | [1]φ | [2]φ for pk ∈ For0. The monomodal formulae are bimodal
formulae without occurrences of [2]. We write |φ| to denote the length of the for-
mula φ, that is the length of the string φ. We write md(φ) to denote the modal
degree of φ, that is the modal depth of φ. md is naturally extended to finite
sets of formulae, understood as conjunctions and by convention md(∅) = 0. For
j ∈ {1, 2}, [j]iφ is inductively defined as follows: [j]0φ = φ and [j]i+1φ = [j][j]iφ
for i ≥ 0. For s ∈ {[1], [2]}∗, an s-formula is defined as a formula prefixed by s.

A monomodal [resp. bimodal] frame F is a structure of the form 〈W,R1〉
[resp. 〈W,R1, R2〉] such that W is a non-empty set, R1 is a binary relation on
W [resp. R1 and R2 are binary relations on W ]. A monomodal [resp. bimodal]
model M is a structure of the form 〈W,R1,m〉 [resp. 〈W,R1, R2,m〉] such that
〈W,R1〉 [resp. 〈W,R1, R2〉] is a monomodal [resp. bimodal] frame and m is a
map m : For0 → P(W ). M is said to be based on the frame 〈W,R1〉 [resp.
〈W,R1, R2〉]. Most of the time we omit the terms ’monomodal’ and ’bimodal’
when it is clear from the context what kind of objects we are dealing with.

As is usual, the formula φ is satisfied by the world w ∈W inM def⇔ M, w |= φ
where the satisfaction relation |= is inductively defined as follows:

– M, w |= p
def⇔ w ∈ m(p), for every propositional variable p;

– M, w |= [1]φ def⇔ for every w′ ∈ R1(w),M, w′ |= φ;
– M, w |= [2]φ def⇔ for every w′ ∈ R2(w),M, w′ |= φ when M is bimodal.

We omit the standard conditions for the propositional connectives. Let C be a
class of monomodal [resp. bimodal] frames. A monomodal [resp. bimodal] for-
mula is said to be C-satisfiable def⇔ there is a model M based a frame F ∈ C
such that M, w |= φ for some w ∈ W . We write SAT (C) to denote the class of
C-satisfiable formulae. We write F |= φ to denote that for any model M based
on F and for w inM,M, w |= φ. The following standard classes of monomodal
frames shall be used:

– CK is the class of all the frames; C′
K [resp. CT , CK4] is the class of frames

〈W,R1〉 such that R1 is irreflexive [resp. reflexive, transitive];
– CB [resp. CS4] is the class of frames 〈W,R1〉 such that R1 is reflexive and

symmetric [resp. and transitive];
– CS5 [resp. C′

S5] is the class of frames 〈W,R1〉 such that R1 is an equivalence
relation [resp. R1 = W ×W ].

It is known that SAT (CK) = SAT (C′
K) and SAT (CS5) = SAT (C′

S5). Let Ci
for i = 1, 2 be classes of monomodal frames. We write C1 ⊕ C2 [resp. C1 ⊕⊆ C2]
to denote the class of bimodal frames 〈W,R1, R2〉 such that 〈W,Ri〉 ∈ Ci for
i = 1, 2 [resp. and R1 ⊆ R2].

A normal monomodal [resp. bimodal] logic is a set L of monomodal [resp.
bimodal] formulae such that: L contains all propositional tautologies, L is closed
under substitution, [j](p ⇒ q) ⇒ ([j]p ⇒ [j]q) for j ∈ {1} [resp. for j ∈ {1, 2}],
L is closed under modus ponens and L is closed under generalization, i.e. if
φ ∈ L, then [j]φ for j ∈ {1} [resp. for j ∈ {1, 2}]. Let K be the minimal
normal monomodal logic. Below are other standard normal modal logics: T def=
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K + [1]p ⇒ p, B
def= T + p ⇒ [1]¬[1]¬p, S4 def= T + [1]p ⇒ [1][1]p,

S5 def= S4 + p⇒ [1]¬[1]¬p. A monomodal [resp. bimodal] logic L is said to be
complete with respect to the class C of monomodal [resp. bimodal] frames def⇔
for any monomodal [resp. bimodal] formula φ, φ ∈ SAT (C) iff ¬φ �∈ L. For any
modal logic L, we write CL to denote the class of frames F such that for φ ∈ L,
F |= φ. This notation CL is consistent with the classes of frames defined above.

Here is a first important difference between ⊕ and ⊕⊆. Corollary 3.1.3 in
[30] states that if C1, C′

1, C2, C′
2 are classes of monomodal frames closed under

disjoint unions and if SAT (C1) = SAT (C′
1) and SAT (C2) = SAT (C′

2), then
SAT (C1⊕C2) = SAT (C′

1⊕C′
2). By constrast, SAT (CT⊕⊆C′

K) �= SAT (CT⊕⊆CK):
CT ⊕⊆ C′

K is empty whereas SAT (CT ⊕⊆ CK) is PSPACE-hard.
We write L1 ⊕⊆ L2 to mean the set CL1 ⊕⊆ CL2 for any monomodal logic

L1,L2. By way of example, S5⊕⊆ S5 equals CS5 ⊕⊆ CS5 but not C′
S5 ⊕⊆ C′

S5.

Lemma 1. For 〈L1,L2〉 ∈ ({K,T,B, S4, S5} × {K,T,B, S4}) ∪ 〈S4, S5〉, the
problem SAT (L1 ⊕⊆ L2) is PSPACE-hard.

We invite the reader to consult [9] for further topics on modal logic.

3 PSPACE Ladner-Like Algorithms

In this section, we show that SAT (L1 ⊕⊆ L2) is in PSPACE for 〈L1,L2〉 ∈
{S4, S5} × {T,B, S4, S5}. Observe that S4 ⊕⊆ K = S4 ⊕⊆ T and S5 ⊕⊆ K =
S5 ⊕⊆ T . In the rest of this section we assume that L1 ∈ {S4, S5} and L2 ∈
{T,B, S4, S5}. We shall define Ladner-like algorithms.

3.1 Preliminaries

We introduce a (very simple) closure operator for sets of bimodal formulae. Let
X be a set of bimodal formulae. Let sub(X) be the smallest set of formulae
including X, closed under subformulae and such that if [2]φ ∈ sub(X), then
[1]φ ∈ sub(X). A set X of formulae is said to be sub-closed def⇔ sub(X) = X.
Observe that for any finite set X of formulae, md(sub(X)) = md(X) and for
any formula φ, card(sub({φ})) < 2× |φ|.

In order to determine the satisfiability of some formula φ, we need to handle
sets of formulae. Actually all those sets shall be subsets of sub({φ}) and that
is why sub({φ}) has been introduced. In establishing the PSPACE complexity
upper bound, the fact that not only sub({φ}) is finite but also its cardinality
is polynomial in the size of φ plays an important role. In the present case, the
cardinality of sub({φ}) is even linear in |φ|.

In order to check whether φ is L1 ⊕⊆ L2-satisfiable, we build sequences of
the form X0 x0 X1 x1 X2 x2 . . . where φ ∈ X0 ⊆ sub({φ}) and for i ∈ ω, Xi

is a consistent subset of sub({φ}) and xi ∈ {1, 2}. We extend a finite sequence
X0 x0 X1x1 . . . xi−1Xi with xiXi+1 whenever we need a witness of [xi]ψ �∈ Xi

for some formula ψ (and ψ �∈ Xi+1). The intention is to build paths in some
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L1 ⊕⊆ L2-model M = 〈W,R1, R2,m〉 such that for i ∈ ω, there is wi ∈ W such
thatM, wi |= ψ iff ψ ∈ Xi and 〈wi, wi+1〉 ∈ Rxi .

In order to establish termination which is a necessary step to obtain the
PSPACE complexity upper bound, we shall define subsets sub(s, φ) ⊆ sub({φ})
for s ∈ {1, 2}∗ such that for i ∈ ω, Xi ⊆ sub(x0 . . . xi−1, φ). For xi ∈ {1, 2},
sub(x0 . . . xi−1 · xi, φ) contains all the formulae ψ which we could possibly be
put in Xi+1 for ψ ∈ sub(x0 . . . xi−1, φ).

We are on the good track to get termination if there is some computable map
f : ω → ω such that for |s| ≥ f(|φ|), sub(s, φ) = ∅. To establish the PSPACE
complexity upper bound, f should preferably be bounded by a polynomial. Those
general principles may look quite attractive but in concrete examples of bimodal
logics they are seldom sufficient to show that the satisfiability problem is in
PSPACE. In S4 ⊕⊆ S4, since transitivity of R2 is required, if [2]ψ ∈ Xi, then
M, wi |= [2]ψ, M, wi |= [2][2]ψ and therefore one can expect that [2]ψ ∈ Xi+1
if xi = 2. So the formula [2]ψ ∈ Xi should be propagated for any “2” transition.
However, this does not guarantee termination. Actually, as already known from
[22,31,8], duplicates can be identified in X0 x0 X1 x1 X2 x2 . . . which corresponds
to a cycle detection (see also [13]). Since card(P(sub({φ}))) is in O(2|φ|), a finer
analysis is necessary to establish the PSPACE complexity upper bound as done
in [22] (see also [31] for the tense extension of Ladner’s solution).

In order to conclude this introductory part that motivates the existence of the
sets of the form sub(s, φ), let us say that once the set Xi of formulae is built and
xi is chosen, the set Xi+1 of formulae satisfies the following conditions: Xi+1 is a
consistent subset of sub(x0 . . . xi, φ) and 〈Xi, Xi+1〉 satisfies a syntactic condition
Cxi that guarantees thatM is an L1 ⊕⊆ L2-model and 〈wi, wi+1〉 ∈ Rxi .

Let φ be a bimodal formula. For s ∈ {1, 2}∗, let sub(s, φ) be the smallest set
such that:

1. sub(λ, φ) = sub({φ}); sub(s, φ) is sub-closed;
2. if [i]ψ ∈ sub(s, φ) for some i ∈ {1, 2}, then ψ ∈ sub(s.i, φ);
3. if [1]ψ ∈ sub(s, φ), then [1]ψ ∈ sub(s.1, φ);
4. if L2 ∈ {S4, S5} and [2]ψ ∈ sub(s, φ), then [2]ψ ∈ sub(s.2, φ) and [2]ψ ∈

sub(s.1, φ).

Observe that for any initial substring s′ of the string s ∈ {1, 2}∗, sub(s, φ) ⊆
sub(s′, φ); for k ≥ 1, sub(s·1, φ) = sub(s·1k, φ) and if L2 ∈ {T,B} and s contains
more than k ≥ md(φ) + 1 occurrences of 2, then sub(s, φ) = ∅.

Definition 1. Let X,Y be subsets of sub({φ}). The binary relation C1 on the
set P(sub({φ})) is defined as follows: XC1Y

def⇔

1.1. L2 ∈ {T,B}: XC2Y (see below);
1.2. L2 ∈ {S4, S5}: for all [2]ψ ∈ X, [2]ψ ∈ Y and for all [2]ψ ∈ Y , [2]ψ ∈ X;
2.1. L1 = S4: for all [1]ψ ∈ X, [1]ψ ∈ Y ;
2.2. L1 = S5: for all [1]ψ ∈ X, [1]ψ ∈ Y and for all [1]ψ ∈ Y , [1]ψ ∈ X.

The binary relation C2 on P(sub({φ})) is defined as follows: XC2Y
def⇔
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1. L2 = T : for all [2]ψ ∈ X, ψ ∈ Y ;
2. L2 = B: for all [2]ψ ∈ X, ψ ∈ Y and for all [2]ψ ∈ Y , ψ ∈ X;
3. L2 = S4: for all [2]ψ ∈ X, [2]ψ ∈ Y ;
4. L2 = S5: for all [2]ψ ∈ X, [2]ψ ∈ Y and for all [2]ψ ∈ Y , [2]ψ ∈ X.

Let clos be the set of subsets Y of sub({φ}) such that for i ∈ {1, 2}, [i]ψ ∈
Y implies ψ ∈ Y . Observe that if Li ∈ {T,B, S4, S5} [resp. Li ∈ {B,S5},
Li ∈ {S4, S5}], then Ci restricted to clos is reflexive [resp. Ci is symmetric,
Ci is transitive]. The logic L1 is anyhow in {S4, S5} throughout this section.
The careful reader may be puzzled by the point 1.2. in the definition of C1 when
L2 = S4. Indeed, this seems to give an S5 flavour to [2]. However, observe that for
any bimodal frame 〈W,R1, R2〉 such that R1 is symmetric, R2 is transitive and
R1 ⊆ R2, for 〈w,w′〉 ∈ R1, we have R2(w) = R2(w′) which implies that w and
w′ satisfy the same set of [2]-formulae in any model based on 〈W,R1, R2〉. This
gives us an additional reason to present the Ladner-like constructions for the
logics studied in this section since this provides a rather uniform presentation.

Let X be a subset of sub(s, φ) for some s ∈ {1, 2}∗ and for some formula φ.
The set X is said to be s-consistent def⇔ for ψ ∈ sub(s, φ):

1. if ψ = ¬ϕ, then ϕ ∈ X iff not ψ ∈ X;
2. if ψ = ϕ1 ∧ ϕ2, then {ϕ1, ϕ2} ⊆ X iff ψ ∈ X;
3. if ψ = [i]ϕ for some i ∈ {1, 2} [resp. ψ = [2]ϕ] and ψ ∈ X, then ϕ ∈ X [resp.

[1]ϕ ∈ X].

Roughly speaking, the s-consistency entails the maximal propositional consi-
stency with respect to sub(s, φ). The condition 3. above takes into account re-
flexivity and the inclusion R1 ⊆ R2.

Lemma 2. Let M = 〈W,R1, R2,m〉 be an L1 ⊕⊆ L2-model, w,w′ ∈ W , s ∈
{1, 2}∗, i, i′ ∈ {λ, 1, 2} and φ be a bimodal formula. Let Xw

def= {ψ ∈ sub(s.i, φ) :
M, w |= ψ} and Xw′

def= {ψ ∈ sub(s.i′, φ) : M, w′ |= ψ}. Then, Xw is s.i-
consistent, Xw′ is s.i′-consistent and if 〈i, i′〉 ∈ {〈λ, λ〉, 〈λ, j〉} and 〈w,w′〉 ∈ Rj

for some j ∈ {1, 2}, then XwCjXw′ .

The proof of Lemma 2 is by an easy verification.

Lemma 3. Let Xi be an si-consistent set and si ∈ {1, 2}∗, i = 1, 2. Then,

(I) L1 = S4: X1C∗
1X2 and [2]ψ ∈ X1 implies ψ ∈ X2;

(II) L1 = S5: X1(C1 ∪ C−1
1 )∗X2 and [2]ψ ∈ X1 implies ψ ∈ X2;

(III) L2 = S4: X1(C1 ∪ C2)∗X2 and [2]ψ ∈ X1 implies ψ ∈ X2;
(IV) L2 = S5: X1(C1 ∪ C−1

1 ∪ C2 ∪ C−1
2 )∗X2 and [2]ψ ∈ X1 implies ψ ∈ X2.

3.2 The Algorithms

In Figure 1, the function WORLD(Σ, s, φ) returning a Boolean is defined. Σ is a
finite non-empty list of subsets of sub({φ}) and s ∈ {1, 2}∗. Moreover, for any
X ⊆ sub({φ}) and for any call WORLD(Σ, s, φ) in WORLD(X,λ, φ) (at any recursion
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function WORLD(Σ, s, φ)

if last(Σ) is not s-consistent, then return false;
for [1]ψ ∈ sub(s, φ) \ last(Σ) do

if there is no X ∈ Σ such that Σ = Σ1XΣ2, s is of the form s1.s2 with
|s2| = |Σ2| and s2 ∈ {1}∗, ψ ∈ X, last(Σ)C1X, then
for each Xψ ⊆ sub(s.1, φ) \ {ψ} such that last(Σ)C1Xψ, call
WORLD(Σ.Xψ, s.1, φ). If all these calls return false, then return false;

for [2]ψ ∈ sub(s, φ) \ last(Σ) do
L2 ∈ {T, B}: for each Xψ ⊆ sub(s.2, φ) \ {ψ} such that last(Σ)C2Xψ, call
WORLD(Σ.Xψ, s.2, φ). If all these calls return false, then return false;
L2 ∈ {S4, S5}: if there is no X ∈ Σ such that ψ ∈ X and last(Σ)C2X, then
for each Xψ ⊆ sub(s.2, φ) \ {ψ} such that last(Σ)C2Xψ, call
WORLD(Σ.Xψ, s.2, φ). If all these calls return false, then return false;

Return true.

Fig. 1. Algorithm WORLD

depth), last(Σ) ⊆ sub(s, φ). The function WORLD is actually defined on the model
of the function K-WORLD in [22] (see also [31,26,35]).

Most of the ingenuity to guarantee that the algorithms terminate are in the
definition of sub(s, φ), s-consistency and the conditions Ci. Indeed, sub(s.i, φ)
contains the formulae that can be possibly propagated from sub(s, φ). In the
easiest case, sub(s.i, φ) ⊂ sub(s, φ) but this is not the general case here. Then
Ci and s-consistency further restrict the formulae that can be propagated. Still,
we may be in trouble to guarantee termination. That is why the detection of
cycles is introduced (see e.g. [22]). It is precisely, the appropriate combination
of all these ingredients that guarantees termination and in the best case the
PSPACE upper bound. What we present is a uniform formalization of Ladner-
like algorithms based on [31] and we believe it is the proper framework to allow
further extensions.

We prove that for any set X ⊆ sub({φ}), WORLD(X,λ, φ) always terminates
and requires polynomial space in |φ|. We shall take advantage of the fact that if
WORLD(Σ, s, φ) calls WORLD(Σ′, s′, φ) (at any recursion depth), then |s′| > |s|.

Each subset X ⊆ sub({φ}) can be represented as a bitstring of length 2×|φ|.
By implementing Σ as a global stack, each level of the recursion uses space in
O(|φ|). For instance, in the parts of WORLD of the form “for each Xψ ⊆ sub(s.i, φ)\
{ψ} such that last(Σ)CiXψ, call WORLD(Σ.Xψ, s.i, φ). If all these calls return
false, then return false” the implementation uses a bitstring of length 2× |φ| to
encode Xψ (this value is incremented for each new Xψ) and a Boolean indicating
whether there is a call returning true.

Theorem 1. Let 〈L1,L2〉 ∈ {S4, S5} × {T,B, S4, S5} and n′ be the number of
occurrences of S4 in 〈L1,L2〉. Let X ⊆ sub({φ}).

(I) WORLD(X,λ, φ) terminates and requires at most space in O(|φ|3+n′
);
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(II) Let WORLD(Σ, s, φ) be a call in the computation of WORLD(X,λ, φ). Then,
|Σ| ≤ α and |s| ≤ α with α = (2× |φ|+ 1)2−n′ × (4× |φ|2 + 1)n′

.

The bounds in Theorem 1 are really rough since many optimizations can be
designed. Because of lack of place, this is omitted here.

Theorem 1 is certainly an important step to prove that satisfiability is in
PSPACE but this is not sufficient. Indeed, until now we have no guarantee
that WORLD is actually correct. This shall be shown in the next two lemmas.

Lemma 4. Let φ be a bimodal formula and Y ⊆ sub({φ}) such that φ ∈ Y . If
WORLD(Y, λ, φ) returns true, then φ is L1 ⊕⊆ L2-satisfiable.

Proof. Let n′ be the number of S4 in 〈L1,L2〉. Assume that WORLD(Y, λ, φ) re-
turns true. Let us build an L1⊕⊆L2-modelM = 〈W,R1, R2,m〉 for which there
is w ∈W such that for all ψ ∈ sub({φ}),M, w |= ψ iff ψ ∈ Y .

Let S be the set of strings s in {1, 2}∗ such that |s| ≤ (2×|φ|+1)2−n′ × (4×
|φ|2 + 1)n′

. We define W as the set of pairs 〈X, s〉 ∈ clos× S for which there is
a finite sequence 〈Σ1, s1〉, . . . , 〈Σk, sk〉 (k ≥ 1) such that

1. Σ1 = Y ; s1 = λ; last(Σk) = X; sk = s;
2. for i ∈ {1, . . . , k}, WORLD(Σi, si, φ) returns true;
3. for i ∈ {1, . . . , k − 1}, WORLD(Σi, si, φ) calls directly WORLD(Σi+1, si+1, φ).

The conditions 2. and 3. state that we only record the pairs 〈X, s〉 ∈ clos×S that
contribute to make WORLD(Y, λ, φ) true. 〈Y, λ〉 ∈ W by definition. Furthermore,
for all 〈X, s〉 ∈W , X ⊆ sub(s, φ) and X is s-consistent.

Let us define the auxiliary binary relations R′
1 [resp. R′

2] on W as follows:
〈X, s〉R′

1〈X ′, s′〉 [resp. 〈X, s〉R′
2〈X ′, s′〉] def⇔ there is a call WORLD(Σ, s, φ) in

WORLD(Y, λ, φ) (at any depth of the recursion) such that

1. either
a) last(Σ) = X;
b) WORLD(Σ, s, φ) calls WORLD(Σ′, s′, φ) in the “1” [resp. “2”] segment of

WORLD(Σ, s, φ); last(Σ′) = X ′;
2. or there is a finite sequence 〈Σ1, s1〉, . . . , 〈Σk, sk〉 such that:

a) last(Σk) = X; last(Σ1) = X ′; Σk = Σ; sk = s; s1 = s′;
b) for i ∈ {1, . . . , k}, 〈last(Σi), si〉 ∈W ;
c) for i ∈ {1, . . . , k − 1}, WORLD(Σi, si, φ) calls WORLD(Σi+1, si+1, φ) in the

“1” [resp. in either the “1” or the “2”] segment of WORLD;
d) the call WORLD(Σk, sk, φ) enters in the “1” [resp. “2”] segment of WORLD

and for some formula [1]ψ ∈ sub(s, φ) \X [resp. [2]ψ ∈ sub(s, φ) \X], no
recursive call to WORLD is necessary thanks to Σ1, ψ �∈ X ′, XC1X

′ [resp.
XC2X

′].

If L2 ∈ {T,B}, the second possibility in the definition of R′
2 above should not

be taken into account. The definition ofM can be now completed:

– L1 = S4: R1
def= (R′

1)
∗ ; L1 = S5: R1

def= (R′
1 ∪R

′−1
1 )∗;
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– L2 = T : R2
def= R1 ∪R′

2; L2 = B: R2
def= R1 ∪R′

2 ∪ (R1)−1 ∪ (R′
2)

−1;
– L2 = S4: R2

def= (R1 ∪R′
2)

∗; L2 = S5: R2
def= (R1 ∪R′

2 ∪ (R1)−1 ∪ (R′
2)

−1)∗;
– for p ∈ For0, m(p) def= {〈X, s〉 ∈W : p ∈ X}.

M is an L1 ⊕⊆ L2-model. One can show (i) 〈X, s〉R′
1〈X ′, s′〉 implies XC1X

′

and (ii) 〈X, s〉R′
2〈X ′, s′〉 implies XC2X

′. So, (iii) for j ∈ {1, 2}, 〈X, s〉Rj〈X ′, s′〉
implies for all [j]ψ ∈ X, ψ ∈ X ′ (by Lemma 3). By induction on the structure of
ψ we show that for all 〈X, s〉 ∈W , for all ψ ∈ sub(s, φ), ψ ∈ X iffM, 〈X, s〉 |= ψ.
The case when ψ is a propositional variable is by definition of m.
Induction Hypothesis: for all ψ ∈ sub(φ) such that |ψ| ≤ n, for all 〈X, s〉 ∈W , if
ψ ∈ sub(s, φ), then ψ ∈ X iff M, 〈X, s〉 |= ψ.
Let ψ be a formula in sub(φ) such that |ψ| ≤ n+1. The cases when the outermost
connective of ψ is Boolean is a consequence of the s-consistency of X and the
induction hypothesis. Let us treat the other cases.
Case 1: ψ = [1]ψ′. Let 〈X, s〉 ∈ W such that ψ ∈ sub(s, φ). By definition of W ,
there is Σ such that last(Σ) = X and WORLD(Σ, s, φ) returns true. If ψ ∈ X, then
by (iii), for all 〈X ′, s′〉 ∈ R1(〈X, s〉), ψ′ ∈ X ′. One can show that ψ′ ∈ sub(s′, φ).
By the induction hypothesis, M, 〈X ′, s′〉 |= ψ′ and therefore M, 〈X, s〉 |= ψ.
Now, if ψ �∈ X, two cases are distinguished.
Case 1.1: there is X ′ in Σ such that XC1X

′, ψ′ �∈ X ′ and Σ = Σ′X ′Σ2, s is of the
form s′.s2 with |Σ2| = |s2| and s2 ∈ {1}∗. By definition of W , WORLD(Σ′.X ′, s′, φ)
returns true (see the conditions 2. and 3. defining W ). Hence, 〈X, s〉R′

1〈X ′, s′〉 by
definition and therefore 〈X, s〉R1〈X ′, s′〉. One can show that ψ′ ∈ sub(s′, φ) since
s is of the form s′.1k for some k ≥ 0. By induction hypothesis,M, 〈X ′, s′〉 �|= ψ′

and thereforeM, 〈X, s〉 �|= ψ.
Case 1.2: WORLD(Σ, s, φ) calls successfully WORLD(Σ′, s′, φ) in the “1” segment of
WORLD, last(Σ′) = X ′ and ψ′ �∈ last(Σ′), XC1X

′, and X ′ ⊆ sub(s′, φ). Moreover,
we have s′ = s.1. This is so since WORLD(Σ, s, φ) returns true. By definition of
R′

1, 〈X, s〉R′
1〈X ′, s′〉. Furthermore, one can easily show that ψ′ ∈ sub(s′, φ). By

the induction hypothesis,M, 〈X ′, s′〉 �|= ψ′ and thereforeM, 〈X, s〉 �|= ψ.
Case 2: ψ = [2]ψ′. This is analogous to the Case 1.

As a conclusion, since φ ∈ Y and WORLD(Y, λ, φ) returns true,M, 〈Y, λ〉 |= φ
and therefore φ is L1 ⊕⊆ L2-satisfiable.

The proof of Lemma 4 can be viewed as a way to transform a successful call
WORLD(Y, λ, φ) into a quasi L1⊕⊆L2-model by analyzing the computation tree of
WORLD(Y, λ, φ). Then, this quasi L1 ⊕⊆ L2-model is appropriately completed in
order to get an L1⊕⊆ L2-model. The idea to construct a (standard) model from
different coherent pieces is very common to establish decidability and complexity
results for modal logics (see e.g. [22,28,5,23]). Mosaics technique uses such an
approach (see e.g. [23]).

Lemma 5. Let φ be a bimodal formula. If φ is L1 ⊕⊆ L2-satisfiable, then there
is Y ⊆ sub({φ}) such that φ ∈ Y and WORLD(Y, λ, φ) returns true.

Since WORLD is correct, the proof of Lemma 4 provides the finite model pro-
perty for L1 ⊕⊆ L2 and an exponential bound for the size of the models exists.
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Theorem 2. For 〈L1,L2〉 ∈ {S4, S5} × {T,B, S4, S5}, SAT (L1 ⊕⊆ L2) is in
PSPACE.

For 〈L1,L2〉 ∈ {S4, S5}×{T,B, S4}∪〈S4, S5〉, SAT (L1⊕⊆L2) is PSPACE-
hard. So, in particular SAT (S5⊕⊆S4) is PSPACE-complete and the logic S4+5
introduced in [33] has consequently a PSPACE-complete satisfiability problem.
Until now, we have not yet established that SAT (S5⊕⊆ S5) is PSPACE-hard
as SAT (S5⊕S5) [18]. It is unlikely since by [11, Proposition 4.8] SAT (S5⊕⊆S5)
is NP-complete.

4 Reduction into a PSPACE Guarded Fragment

By FO2 we mean the fragment of first-order logic without equality or function
symbols using only two variables. In this section we show that for L1,L2 ∈
{K,T,B}, SAT (L1 ⊕⊆ L2) can be linearly translated into a known PSPACE
fragment of FO2, say WLGF2 standing for weak loosely guarded fragment with
two variables. The vocabulary of WLGF2 consists of: the symbols ¬, ∧,⇒, ∀ for
propositional connectives and universal quantification; a countable set {Pi : i ∈
ω} of unary predicate symbols; a set {R1, R2} of binary predicate symbols and a
set {x0, x1} of individual variables. The set of WLGF2-formulae is the smallest
set containing the set of atomic formulae built over this vocabulary, closed under
the standard rules for Boolean connectives and under the rule below: if φ(xi)
and ψ(xi, x1−i) are WLGF2-formulae for some i ∈ {0, 1} such that,

– the only variable free in φ(xi) is xi;
– ψ(xi, x1−i) is a conjunction of atomic formulae of the form R(x, y) such that

for at least one conjunct {x, y} = {x0, x1};

then ∀xi (ψ(xi, x1−i) ⇒ φ(xi)) is a WLGF2-formula. WLGF2 is a fragment
of the loosely guarded fragment LGF (see e.g. [4]). Actually WLGF2 is even
a fragment of PGF2 defined in [23] and shown to be in PSPACE [23]. None
of the obvious FO2-formulae capturing reflexivity, symmetry and inclusion are
WLGF2-formulae. Instead of using such axioms, we introduce PGF2-modalities
in the sense of [23, Section 4.1.1].

For L1,L2 ∈ {K,T,B}, we define a map TL1⊕⊆L2 such that TL1⊕⊆L2(φ) is
of the form initL1⊕⊆L2 ∧ STL1⊕⊆L2(φ, x0) where initL1⊕⊆L2 is a fixed WLGF2-
formula. Analogously to the standard translation ST [3], STL1⊕⊆L2 encodes the
quantification in the interpretation of [i] into the language of WLGF2. We allow
ourselves only a restricted form of universal quantification that encodes appro-
priately the properties of the bimodal frames. The main idea of STL1⊕⊆L2 is to
visit only the successor worlds that satisfy the local constraints on the relations
of the frames. Indeed, reflexivity, symmetry and inclusion can be checked locally.
STL1⊕⊆L2 is defined inductively as follows (i ∈ {0, 1});

– STL1⊕⊆L2(pj , xi)
def= Pj(xi);

– STL1⊕⊆L2(φ1 ∧ φ2, xi)
def= STL1⊕⊆L2(φ1, xi) ∧ STL1⊕⊆L2(φ2, xi);
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– STL1⊕⊆L2([j]φ, xi)
def= ∀ x1−i((

∧

k∈{j,2} Rk(xi, x1−i) ∧ ϕk
L1⊕⊆L2

(xi, x1−i))⇒
STL1⊕⊆L2(φ, x1−i)) for j ∈ {1, 2} where the ϕk

L1⊕⊆L2
(xi, x1−i)s are defined

in the table below.

L1 L2 ϕ1
L1⊕⊆L2(xi, x1−i) ϕ2

L1⊕⊆L2(xi, x1−i)
K K � �
K T � R2(x1−i, x1−i)
K B � R2(x1−i, xi) ∧ R2(x1−i, x1−i)
T K R1(x1−i, x1−i) R1(x1−i, x1−i)
T T R1(x1−i, x1−i) R2(x1−i, x1−i) ∧ R1(x1−i, x1−i)
T B R1(x1−i, x1−i) R2(x1−i, x1−i) ∧ R1(x1−i, x1−i) ∧ R2(x1−i, xi)
B K R1(x1−i, xi) ∧ R1(x1−i, x1−i) R1(x1−i, x1−i)
B T R1(x1−i, xi) ∧ R1(x1−i, x1−i) R1(x1−i, x1−i) ∧ R2(x1−i, x1−i)
B B R1(x1−i, xi) ∧ R1(x1−i, x1−i) R2(x1−i, x1−i) ∧ R1(x1−i, x1−i) ∧ R2(x1−i, xi)

Let us define the initial formulae: initK⊕⊆K
def= �; initT⊕⊆K

def= initB⊕⊆K
def=

R1(x0, x0); initK⊕⊆T
def= initK⊕⊆B

def= R2(x0, x0); for L1,L2 ∈ {T,B}, initL1⊕⊆L2
def= R1(x0, x0) ∧ R2(x0, x0).

Lemma 6. For L1,L2 ∈ {K,T,B}, for any formula φ, φ ∈ SAT (L1 ⊕⊆ L2) iff
initL1⊕⊆L2 ∧ STL1⊕⊆L2(φ, x0) is WLGF2-satisfiable.

Since TL1⊕⊆L2 is in linear-time,

Theorem 3. For L1,L2 in {K,T,B}, SAT (L1 ⊕⊆ L2) is in PSPACE.

5 EXPTIME-Complete Bimodal Logics

It remains to characterize the complexity of SAT (L1 ⊕⊆ L2) for 〈L1,L2〉 ∈
{K,T,B}×{S4, S5}. By using logarithmic space transformations into converse-
PDL (that is known to be in EXPTIME), for 〈L1,L2〉 ∈ {K,T,B}×{S4, S5},
SAT (L1⊕⊆L2) can be shown to be in EXPTIME. Let C be a class of monomo-
dal frames. We write GSAT (C) to denote the set of monomodal formulae φ such
that there is a C-model M = 〈W,R1,m〉 satisfying for all w ∈W , M, w |= φ.

Lemma 7. Let C, C′ be classes of monomodal frames such that CS5 ⊆ C ⊆
CK4 and C′ is closed under generated subframes, disjoint unions and isomorphic
copies. Then, for any monomodal formula φ, φ ∈ GSAT (C′) iff [2]φ ∧ φ ∈
SAT (C′ ⊕⊆ C).

Proof. The idea of the proof has its origin in the proof of [32, Proposition 7]
where it is shown that the respective global satisfiability problems for S4 and
S5 are identical, that is GSAT (S4) = GSAT (S5). One can show that since
C′ is closed under generated subframes, disjoint union and isomorphic copies,
SAT (C′ ⊕⊆ CS5) = SAT (C′ ⊕⊆ C′

S5). So in C′ ⊕⊆ CS5, the modal connective [2]
behaves as a universal modal connective.

Let φ be a monomodal formula. Assume that φ ∈ GSAT (C′). So, there is
an C′ ⊕⊆ CS5-model M = 〈W,R1, R2,m〉 and w ∈ W such that M, w |= [2]φ.
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Since R2 is reflexive, M, w |= [2]φ ∧ φ. By hypothesis, C′ ⊕⊆ CS5 ⊆ C′ ⊕⊆ C, so
[2]φ ∧ φ ∈ SAT (C′ ⊕⊆ C).

Now assume that [2]φ ∧ φ ∈ SAT (C′ ⊕⊆ C). So, there is a C′ ⊕⊆ C-model
M = 〈W,R1, R2,m〉 such that for some w ∈ W , M, w |= [2]φ ∧ φ. Since R2 is
transitive, for w′ ∈ R∗

2(w),M, w′ |= φ. In particular, for w′ ∈ R∗
1(w),M, w′ |= φ.

Let M = 〈W ′, R′
1, R

′
2,m

′〉 be the C′ ⊕⊆ CS5-model such that W ′ = R∗
1(w) and,

R′
1 and m′ are the respective restrictions of R1 and m to W ′ and R′

2 = W ′×W ′.
Since C′ is closed under generated subframes, 〈W ′, R′

1〉 ∈ C′. So, φ ∈ GSAT (C′).

Many examples of classes of frames between CK4 and CS5 can be found in
[17, Figure 4].

Theorem 4. Let L1,L2 be monomodal logics such that K ⊆ L1 ⊆ B, K4 ⊆
L2 ⊆ S5 and for i ∈ {1, 2}, Li is complete with respect to CLi

. Then, SAT (CL1⊕⊆
CL2) is EXPTIME-hard.

Proof. By [10, Theorem 1] (see also [30]), GSAT (CL1) is EXPTIME-hard. By
Lemma 7, SAT (CL1⊕⊆ CL2) is EXPTIME-hard (CL1 is closed under generated
subframes, disjoint unions and isomorphic copies).

Hence, for 〈L1,L2〉 ∈ {K,T,B}×{S4, S5}, SAT (L1⊕⊆ L2) is EXPTIME-
hard. Since K⊕⊆S4 is a fragment of the logic A introduced in [7], A-satisfiability
is EXPTIME-hard. A-satisfiability can be also translated in logarithmic space
into PDL (see also [6]).

6 Concluding Remarks

We have characterized the computational complexity of simple dependent bi-
modal logics. Table 1 summarizes the main results. As a side-effect, we have
established that S4+5 [33] is PSPACE-complete whereas the logic A in [7] is
EXPTIME-complete. Unlike the fusion operator ⊕, the situation with ⊕⊆ is
not uniform since NP-complete, PSPACE-complete and EXPTIME-complete
dependent bimodal logics have been found. The only case of NP-complete logic
is S5⊕⊆ S5 and we conjecture that this can be generalized to extensions of S4.3.

The most interesting proofs are related to PSPACE upper bounds. We used
two proof techniques. The first one consists in translation SAT (L1 ⊕⊆ L2) for
L1,L2 ∈ {K,T,B} into satisfiability for a fragment of M. Marx’s packed guarded
fragment with only two individual variables PGF2. This approach has obvious
limitations as soon as transitive relations are involved.

The second technique consists in defining Ladner-like decision procedures
for 〈L1,L2〉 ∈ {S4, S5} × {T,B, S4, S5} extending Ladner technique following
[31] and we have presented a uniform framework that can be easily reused to
study other polymodal logics. Indeed, it is the appropriate definitions of the
sets sub(s, φ), the notion of s-consistency, the conditions Ci and possibly the
mechanism of cycle detection that allows to obtain the PSPACE upper bounds.
This technique can be also used for L1,L2 ∈ {K,T,B}. We took the decision to
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use PGF2 instead since it is an interesting fragment to equip with an analytic
tableau-style calculus (see in [25] a labelled tableaux calculus for the modal logic
MLR2 of binary relations that corresponds roughly to WLGF2 augmented with
other binary predicate symbols). Last but not least, the decision procedures
we have defined could be straightforwardly (and more efficiently) reused in a
tableaux calculus for 〈L1,L2〉 ∈ {S4, S5} × {T,B, S4, S5}. For instance, we can
show that in a prefixed calculus one not need to consider prefixes of length
greater than (4 × |φ|2 + 1)2. In a non-prefixed version, one does not need to
apply the “π-rule” more than (4× |φ|2 + 1)2 times on a branch to show that φ
is valid. An analysis similar to the one in [8] about results in [22,14] would be
the right way to formally establish such results.

Besides, it is natural to extend the operator ⊕⊆ to an n-ary operator n ≥ 2.
Let (Ci)i∈{1,...,n} be n ≥ 2 classes of monomodal frames. The class C1⊕⊆ . . .⊕⊆Cn
of n-modal frames is defined as the class of frames 〈W,R1, . . . , Rn〉 such that for
i ∈ {1, . . . , n}, 〈W,Ri〉 ∈ Ci and R1 ⊆ . . . ⊆ Rn. All the other notions can be
naturally defined. One can show the following generalization:

Theorem 5. Let L1, . . . ,Ln be in {K,T,B, S4, S5}, n ≥ 2. If there exist i <
j ∈ {1, . . . , n} such that SAT (Li ⊕⊆ Lj) is EXPTIME-hard then SAT (L1 ⊕⊆
. . . ⊕⊆ Ln) is EXPTIME-complete. Otherwise, if for i ∈ {1, . . . , n}, Li = S5,
then SAT (L1 ⊕⊆ . . .⊕⊆ Ln) is NP-complete otherwise SAT (L1 ⊕⊆ . . .⊕⊆ Ln)
is PSPACE-complete.

Acknowledgments. The author thanks the anonymous referees for useful remarks
and suggestions. Special thanks are due to one of the referees for finding a mistake
in the submitted version.
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Abstract. In this paper, we compare the effect of different embeddings
of the intuitionistic logic Int in the modal logic S4. We select two dif-
ferent embeddings from the literature and show that translated (pro-
positional) intuitionistic formulae have sometimes exponentially shorter
minimal proofs in a cut-free Gentzen system for S4 than the original
formula in a cut-free standard Gentzen system for Int. A similar relation
on minimal proof length is shown for two variants of multi-succedent
cut-free Gentzen calculi for Int.

1 Introduction

The translation of formulae from one logical representation into another is a
common practice in many fields of logic and automated deduction. To mention
just one example, consider the translation of (the negation of) a propositional
formula into a satisfiability-equivalent 3-CNF (conjunctive normal form where
each clause has at most three literals). Besides this example, where the latter
representation is a restricted form of the former one, more general translations
are possible. In this paper, we consider translations (embeddings) of formulae
from intuitionistic logic Int into modal logic S4 and investigate the effect of
different translations on the length of the resulting (minimal) proofs.

The first embedding of this kind was introduced by Gödel [8] in 1933;1 many
others were introduced in the forties and fifties [10,11,13]. Historically, one goal
was to characterize intuitionistic truth in terms of classical provability. More
recent considerations focus, for instance, on the generation of calculi for Int which
are well-suited for automated deduction (see, e.g., [16] where the connection
calculus for Int is developed with the corresponding calculus for S4 in mind).

The paper is organized as follows. In the next section, we introduce the cut-
free sequent calculi for Int and S4 together with some notation. In Section 3,
we consider two embeddings taken from the literature. The first one, (·)◦, is an
adaption of Girard’s embedding of Int into classical linear logic; the second one,
(·)�, is a variant of an embedding of Rasiowa and Sikorski, which in turn is a
first-order generalization of the embedding T of McKinsey and Tarski. Both em-
beddings are faithful, i.e., the original formula is provable in Int iff the translated
1 Artemov mentioned in [1] that there was a similar embedding of Orlov [12] into a

weaker system than S4.

Roy Dyckhoff (Ed.): TABLEAUX 2000, LNAI 1847, pp. 205–219, 2000.
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F, Γ =⇒ Δ, F Ax ⊥, Γ =⇒ Δ ⊥l

A, B, Γ =⇒ Δ

A ∧B, Γ =⇒ Δ
∧l

Γ =⇒ Δ, A Γ =⇒ Δ, B

Γ =⇒ Δ, A ∧B
∧r

A, Γ =⇒ Δ B, Γ =⇒ Δ

A ∨B, Γ =⇒ Δ
∨l

Γ =⇒ Δ, A, B

Γ =⇒ Δ, A ∨B
∨r

Γ =⇒ Δ, A B, Γ =⇒ Δ

A → B, Γ =⇒ Δ
→l

A, Γ =⇒ Δ, B

Γ =⇒ Δ, A → B
→r

∀x A, Ax
t , Γ =⇒ Δ

∀x A, Γ =⇒ Δ
∀l

Γ =⇒ Δ, Ax
y

Γ =⇒ Δ, ∀x A
∀r

Ax
y , Γ =⇒ Δ

∃x A, Γ =⇒ Δ
∃l

Γ =⇒ Δ, Ax
t , ∃x A

Γ =⇒ Δ, ∃x A
∃r

Fig. 1. Axioms and inference rules of G3c.

formula is provable in S4. In Section 4, we provide hard formulae for cut-free
standard Gentzen systems for the propositional fragment of Int. The effect of
the two embeddings on the length of minimal proofs is investigated. It turns
out that embeddings are sometimes beneficial yielding an exponential decrease
of minimal proof length. Additionally, a comparison is performed between diffe-
rent multi-succedent variants of cut-free Gentzen systems for the propositional
fragment of Int.

2 Preliminaries

Throughout this paper we use a first-order language consisting of variables,
function symbols, predicate symbols, logical connectives, falsum (⊥), quantifiers,
modalities � and �, and punctuation symbols. Terms and formulae are defined
according to the usual formation rules. Negation is a defined concept, i.e., ¬F is
defined to be F → ⊥. We will identify 0-ary predicate symbols with propositional
atoms, and 0-ary function symbols with (object) constants.

We use Gentzen systems (sequent systems) in which weakening and con-
traction are absorbed into axioms and rules (such systems are often called G3-
systems; see, e.g., [9] or [15]). These systems are closely related to tableau sy-
stems. Although our results require the propositional fragment only, we introduce
the calculi and embeddings for first-order logic.

The formal objects of sequent systems are sequents S := Γ =⇒ Σ, where
Γ,Σ are finite sets of first-order formulae. (Γ is the antecedent of S, and Σ is
the succedent of S.) Recall that the informal meaning of a sequent

A1, . . . , An =⇒ B1, . . . , Bm
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is the same as the informal meaning of the formula (
∧n

i=1 Ai) → (
∨m

i=1 Bi). A
sequent system for classical first-order logic, called G3c, is depicted in Fig. 1.
A sequent S is called intuitionistic if the succedent of S consists of at most
one formula. A sequent calculus for intuitionistic first-order logic, called G3i,
is depicted in Fig. 2. G3m is the corresponding sequent calculus for minimal
logic (i.e., intuitinistic logic without ⊥l). In G3i and G3m, the formal objects are
intuitionistic sequents, i.e., in Fig. 2, Δ consists of at most one formula.

In all the mentioned calculi, the eigenvariable condition applies, i.e., in ∀r and
∃l, the eigenvariable y does not occur (free) in ∀xA, ∃xA, Γ , and Δ, respectively.
A multi-succedent intuitionistic calculus G3i’ is obtained from G3c by replacing
→r and ∀r by the following critical rules.

A, Γ =⇒ B

Γ =⇒ Δ, A→ B
→r

Γ =⇒ Ax
y

Γ =⇒ Δ, ∀xA
∀r

Additionally, the →l-inference of G3c in Fig. 1 is replaced by the inference

A→ B,Γ =⇒ Δ,A B, Γ =⇒ Δ

A→ B,Γ =⇒ Δ
→l

Obviously, arbitrary sequents are (temporarily) allowed in proofs in G3i’; an
application of a critical rule forces an intuitionistic sequent in its premise.

Other variants of multi-succedent intuitionistic calculi are known (e.g., Beth
tableaux; see [7] for the details and references). A variant which will be considered
later is Dragalin’s calculus GHPC [2] which uses

A→ B, Γ =⇒ A B, Γ =⇒ Δ

A→ B, Γ =⇒ Δ
→l

instead of the →l-inference of G3i’ given above.
Finally, a sequent calculus G3s for modal logic S4 is obtained by extending

G3c by the following rules where �Γ (�Γ ) means that each formula in Γ starts
with � (�).

�A, A, Γ =⇒ Δ

�A, Γ =⇒ Δ
�l

�Γ =⇒ �Δ, A

Γ ′, �Γ =⇒ �Δ, Δ′, �A
�r

A, �Γ =⇒ �Δ

�A, Γ ′, �Γ =⇒ �Δ, Δ′ �l
Γ =⇒ Δ, A, �A

Γ =⇒ Δ, �A
�r

We use the terms principal formula and proof in a sequent system in the
usual way. The principal formula of an inference q is sometimes denoted by Fq.
By �G3s S, �G3c S, �G3i S, �G3m S, we mean provability of S in G3s, G3c, G3i,
and G3m, respectively. According to the uniform tableau notation, we call unary
inferences (without quantifier inferences) α-rules, and binary inferences β-rules.
Principal formulae of a ϕ-rule (ϕ ∈ {α, β }) are called ϕ-formulae.

The length, |α|, of a proof α (in any of the systems used in this paper) is
defined as the number of axioms occurring in it.
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F, Γ =⇒ F Ax ⊥, Γ =⇒ Δ ⊥l

A, B, Γ =⇒ Δ

A ∧B, Γ =⇒ Δ
∧l

Γ =⇒ A Γ =⇒ B
Γ =⇒ A ∧B

∧r

A, Γ =⇒ Δ B, Γ =⇒ Δ

A ∨B, Γ =⇒ Δ
∨l

Γ =⇒ Ai

Γ =⇒ A0 ∨A1
∨r (i = 0, 1)

A → B, Γ =⇒ A B, Γ =⇒ Δ

A → B, Γ =⇒ Δ
→l

A, Γ =⇒ B

Γ =⇒ A → B
→r

∀x A, Ax
t , Γ =⇒ Δ

∀x A, Γ =⇒ Δ
∀l

Γ =⇒ Ax
y

Γ =⇒ ∀x A
∀r

Ax
y , Γ =⇒ Δ

∃x A, Γ =⇒ Δ
∃l

Γ =⇒ Ax
t

Γ =⇒ ∃x A
∃r

Fig. 2. Axioms and inference rules of G3i.

The following definition of a polynomial simulation is adapted from [3]. A
calculus P1 can polynomially simulate (p-simulate) a calculus P2 if there is a
polynomial p such that the following holds. For every proof of a formula (or
sequent) F in P2 of length n, there is a proof of (the translation of) F in P1,
whose length is not greater than p(n).

We use the terms propositional formula, propositional sequent etc. for a clas-
sical propositional formula, sequent etc. without �,�. If modalities are allowed,
the term modal is added.

Definition 1. The classical kernel, ck(·), of a formula F and a sequent S is
defined as follows. If F is atomic, then ck(F ) = F . If F is of the form QxA
(Q ∈ {∀, ∃ }) then ck(F ) = Qx ck(A). If F is of the form A ◦ B (◦ ∈ {∨,∧,→
}) then ck(F ) = ck(A) ◦ ck(B). If F is of the form mA (m ∈ {�,� }) then
ck(F ) = ck(A). If S is a sequent of the form

A1, . . . , An =⇒ B1, . . . , Bm.

then ck(S) is of the form

ck(A1), . . . , ck(An) =⇒ ck(B1), . . . , ck(Bm).

Obviously, the classical kernel of a (modal) formula or a sequent is construc-
ted by deleting all occurrences of �, �.

3 Different Embeddings of Int to S4

There is a number of slightly differing embeddings of Int to S4 (see, e.g., [8], [10],
[11], [13]); we consider two of them (see [15] p. 230). The first mapping, (·)◦, is
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P ◦ = P

⊥◦ = ⊥
(A ∧B)◦ = A◦ ∧B◦

(A ∨B)◦ = �A◦ ∨ �B◦

(A → B)◦ = (�A◦)→ B◦

(∀xA)◦ = ∀xA◦

(∃xA)◦ = ∃x�A◦

P � = �P

⊥� = ⊥
(A ∧B)� = A� ∧B�

(A ∨B)� = A� ∨B�

(A → B)� = �(A� → B�)

(∀xA)� = �∀xA�

(∃xA)� = ∃xA�

Fig. 3. The two embeddings used in this paper.

derived from Girard’s embedding of intuitionistic logic into classical linear logic,
whereas the second mapping, (·)�, is a slight variant of the embedding in [13]
which in turn is the first-order generalization of the embedding T in [11]. The
two embeddings are shown in Fig. 3, where P denotes an atomic formula.

Roughly speaking, (·)◦ encodes intuitionistic restrictions of the rules ∨r, →l,
and ∃r, whereas (·)� encodes restrictions of the critical rules →r and ∀r. Ho-
wever, according to �r, non-boxed antecedent formulae are deleted with the
consequence that both embeddings are more restrictive than necessary.

Obviously, both translations are structure-preserving in the sense that the
classical kernel of a translated formula is the source formula.

Let Γ be of the form {B1, . . . , Bn }. For � ∈ { ◦, � }, we use Γ � in order to
denote { (B1)�, . . . , (Bn)� }.

An important property of these embeddings is faithfulness:

�G3s �Γ ◦ =⇒ A◦ iff �G3s Γ� =⇒ A� iff �G3i =⇒ (
∧

Γ )→ A

where �Γ ◦ means {�(B1)◦, . . . ,�(Bn)◦ } if Γ = {B1, . . . , Bn }.
We extend the calculus G3s by the two translations. A formula F is provable

in �G3s (� ∈ { ◦, � }) if there is a G3s–proof of the sequent =⇒ F �.

4 Comparisons of Embeddings and Calculi

4.1 Hard Formulae for G3i and G3m

We present a class of propositional formulae for which any G3i-proof is exponen-
tial. For n > 0, we define Fn ≡ Ln → C where

Ln ≡ An ∧ (O0 ∧ (O1 ∧ (· · · (On−1 ∧On) · · ·),

Oi ≡
{

(A0 → C) if i = 0,
(Ai → ((Ai−1 ∨ C) ∨Ai−1)) if 1 ≤ i ≤ n,

and A0, . . . , An, C are atomic formulae. In contrast to the sequence of (more
complicated) formulae given in [5], even different multi-succedent calculi for Int
can be separated (with respect to p-simulation) with the sequence (Fi)i>0.
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Definition 2. Let S ≡ Γ � Δ be a propositional sequent and let AS be the
set of atoms occurring in S. We define an evaluation function valI(·) for pro-
positional formulae and sequents which is based on a classical interpretation
I:AS $→ { t, f }:
valI(⊥) = f ,
valI(A) = I(A), for all A ∈ AS,
valI(F ∧G) = f iff valI(F ) = f or valI(G) = f ,
valI(F ∨G) = f iff valI(F ) = f and valI(G) = f ,
valI(F → G) = f iff valI(F ) = t and valI(G) = f ,
valI(Γ =⇒ Δ) = f iff for every F ∈ Γ , G ∈ Δ, valI(F ) = t and valI(G) = f .
A sequent S is false iff there exists an interpretation I such that valI(S) = f .

False (classical) sequents cannot be proven in the classical sequent calculus
(because of its correctness). Therefore, these sequents are neither provable in G3i
nor in G3s. We first show that any of the An, Oi (0 ≤ i ≤ n), C are required for
a classical (and hence, intuitionistic) proof of Fn.

Lemma 1. Let Fn be as defined above. Let Sn be of the form

Sn ≡ An, O0, . . . , On =⇒ C

Removing one of the indicated An, Oi, or C from Sn yields a false sequent S′
n.

Proof. We show for any of the above deletions that the resulting sequent S′
n is

false.
Case 1. Removing C from Sn results in a new sequent S′

n

An, O0, . . . , On =⇒ .

Define I(Aj) = t (0 ≤ j ≤ n), and I(C) = t. Then valI(S′
n) = f .

Case 2. Removing the indicated occurrence of An from Sn results in a new
sequent S′

n

O0, . . . , On =⇒ C.

Define I(Ai) = f (0 ≤ i ≤ n) and I(C) = f . Then valI(S′
n) = f .

Case 3. Removing Oj (0 ≤ j ≤ n) from Sn results in a new sequent S′
n

An, O0, . . . , Oj−1, Oj+1, . . . , On =⇒ C.

Define I(Ai) = f (0 ≤ i ≤ j − 1), I(Ai) = t (j ≤ i ≤ n), and I(C) = f . Then
valI(S′

n) = f . ��

We introduce the notion of a reduction ordering.

Definition 3. Let S be a sequent and FS be the set of all (sub)formulae oc-
curring in S (different occurrences of identical subformulae are distinguished by
indexing). We define:

1. Let - ⊆ FS ×FS be the subformula ordering of S, i.e., (F,G) ∈ - iff G is
an immediate subformula of F .
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AnAn ∨ C

(An ∨ C) ∨An

On+1

An−1An−1 ∨ C

(An−1 ∨ C) ∨An−1

On

An−2An−2 ∨ C

(An−2 ∨ C) ∨An−2

On−1

. . .

. . .

. . .

CA0

O0

Fig. 4. Partial formula trees with some elements of � and �.

2. Let � ⊆ FS ×FS be a binary relation, different from -.
3. Let � = (-∪�)+, where ‘ +’ denotes the transitive closure. The relation �

is a reduction ordering for S iff � is acyclic.

Let α be a proof of S and � be a reduction ordering for S. A branch b of S in
α is said to satisfy � iff for every two inferences p, q from b it holds: If p occurs
somewhere above q on b, then (Fp, Fq) �∈ �, i.e., either Fq � Fp or the formulae
Fp, Fq are not ordered. Otherwise, the two inferences p, q are said to violate �.
α is said to satisfy � iff every branch in α satisfies �.

Definition 4. Let Sn ≡ An, O0, . . . , On =⇒ C (n > 0) and let - be the
subformula ordering of Sn. We define a relation � = (- ∪ �)+, where � is
defined as

� =
⋃

0≤j<n

{ (Aj ∨ C, Oj) }.

In the following, we depict (partial) formula trees together with some ele-
ments of the relations -, �, and � (an example is given in Fig. 4). We use
F G to denote (F,G) ∈ - (i.e., G is an immediate subformula of F ),
F G to denote (F,G) ∈ �, and F G to denote (F,G) ∈ �.

Lemma 2. There is exactly one sequence Mn

On, (An−1 ∨ C) ∨An−1, An−1 ∨ C, . . . , O1, (A0 ∨ C) ∨A0, A0 ∨ C, O0

of non-atomic formulae from Sn such that

(∗) F occurs before G in Mn iff (F,G) ∈ �.

Proof. The proof is by induction on n.
Base: n = 1. Consider S1 ≡ A1, O0, O1 =⇒ C. The only possibility for M1 is
O1, (A0 ∨ C) ∨A0, A0 ∨ C, O0.
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A0A0 ∨ C

(A0 ∨ C) ∨A0

O1

CA0

O0

IH: Assume that, for all m ≤ n, there exists exactly one sequence Mn

On, (An−1 ∨ C) ∨An−1, An−1 ∨ C, . . . , O1, (A0 ∨ C) ∨A0, A0 ∨ C, O0

satisfying (∗).
Step. Consider the partial formula trees in Fig. 4. IH provides a unique sequence
Mn for the partial formula trees in the box. The following three items follow
from the mentioned pairs by (F,G) ∈ ◦ (◦ ∈ {-, � }) implies (F,G) ∈ � and
transitivity:

1. (On+1, An ∨C) ∈ �, because (On+1, (An ∨C)∨An) ∈ - and ((An ∨C)∨
An, An ∨ C) ∈ -.

2. ((An ∨ C) ∨ An, On) ∈ �, because ((An ∨ C) ∨ An, An ∨ C) ∈ - and
(An ∨ C, On) ∈ �.

3. (On+1, On) ∈ �, because (On+1, An ∨ C) ∈ � and (An ∨ C, On) ∈ �.

Hence, On+1, (An∨C)∨An, An∨C, Mn is the only sequence satisfying (∗). ��

Corollary 1. � is acyclic, i.e., it is a reduction ordering for Sn.

In the following lemma, we show that every proof of Sn in G3i has to obey
the reduction ordering �.

Lemma 3. Let Sn ≡ An, O0, . . . , On =⇒ C (n > 0) and let � be the reduction
ordering from Definition 4. Then, � forms a reduction ordering for Sn such that
every G3i-proof α of Sn has to satisfy �.

Proof. First, recall that � is acyclic, i.e., � is a reduction ordering (Corollary 1).
The lemma is proven by contradiction. Assume that αn is a proof of Sn in G3i,
but � is not satisfied. We show that, under this circumstance, at least one
sequent in αn is classically false with the consequence that αn is not a proof of
Sn in G3i.

We consider the following elements of �: for every j with 0 ≤ j < n and m
with 0 ≤ m ≤ j,

(Aj ∨ C, Om) ∈ �.

This follows immediately from Lemma 2.
We first show that the restriction to the above pairs does not violate gene-

rality. More precisely, we prove that, whenever there is a violation of �, then
there is a violation involving two inferences ∨l and →l with principal formulae
Aj ∨ C and Om, respectively. Two important observations follow.
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q

u

p = ∨l

q

u

r = →l

Fig. 5.

1. Any positive subformula A in Sn (i.e., C or any negative subformula of
O0, . . . , On) is atomic. Hence, all axioms of αn must be of the form Γ,A =⇒
A. A reduction of non-atomic formulae in the antecedent is therefore requi-
red.

2. Since all formulae in Sn are needed for a proof (Lemma 1), especially all
Oi must be reduced. Since all non-atomic subformulae of Oi (including Oi

itself) are β-formulae, each non-atomic subformula of Oi has to be reduced.
Otherwise, Oi could be removed from Sn without harm.

Consider the left part in Fig. 5. Let q and u denote two inferences from
{∨l, →l }, let Fq and Fu be the corresponding principal formulae, let q occur
somewhere above u, and let (Fq, Fu) ∈ �. Hence, q and u violate �. Moreover,
let Rkl

be a (non-atomic) subformula of Okl
in the following cases.

Case 1: Fq = Okq and Fu = Oku .
Because of observation 2 and (Okq

, Akq−1 ∨C) ∈ -, there is an inference p = ∨l
(with Fp = Akq−1 ∨ C) above q which violates (Akq−1 ∨ C,Fu) ∈ �.
Case 2: Fq = (Akq−1 ∨ C) ∨Akq−1 and Fu = Oku

.
Similar to case 1 but with (Akq−1 ∨ C) ∨Akq−1 instead of Okq .
Case 3: Fq = Okq and Fu = Rku .
Because of (Oku , Rku) ∈ -, there is an inference r = →l below u such that
Fr = Oku

. Similar arguments as in case 1 apply but with inference r instead of
inference u.
Case 4: Fq = (Akq−1 ∨ C) ∨Akq−1 and Fu = Rku

.
Choose the inference r as in case 3 and the inference p as in case 1. Then r and
p violate � because Fr = Oku , Fp = Akq−1 ∨ C, and r occurs below p.

Let ◦ denote the last inference in α. Consider a branch b of Sn in α for which
� is not satisfied. Starting from ◦, we select a pair of inferences (p, r) from b
such that

(i) p occurs somewhere above r on b with Fp = Aj ∨ C;
(ii) p and r violate � since Fp � Fr.

In the following, Γ consists of exactly one of Aj , C,Aj ∨C, (Aj ∨C) ∨Aj , Oj+1
(for every j, 0 ≤ j ≤ n−1) except for explicitly indicated formulae in the sequent
which do not occur in Γ . Additionally, O0 might occur in Γ . The exact value of
Γ depends on the considered subbranch of b.
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(Aj ∨C, Om) ∈ � is violated. Consider a sequent with an antecedent of the
form An, Γ, F [Aj ∨ C], Om, where F [Aj ∨ C] denotes a superformula of Aj ∨ C.
Moreover, Om is reduced first (by the inference r =→l) and Aj ∨ C is reduced
later (by the inference p = ∨l). We obtain

S ≡ An, Γ, F [Aj ∨ C], Om =⇒ Am

as the left premise of r. Let B = {Aq | Aq ∈ Γ } = {Ak1 , . . . , Akl
}. There are

the following subcases:
(a) If B = ∅ then define I(C) = t, I(An) = t and I(Am) = f . Computing valI(S)
yields f .
(b) If B �= ∅ then select the element Akl

with the greatest index kl from B. Then
there exists an inference q =→l with principal formula Okl+1 (kl +1 < n) below
r on b, because this reduction is the only possibility to get a sequent with (a
superformula of) Akl

in the antecedent. Let

T ≡ An, Γ
′, Okl+1 =⇒ Akl+1

be the left premise of q. Observe that all A’s which occur in Γ ′ must also occur
in Γ . Since Akl+1 �∈ Γ (because Akl

is the one with the greatest index in Γ ),
Akl+1 �∈ Γ ′. Therefore, T is not an axiom. Define I(Akl+1) = f , I(C) = t,
I(Al) = t for all other Al’s. Computing valI(T ) yields f .

In both cases, we get a false sequent which is not provable. Hence, α cannot
be an G3i-proof which contradicts our assumption. ��

Lemma 4. Let n be a fixed, but arbitrary constant. Let axioms of the form
A0, Γ =⇒ A0 be called A-axioms. Then 2n A-axioms are required for any G3i-
proof of the sequent Sn ≡ An, O0, . . . , On =⇒ C.

Proof. Let Nk denote Ak−1 ∨ C and let Mk denote Nk ∨ Ak−1. Moreover, Ok

denotes {O0, . . . , Ok }. By Lemma 3, any G3i-proof αn of Sn has to obey �.
With Lemma 2, it follows that there is exactly one reduction sequence in any
branch of αn.

The proof is by induction on n.
Base. For n = 1, the only possibility for α1 is as follows (Γ1 = {A1, O0 }).

Let α′
1 denote the leftmost subproof of α1 (marked gray) with the end sequent

A1, O0, A0 =⇒ C, containing exactly one A-axiom. A copy of α′
1 occurs above

the right premise of the low-most ∨l-inference. Hence, there are two A-axioms
in α1.
IH: Assume that, for all m ≤ n, any G3i-proof of Sm has 2m A-axioms, each in
a separate occurrence of α′

m (with the end sequent Am, Om−1, Am−1 =⇒ C).
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Step. Consider Sn+1. By IH, we have an G3i-proof αn of Sn with 2n A-axioms in
2n separate occurrences of α′

n. Take αn and add An+1 to the antecedent of each
sequent resulting in α′

n+1 with end sequent An+1, O
n, An =⇒ C. Since An+1

occurs only in antecedents of α′
n+1, no part of the proof becomes redundant due

to new axioms. Take two copies of α′
n+1 and derive:

According to Lemma 1, On+1 is relevant in any G3i-proof αn+1 of Sn+1. There
is only one possibility to get the desired end sequent because of Lemma 2 and
Lemma 3. ��

Theorem 1. Any proof of Fn in G3i or G3m has length ≥ 2n.

Proof. The sequent =⇒ Fn is deterministically reduced to Sn without intro-
ducing axioms. By Lemma 4, any G3i-proof αn of Sn requires 2n A-axioms.
Inspecting αn reveals that it is indeed a G3m-proof of Sn because no axiom of
the form ⊥, Γ =⇒ G occurs in αn. Since G3m is a “subcalculus” of G3i, it is
impossible to get a shorter proof in G3m as in G3i. ��

4.2 Hard Formulae Made Easy by Translations

We consider (Fn)◦ ≡ (�(Ln)◦)→ C where:

(Ln)◦ ≡ An ∧ ((O0)◦ ∧ ((O1)◦ ∧ (· · · ((On−1)◦ ∧ (On)◦)) · · ·),

(Oi)◦ ≡
{

(�A0)→ C if i = 0,
(�Ai)→ (�(�Ai−1 ∨�C) ∨�Ai−1) if 1 ≤ i ≤ n.

Lemma 5. Let n be an arbitrary but fixed constant and let Sn
k be the sequent

�(Ln)◦, An, (Om+k)◦, . . . , (Om+1)◦ =⇒ C, �A0, . . . ,�An−k

where m ≥ 0 and n = m + k. Then there exists a proof αn
k of Sn

k in G3s with
length 3k + 1.

Proof. By induction on k. We abbreviate {�A0, . . . ,�Al } by �Δl (0 ≤ l ≤ n)
and Γn = {�(Ln)◦, An }.
Base: k = 1. Then αn

1 has 4 axioms and is

An,
∧n

i=0(Oi)◦ =⇒ Am+1

An ∧
∧n

i=0(Oi)◦ =⇒ Am+1
∧l

�(Ln)◦ =⇒ Am+1
�l

Γn =⇒ C, �Δn−k, �Am+1
�r

Ax(�Am)
Ax(C)

Γn, �C =⇒ C, �Δn−k
�l

Γn, �Am ∨ �C =⇒ C, �Δn−k
∨l

Γn, �(�Am ∨ �C) =⇒ C, �Δn−k
�l

Ax(�Am)
Γn, �(�Am ∨ �C) ∨ �Am =⇒ C, �Δn−k

∨l

Γn, (Om+1)◦ =⇒ C, �Δn−k
→l
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where Ax(F ) denotes an axiom of the form F, Γ =⇒ Δ,F . Observe that the
leftmost top sequent is an axiom because n = m + k.
IH: Assume that k > 1 and, for all d < k, Sn

d has a proof αn
d in G3s of length

3d + 1.
Step. Consider Sn

k and αn
k . We abbreviate { (Om+k)◦, . . . (Om+1)◦ } by (Γn

k )◦.

αn
k−1

Γn, (Γ n
k−1)

◦ =⇒C, �Δn−k+1

as in the base case with 3 axioms
Γn, (Γ n

k−1)
◦, �(�Am∨�C)∨�Am =⇒C, �Δn−k

Γn, (Γ n
k )◦ =⇒ C, �Δn−k

→l

Apparently, the number of axioms of αn
k is 3k + 1 as desired. ��

Lemma 6. There exists a proof αn of (Fn)◦ in G3s with length 3n + 2.

Proof. By Lemma 5, Sn
n has a proof αn

n in G3s of length 3n + 1. An additional
→l with a further axiom �(Ln)◦, An, (On)◦, . . . , (O1)◦, C =⇒ C yields

�(Ln)◦, An, (On)◦, . . . , (O0)◦ =⇒ C.

Additional applications of unary inferences ∧l, �l, and →r complete the proof
of (Fn)◦ in G3s without adding more axioms. Hence, the length of αn is 3n + 2.

��

We consider (Fn)� ≡ �((Ln)� → �C) where:

(Ln)� ≡ (�An ∧ ((O0)� ∧ ((O1)� ∧ (· · · ((On−1)� ∧ (On)�)) · · ·),

(Oi)� ≡
{

�((�A0)→ �C) if i = 0,
�((�Ai)→ ((�Ai−1 ∨�C) ∨�Ai−1)) if 1 ≤ i ≤ n.

The proof of the next lemma is analogous to the proof of Lemma 6.

Lemma 7. There exists a proof αn of (Fn)� in G3s with length 3n + 2.

Theorem 2. G3i cannot p-simulate ◦G3s and �G3s.

Proof. By Theorem 1, Lemma 6 and Lemma 7.

Surprisingly, both translations enable short proofs of the embedded formula
Fn in S4. Although (·)◦ roughly coincides with ∨r in G3i, the temporary use of
more than one formula in the succedent enables a short proof in ◦G3s. A similar
reason applies to (·)� which roughly coincides with →r in G3i’.
In Section 2, we mentioned different multi-succedent intuitionistic calculi, namely
G3i’ and Dragalin’s calculus GHPC. The sequence F1, F2, . . . of propositional
formulae can be used to separate the two calculi with respect to polynomial
simulation.

Corollary 2. Dragalin’s calculus GHPC cannot p-simulate G3i’.

Proof. Exponential length of any proof of Fn in Dragalin’s calculus GHPC fol-
lows from Theorem 1 and the following structural properties of Fn:
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1. the top level symbol of Fn (viewed as a formula tree) is an implication;
2. the righthandside of this implication is a propositional variable;
3. all other implications occur negatively in Fn (hence, they are eventually

reduced by →l);
4. the lefthandside of all other implications are propositional variables.

Therefore, any proof of Fn in Dragalin’s calculus GHPC is essentially a G3i–
proof of the same formula. Short G3i’–proofs of Fn are easily established from
the short proofs of Fn in �G3s. ��

4.3 Comparing Different Translations

For n > 0, we define Gn ≡ A1 → (A2 → . . . (An → Bn) · · ·) where, for 1 ≤ i ≤ n,

Ai ≡ Ai,1 ∨Ai,2

Bn ≡
n∧

i=1

Ai.

Then we have:

1. (Gn)◦ ≡ ((�(A1)◦)→ ((�(A2)◦)→ . . . ((�(An)◦)→ (Bn)◦) · · ·)) where, for
1 ≤ i ≤ n,

(Ai)◦ ≡ �Ai,1 ∨�Ai,2

(Bn)◦ ≡
n∧

i=1

(Ai)◦.

2. (Gn)� ≡ �((A1)� → �((A2)� → . . . �((An)� → (Bn)�) · · ·)) where, for
1 ≤ i ≤ n,

(Ai)� ≡ �Ai,1 ∨�Ai,2

(Bn)� ≡
n∧

i=1

(Ai)�.

Lemma 8. There exists a proof αn of (Gn)◦ in G3s with length n.

Proof. Apply n-times →r and get �(A1)◦, . . . ,�(An)◦ =⇒ (Bn)◦. Then apply
n-times �l and n-times ∧r resulting in the desired proof αn with n axioms. ��

Lemma 9. Let n be an arbitrary but fixed constant. For 1 ≤ k < n and n > 1,
any proof of the sequent Sn

n−k of the form

�A1,i1 , . . . ,�Ak,ik
=⇒ �((Ak+1)� → . . . �((An)� → (Bn)�) · · ·)

in G3s has length ≥ 2n−k.
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Proof. First observe that an application of �l below any �r dominating an
implication is redundant.

The proof is by induction on d := n− k.
Base: d = 1. Then we have to consider the sequent Sn

1 of the form

�A1,i1 , . . . ,�An−1,in−1 =⇒ �((An)� → (Bn)�).

Then any proof αn
1 of Sn

1 in G3s has length ≥ n (≥ 2d).
IH: Assume that d > 1 and, for all e < d, Sn

e has a proof αn
e in G3s of length

≥ 2e.
Step. Consider the sequent Sn

d of the form

�A1,i1 , . . . ,�Ak,ik
=⇒ �((Ak+1)� → . . . �((An)� → (Bn)�) · · ·).

We have to apply �r and →r in order to avoid redundant sequents. Moreover,
we have to apply ∨l in order to avoid unprovable sequents. Now, we have two
sequents (instead of one) of the form

�A1,i1 , . . . ,�Ak,ik
,�Ak+1,ik+1 =⇒ �((Ak+2)� → . . . �((An)� → (Bn)�) · · ·)

where ik+1 is either 1 or 2. By the induction hypothesis, each of the new two
sequents is of the form Sn

d−1 and has only proofs of length ≥ 2d−1. Hence, the
new proof has length ≥ 2d. ��

The following lemma is an immediate consequence of Lemma 9.

Lemma 10. Any proof of (Gn)� in G3s has length ≥ 2n.

Although the translation (·)� seems to closely correspond to the multi-
succedent version of G3i, the behavior with respect to proof complexity is rather
different. The reason for this surprising behavior is the deletion of antecedent
formulae by �r and the “protection” of atomic formulae by a �–prefix. Conse-
quently, left rules (especially ∨l) have to be applied before �r resulting in the
generation of many (unnecessary) branches.

Lemma 11. There exists a proof αn of Gn in G3i and G3i’ with length n.

Proof. Apply n-times →r and get A1, . . . , An =⇒ Bn. Then apply n-times ∧r
resulting in the desired proof αn with n axioms. ��

Theorem 3. �G3s cannot p-simulate ◦G3s, G3i, and G3i’.

5 Conclusion

In this paper, we showed that some classes of formulae, which have only rather
long proofs in standard Gentzen systems for Int (like, e.g., G3i) have rather
short proofs in G3i’ or ◦G3s and �G3s. The important property which enables
the short proofs is the temporary use of more than one formula in the succedent.
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Applications of �r (or critical rules in case of multi-succedent calculi for Int)
force an intuitionistic sequent in the rule’s premise. Moreover, we compared two
variants of multi-succedent calculi for Int and observed that, for a certain class
of formulae, all GHPC-proofs are exponentially longer than minimal G3i’-proofs.
The reason for the exponential increase of proof length is the weaker →l-rule in
GHPC which forces an intuitionistic sequent in its left premise.

It would be interesting to investigate the opposite translation from proposi-
tional S4 to propositional Int. Such a translation must exist because the “prova-
bility problem” is PSPACE-complete for both propositional logics. The question
is whether there exists translations which are conceptually as simple as the em-
bedding of Int to S4.
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Abstract. Many powerful logics exist today for reasoning about multi-
agent systems, but in most of these it is hard to reason about an infinite
or indeterminate number of agents. Also the naming schemes used in the
logics often lack expressiveness to name agents in an intuitive way.
To obtain a more expressive language for multi-agent reasoning and a
better naming scheme for agents, we introduce a family of logics cal-
led term-modal logics. A main feature of our logics is the use of modal
operators indexed by the terms of the logics. Thus, one can quantify
over variables occurring in modal operators. In term-modal logics agents
can be represented by terms, and knowledge of agents is expressed with
formulas within the scope of modal operators.
This gives us a flexible and uniform language for reasoning about the
agents themselves and their knowledge. This paper gives examples of the
expressiveness of the languages and provides sequent-style and tableau-
based proof systems for the logics. Furthermore we give proofs of so-
undness and completeness with respect to the possible world semantics.

1 Introduction

1.1 Term-Modal Logics

In this paper, we describe a new family of modal logics, namely the term-modal
first-order logics, where we by term-modal mean that any term can be used as a
modality. The specific logics we discuss are the term-modal versions of the modal
logics K,K4,D,D4,T and S4. Sequent-style and tableau-style proof systems for
the logics are given, and their soundness and completeness are shown.

1.2 Motivations

Many researchers have been interested in the use of multi-modal logics for kno-
wledge representation, although most of them have been investigating the use of
a finite set of modalities, indexed by the first n natural numbers, usually deno-
ted either [1], [2], . . . , [n] or K1,K2, . . . ,Kn. When instead using an infinite set of

Roy Dyckhoff (Ed.): TABLEAUX 2000, LNAI 1847, pp. 220–236, 2000.
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modalities we can reason about a dynamic society of agents, where some agents
might vanish and new agents may join the group.

In the family of multi-modal logics presented in this paper, any term can
denote an agent. This makes naming of agents easy and the logics expressive. The
use of complex names, possibly involving variables, for agents makes it easy to
model a society of agents, and give names to new agents by their relationship to
already existing agents. For example, to express that the agent mother(x) thinks
(or knows, or believes) that the agent x is good, we can write [mother(x)]good(x).

The standard multi-modal logics allow us to reason about beliefs of particular
agents, but provide very limited facilities to reason about believes of groups of
agents or agents themselves. In our language, we can distinguish a group of agents
by specifying their properties. For example, to express that every Christian be-
lieves in the existence of God, we can write ∀x(christian(x) ⊃ [x]∃yGod(y)).

An example of a society of agents is the collection of computer processes
running on some system. Here the logic with its infinite complex naming mecha-
nism can be used to specify requirements of the system as a whole and the proof
system can be used to check that these requirements are satisfied.

When the computer processes spawn other processes, the society of agents
(i.e. the number of processes) grows, and the naming mechanism can be used to
refer to the newly created processes. As the number of processes spawned by the
program may not be known beforehand, it is convenient to have an unlimited
set of names for these new agents.

Many researchers have investigated multi-modal logic with a finite set of
modalities, and many have discussed naming. We here combine these two aspects
into one general family of logics, the family of term-modal logics.

1.3 Background

In Fitting [3], proofs of soundness and completeness of (single-)modal logics are
given. In this paper we introduce some new definitions, and extend the proofs
for the term-modal logics.

Fagin et al. [2] use modal logics to describe multi-agent systems. Their ap-
proach is based on a finite set of agents, and they also discuss the use of common
and distributed knowledge. By using the logic presented in this paper, their work
might be extended to handle dynamic agent societies with an easy naming me-
chanism, where quantification over agents is possible.

1.4 Overview

The rest of this paper is structured as follows. Section 2 defines the syntax of
term-modal logics, and Section 3 their semantics. In Section 4 we introduce se-
quent calculi and in Section 5 tableau calculi for these logics. Soundness and
completess of the sequent calculi are proved in Fitting, Thalmann, and Voron-
kov [5]. As a step toward automated reasoning in term-modal logic in Section 6
we introduce free-variable versions of tableau calculi for term-modal logics. In
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Section 7 we give an example refutation in such a calculus, in order to illustrate
some distinctive features of free-variable calculi for term-modal logics.

Proofs not included in this paper can be found in Fitting, Thalmann, and
Voronkov [5].

2 Syntax

The term-modal logics are obtained from the standard predicate modal logics
by adding modal operators indexed by terms. In this section we give a formal
definition of the syntax of term-modal logics.

We assume a signature Σ consisting of three disjoint sets of constants, func-
tion symbols and relation symbols. Usually, the signature is assumed to be fixed,
but in some situation we will vary it for technical convenience. In addition to the
symbols of Σ, we will use various infinite sets P of parameters disjoint from the
symbols in Σ. In some situations parameters will behave as new constants, in
others as elements of a domain on which formulas are evaluated. The signature
is not necessarily finite or countable. For every signature Σ, we denote by Σ−

the signature obtained from Σ by omitting all constants and function symbols.

Definition 1 (term) Suppose P is a set of parameters and V a set of variables
disjoint from the set of parameters. The set of terms of the signature Σ with
parameters in P and variables in V , denoted T (Σ ∪P, V ) is defined inductively
as follows.

1. Each constant in Σ, variable in V , and symbol in P is a term.
2. If t1, . . . , tn are terms and f is an n-ary function symbol, then f(t1, . . . , tn)

is a term.

In this paper, we can restrict ourselves to a fixed set of variables, however the set
of parameters (and sometimes the signature) will vary. So we will use a simpler
notation T (Σ ∪P ). A term is called ground if it has no occurrences of variables.

Definition 2 (formula) Let P be a set of parameters. The set of formulas of
the signature Σ with parameters in P , denoted F(Σ ∪P ), is defined inductively
as follows.

1. If R is a relation symbol of arity n and t1, . . . , tn are terms in T (Σ ∪ P ),
then R(t1, . . . , tn) is an atomic formula.

2. If A and B are formulas, then so are (A ∧B), (A ∨B), (A ⊃ B) and ¬A.
3. If A is a formula and t is a term in T (Σ∪P ), then [t]A and 〈t〉A are formulas.
4. If A is a formula and x is a variable, then ∀xA and ∃xA are formulas.

The notions of free and bound occurrences of variables are defined as usual, with
the exception of the following item:

• The free occurrences of variables in [t]A and 〈t〉A are all occurrences of
variables in t plus all free occurrences of variables in A.
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A formula is called closed , or a sentence if it has no free occurrences of variables
(but note that it can contain parameters). A ∃-formula is any formula ∃xA. A
literal is either an atomic formula A or its negation ¬A. Literals A and ¬A are
called complementary to each other.

Intuitively, when interpreting the formulas in a multi-agent context, the mea-
ning of the formula [t]A is that the agent denoted by the term t knows (believes
etc.) the information represented by the formula A. The formula 〈t〉A intuitively
means that the agent denoted by t considers it possible that A holds, i.e., it is
not the case that the agent knows the contrary (which can also be expressed by
¬[t]¬A).

In the proof systems introduced later we make no assumptions about the
kind of knowledge expressed. The knowledge could in fact be just beliefs, i.e.,
an agent might believe something which is false.

It is easy to add axioms of knowledge, if one is interested in describing a
specific kind of knowledge. An example of this is the knowledge axiom, [x]A ⊃ A,
which intuitively means that if an agent x knows something, then it is true.
More about different epistemic interpretations of modal logic can be found in
e.g. Hintikka [11].

The distinctive feature of our logics is the possibility to express knowledge of
agents and properties of agents themselves in one language. For example, we can
write ∀x(human(x) ⊃ [x]good(x)) to express that everyone knows that he/she is
good. Note the use of quantification over agents.

For the rest of this paper, we will denote

• variables by x, y, z, u, v;
• terms by s, t;
• domain elements by d (i.e. elements

in the set D, which is defined later);
• formulas by A,B,C;

• sets of parameters of the language
by P ;
• parameters by p;
• literals by L;
• logics K,K4,D,D4,T,S4 by the ge-

neric symbol L.

We write A(x) to denote a formula A with (zero or more) free occurrences of
the variable x and write A(t) to denote the replacement of all free occurrences of
x by a term t. Before the replacement, we rename in A(x) all bound occurrences
of variables that have free occurrences in t.

2.1 Related Work

The current trend in modal and description logics is to define expressive but
still decidable logics. Our logics are undecidable since they contain first-order
classical logic. Moreover, the expressiveness of our logics is, in a way, higher
than that of the standard first-order modal logics, since first-order modal logics
can be interpreted in our logics by using a single constant in modal operators (at
least for cumulative domains, but our results can be extended to the constant
domain versions of the logics as well). Logics with modalities indexed by terms
were studied by Grove and Halpern [10,9]. These logics are more expressive
in some aspects and less expressive in other aspects than ours. Namely, these
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logics can handle equality and agents with special properties. However, there are
restrictions on how formulas can be built in these logics, so some well-formed
formulas of our logics cannot be used as formulas in Grove and Halpern [10,9].

3 Semantics

3.1 Frames

In this section, we describe a possible world semantics for the logics. The seman-
tics is defined through the notions of frames and structures. It differs from the
standard semantics of first-order modal logics by the treatment of the reacha-
bility relation on worlds: the reachability relation is indexed by elements of the
domain. We assume all definitions be given w.r.t. a nonempty set D, called the
domain.

Definition 3 (frame) A frame over D is a triple 〈W,D,−→〉, where

1. W is a non-empty set, called the set of possible worlds.
2. D is a mapping from W to the set of subsets of D. The set D(w) is denoted

by Dw and called the domain of w.
3. −→ is a relation on W × D × W, called the accessibility relation. If −→

(w1, d, w2), then we say that w2 is d-reachable from w1 and write w1
d−→ w2.

We require the following monotonicity condition to be satisfied in all frames:1

if w1
d−→ w2, then Dw1 ⊆ Dw2 . The monotonicity condition corresponds to

cumulative domains, see e.g. Wallen [15] (also known as nested domains, see
Garson [6]).

Definition 4 (L-frame) We specialize the concept of frames to six different
classes:

K. All frames are K-frames.
T. If w

d−→ w holds for all w and d (i.e. the accessibility relation is reflexive in
its 1st and 3rd arguments), then the frame is a T-frame.

D. If for all d and w there exists w′ such that w
d−→ w′ (i.e. the accessibility

relation satisfies seriality in its 1st and 3rd arguments) then the frame is a
D-frame.

K4. If from w
d−→ w′ and w′ d−→ w′′ it follows that w

d−→ w′′ for all d and
w,w′, w′′ ∈ W, (i.e. the accessibility relation is transitive in its 1st and 3rd
arguments) then it is a K4-frame.

S4. If the accessibility relation is both reflexive and transitive in its 1st and 3rd
arguments, then the frame is an S4-frame.

D4. If the accessibility relation is both reflexive and satisfies seriality in its 1st
and 3rd arguments, then the frame is a D4-frame.

1 The monotonicity condition can be replaced by a weaker condition: if w1
d−→ w2

and d ∈ w1 then Dw1 ⊆ Dw2 . The reason is that the first-order language cannot
express properties of worlds d-reachable from w, when d ∈ Dw.
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3.2 First-Order Modal Structures

The first-order modal (Kripke) structures are introduced in the standard way,
except for the case of modal operators.

Definition 5 (structure for L) Let L be one of K, T, D, K4, S4, D4. A first-
order modal structure for L, or simply L-structure over a domain D is a tuple
S = 〈W,D,−→, I,�〉, where

1. 〈W,D,−→〉 is an L-frame over D.
2. � is a binary relation between worlds and atomic sentences in F(Σ− ∪D).

(Note that elements of D are treated as parameters in F(Σ− ∪D)).
3. I, called the interpretation function, is a mapping that maps every constant

c of Σ to an element of D and every function symbol f of Σ of arity n to
an n-place function on D. The corresponding element of D and function
on D are called the interpretations of c and f respectively. We require the
interpretation of any constant and function symbol to be totally defined in
every world: this means that I(c) belongs to Dw for every world w ∈ W and
for every d1, . . . , dn ∈ Dw we have I(f)(d1, . . . , dn) ∈ Dw.

Note that � is only defined on formulas without function symbols or constants,
but with parameters in D.

We call a valuation V in a structure S any mapping V : P → D from a set
of parameters to the domain D of S. Any valuation V can be extended to the
set of all ground terms by defining

V (c) = I(c);
V (f(t1, . . . , tn)) = I(f)(V (t1), . . . , V (tn)).

Now we can give the central notion of satisfiability of formulas in structures.
Given a first-order modal structure 〈W,D,−→, I,�〉, we change the relation
� into a ternary relation between worlds in W, valuations, and sentences in
F(Σ ∪ D) as given below. We write S, w, V � A when this relation holds on
S, w, V,A and denote by � the complement of �. When we use this notation,
we can omit one or both of S, V , when they are clear from the context.

Definition 6 (relation �) Given S and V , we define the relation � as follows.

1. w, V � R(t1, . . . , tn) if w � R(V (t1), . . . , V (tn)).
2. w, V � A ∧B if w, V � A and w, V � B.
3. w, V � A ∨B if w, V � A or w, V � B.
4. w, V � A ⊃ B if w, V � A or w, V � B.
5. w, V � ¬A if w, V � A.

6. w, V � [t]A if for all w′ such that w
V (t)−→ w′ we have w′, V � A.

7. w, V � 〈t〉A if there exists w′ such that w
V (t)−→ w′ and w′, V � A.

8. w, V � ∀xA(x) if w, V � A(d), for all d ∈ Dw.
9. w, V � ∃xA(x) if w, V � A(d), for some d ∈ Dw.
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Definition 7 (truth, satisfiability)
Let S = 〈W,D,−→, I,�〉 be a structure. We say a sentence A is true, or holds,
or is locally satisfied in S at a world w ∈ W under a valuation V if S, w, V � A.
A formula A is globally satisfied in a structure S under a valuation V if it is
satisfied at every world of S under V . A formula A is called locally (respectively,
globally) satisfiable in S if it is locally (respectively, globally) satisfied in S under
some valuation. If A is locally satisfiable in S we also say that S is a model of
A.

Note that the truth of a formula A under a valuation V only depends on the
value of V on the parameters occurring in A. Thus, if A is a sentence of Σ, its
truth does not depend on the valuation at all.

Definition 8 (L-model, validity) Let L be one of K, T, D, K4, S4, D4. We call
a model 〈W,D,−→, I,�〉 of a formula A an L-model if its frame 〈W,D,−→〉 is
an L-frame. A formula A is called L-satisfiable if it has an L-model. A formula
A is called L-valid if it is true in every world of every L-structure under every
valuation.

It is not hard to argue that satisfiability and validity are dual notions in the
following sense: a formula A is unsatisfiable if and only if ¬A is valid. In view of
this duality we will formulate our results in terms of (un)satisfiability only.

When we speak of a logic L in this paper, we understand the set of L-valid
formulas. So, we will speak of logics K, T, D, K4, S4, D4. Another standard way
of introducing a logic is to define a suitable calculus deriving valid formulas in
this logic. In the next section we introduce such calculi for all these logics.

Formulas A and B are called L-equivalent if the formulas A ⊃ B and B ⊃
A are valid. It is evident that in any context when we speak about worlds,
structures, valuations, and satisfiability, we can replace formulas by equivalent
ones.

We will now introduce the negation normal form of formulas, which will
simplify our proofs considerably.

Definition 9 (negation normal form) A formula A is said to be in negation
normal form if it is constructed from literals using ∧, ∨, ∀, ∃, [t] and 〈t〉. A
formula B is called a negation normal form of a formula A, if B is in negation
normal form and B is equivalent to A.

It is not hard to argue that every formula has a negation normal form, so we
will only consider formulas in negation normal form.

4 Sequent Calculi

In this section we define sequent calculi for the family of term-modal logics.
There are several essentially equivalent notions of sequent giving rise to diffe-
rent calculi. The original definition of Gentzen [7] defines sequents as expres-
sions A1, . . . , An → B1, . . . , Bm, where A1, . . . , An, B1, . . . , Bm are formulas.
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Smullyan [13] represents such a sequent as a collection A1, . . . , An,¬B1, . . . ,¬Bm

of formulas or a collection T A1, . . . , T An, F B1, . . . , F Bm of signed formulas
with the intended meaning that all formulas Ai are true and all formulas Bj

are false and introduces a uniform notation to group together inference rules
with similar behavior. We will use the approach due to Schütte [12]. Instead
of using arbitrary formulas we will use only formulas in negation normal form.
Every rule in the uniform notation corresponds to an inference rule introducing
a particular connective on formulas in negation normal form. Then we do not
need the unifying notation anymore, since we can label inference rules by the
corresponding connectives. We will use parameters instead of free variables, and
therefore only deal with sentences.

Definition 10 (sequent) A sequent is a set of sentences. Let S be a sequent
and S be a structure. We say that a sequent S is is locally satisfied in S at
a world w ∈ W under a valuation V if S, w, V � A for all A ∈ S. A sequent
S is globally satisfied in a structure S under a valuation V if S is satisfied at
every world of S under V . A sequent S is called locally (respectively, globally)
satisfiable in S if it is locally (respectively, globally) satisfied in S under some
valuation. If S is locally satisfiable in S we also say that S is a model of S.

Thus, a sequent is understood as a (possibly infinite) conjunction of its members.
For a formula A and a set of formulas S we use A,S or S,A to denote the set

S ∪ {A}. Likewise, we write S1, S2 to denote the union of two sequents S1 ∪ S2.
Sequent calculi for logics K, K4, D, D4, T, S4 are shown in Figure 1.

Definition 11 (inference, derivation, refutation) The inference rules of the se-
quent calculi are shown in Figure 1. We call an inference any particular instance
of an inference rule. The premises of any inference or inference rule are the se-
quents above the bar, its conclusion is the sequent below the bar. An axiom is
any conclusion of (ax). A derivation of a sequent S is a tree made of inferences
and having S as the root. A derivation is called a refutation if all leaves in it are
axioms.

We use the term refutation instead of a proof because the sequent calculi used
in this paper establish unsatisfiability rather than validity.

Example 12 Suppose that we wish to establish K-validity of the formula

∀z([z]∀xA(x) ⊃ ∀y[z]A(y)).

We turn this formula into its negation ¬∀z([z]∀xA(x) ⊃ ∀y[z]A(y)) and establish
the unsatisfiability of the latter. To this end, we transform this formula into its
negation normal form

∃z([z]∀xA(x) ∧ ∃y〈z〉¬A(y))

and try to find a refutation in the sequent calculus for K. An example refutation
is as follows.



228 M. Fitting, L. Thalmann, and A. Voronkov

For all logics K, K4, D, D4, T, S4:

S, A,¬A
(ax)

S, A S, B

S, A ∨B
(∨)

S, A, B

S, A ∧B
(∧)

S, A(p)
S,∃xA(x)

(∃)
S,∀xA(x), A(t)

S,∀xA(x)
(∀) S[t], A

S, 〈t〉A
(〈t〉)

For logics with seriality (D, D4):

S[t]

S
([t])

For reflexive logics (T, S4):

S, A

S, [t]A
([t])

Logic L Definition of S[t]

K, T, D S[t] = {A | [t]A ∈ S}
S4 S[t] = {[t]A | [t]A ∈ S}
K4, D4 S[t] = {A | [t]A ∈ S} ∪ {[t]A | [t]A ∈ S}

The rule (∃) satisfies the parameter condition: p is a parameter having no occurrences
in the conclusion of the rule.

Fig. 1. Sequent calculi

∀xA(x), A(q),¬A(q)
(ax)

∀xA(x),¬A(q)
(∀)

[p]∀xA(x), 〈p〉¬A(q)
(〈p〉)

[p]∀xA(x),∃y〈p〉¬A(y)
(∃)

[p]∀xA(x) ∧ ∃y〈p〉¬A(y)
(∧)

∃z([z]∀xA(x) ∧ ∃y〈z〉¬A(y))
(∃)

This refutation is also a valid refutation in T and D.
To obtain a refutation in K4 and D4, we have to modify the top part of this

refutation because of the difference in the definition of S[t]:

[p]∀xA(x),∀xA(x), A(q),¬A(q)
(ax)

[p]∀xA(x),∀xA(x),¬A(q)
(∀)

[p]∀xA(x), 〈p〉¬A(q)
(〈p〉)

A refutation in S4 follows a different strategy because of the difference in the
([t]) rule:
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∀xA(x), A(q),¬A(q)
(ax)

∀xA(x),¬A(q)
(∀)

[p]∀xA(x),¬A(q)
([p])

[p]∀xA(x), 〈p〉¬A(q)
(〈p〉)

Since every formula has a negation normal form, we can restrict ourselves to
negation normal forms.

We will augment the logics defined above with so-called global assumptions.
Let Ψ be a set of sentences and L be one of the logics defined so far. We call a
sequent calculus for L with global assumptions Ψ the calculus obtained from L
by adding the rule S,A

S
(Ψ), where A ∈ Ψ .

Soundness and completeness of sequent calculi are proven in Fitting, Thal-
mann, and Voronkov [5]. The proofs are quite lengthy and not included. They
are based on the method of Fitting [3]. Completeness is formulated as follows:

Theorem 13 (Completeness of sequent calculi) Let S be a set of sentences. If
S has no refutation in the sequent calculus for L with the global assumptions Ψ ,
then there exists an L-structure S and a valuation V under which S is locally
satisfied and all formulas in Ψ are globally satisfied.

5 Tableau Systems

Tableau systems formalize proof-search in sequent calculi. Tableaux are often
introduced as trees of formulas, with inference rules on tableaux formulated
in terms of branches. To simplify the presentation, we introduce tableaux as
multisets of branches.

Definition 14 (tableau, branch) A tableau is a finite multiset S1, S2, . . . of se-
quents, denoted S1 | S2 | · · ·. The empty tableau is denoted by #. Every sequent
Si is called a branch of this tableau.

The tableau calculus for each logic studied in this paper can be obtained by a
simple transformation of the corresponding sequent calculus. For every inference
rule S1 . . . Sn

S
of the sequent calculus, the corresponding tableau rule has

the form
S | T

S1 | . . . | Sn | T
where T is any tableau. Note the reverse order of

the sequents. The tableau calculus rules have the following intuitive meaning:
suppose that we search for a refutation of S and all sequents in T . Then, since
there is a sequent calculus rule reducing S to the sequents S1, . . . , Sn, it is enough
to find a refutation of S1, . . . , Sn and all sequents in T . To find a refutation for a
formula A, we begin with a tableau consisting of one branch A and try to apply
the tableau rules until no (unrefuted) branches remain.

Formally, the tableau calculi for L are shown in Figure 2.
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For all logics K, K4, D, D4, T, S4:

S, A,¬A | T
T |ax|

S, A ∨B | T
S, A | S, B | T

|∨|
S, A ∧B | T
S, A, B | T

|∧|

S,∃xA(x) | T
S, A(p) | T

|∃|
S,∀xA(x) | T

S,∀xA(x), A(t) | T
|∀|

S, 〈t〉A | T
S[t], A | T

|〈t〉|

For logics with seriality (D, D4):

S | T
S[t] | T

|[t]|

For reflexive logics (T, S4):

S, [t]A | T
S, A | T

|[t]|

For logics with global assumptions Ψ :

S | T
S, A | T

|Ψ |

Here S[t] is defined in the same way as for the sequent calculi. Parameter condition: in
the rule |∃| p is a parameter having no occurrences in the premise of the rule. In the
rule |Ψ |, A ∈ Ψ .

Fig. 2. Tableau calculi

Theorem 15 (Equivalence of tableau calculi and sequent calculi) A sequent S
has a refutation in the sequent calculus for L (with global assumptions Ψ) if and
only if there exists a derivation of # from S in the tableau calculus for L (with
the global assumptions Ψ). �

6 Free-Variable Tableaux

In this section we change the tableau systems introduced in Section 5 into free-
variable tableau systems. We will use the definitions introduced so far, except
that we now allow free variables to occur in sequents and tableaux.

To avoid problems with the parameter condition in (∀) rules, we introduce
the occurrence constraints similar to those used in Voronkov [14], but we could
use the “dynamic skolemization” technique introduced in Fitting [4] as well.

In this section we assume knowledge of the standard notions of substitutions
and (idempotent, most general) unifiers see, e.g., Eder [1]. The application of a
substitution σ to a term or formula E is denoted Eσ. As usual, we may need
to rename bound variables in a formula before we apply a substitution to it.
Any idempotent most general unifier of n expressions E1, . . . , En is denoted by
mgu(E1, . . . , En). The set of free variables of any expression E (e.g. formula or
set of formulas) is denoted by vars(E).
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Definition 16 (occurrence constraint) We call a simple occurrence constraint
either ⊥ or an expression p �∈ X, where p is a parameter and X is a finite set
of variables. An occurrence constraint is a conjunction of zero or more simple
occurrence constraints. A conjunction of zero simple occurrence constraints is
denoted by �.

For any substitution σ and simple occurrence constraint C = (p �∈ X), we
denote by Cσ the following simple occurrence constraint:

Cσ =
{
⊥, if p occurs in Xσ;
p �∈ vars(Xσ), otherwise.

When C is a conjunction C1∧ . . .∧Cn of simple occurrence constraints, we denote
by Cσ the following occurrence constraint:

Cσ =
{
⊥, if Ci = ⊥ for some i;
C1σ ∧ . . . ∧ Cnσ, otherwise.

An occurrence constraint C is called satisfiable if C is not ⊥. A solution to
an occurrence constraint C is any substitution σ such that Cσ �= ⊥ and xσ is
ground for every variable occurring in C. Evidently, an occurrence constraint C
is satisfiable if and only if it has a solution: indeed, one can take as a solution
any substitution mapping all variables of C into any ground term not containing
parameters in C.

We call a constrained tableau any pair consisting of a tableau T and constraint
C, denoted T · C. Let L be one of the logics K,K4,D,D4,T and S4. The free-
variable tableau calculi for L are shown in Figure 3.

Theorem 17 (Equivalence of free-tableau calculi and sequent calculi)
Let S be a set of sentences of the signature Σ. Then S has a refutation in the
sequent calculus for L (with global assumptions Ψ) if and only if there exists
a derivation of # · C from S · � in the tableau calculus for L (with the global
assumptions Ψ) such that C is satisfiable.

In order to prove this theorem, we will prove two results showing bisimulation
between tableau derivations and free-variable tableau derivations.

Let T ·C be a constrained tableau and σ be a substitution. We call the tableau
T σ the σ-instance of T · C if Cσ is satisfiable. A tableau T ′ is called an instance
of T · C if it is a σ-instance of T · C for some σ.

Lemma 18 Suppose there exists a derivation of T2 · C from T1 · � in the free-
variable tableau calculus for L with global assumptions Ψ . Then any instance
of T2 · C has a derivation from T1 in the tableau calculus for L with the global
assumptions Ψ .

Proof. The proof is by induction on the length of derivations in the free-variable
tableau calculus. When the derivation is of length 0, the claim is obvious, since
T1 is the only instance of T1 · �, when T1 has no free variables. For derivations
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S, A(s̄),¬A(t̄) | T · C
T mgu(s̄, t̄) · Cmgu(s̄, t̄)

|ax|
S, A ∨B | T · C

S, A | S, B | T · C
|∨|

S, A ∧B | T · C
S, A, B | T · C

|∧|

S,∃xA(x) | T · C
S, A(p) | T · C ∧ p ∈ vars(S,∃xA(x))

|∃|
S,∀xA(x) | T · C

S,∀xA(x), A(y) | T · C
|∀|

S, 〈t〉A | T · C
S[t1], . . . , S[tn], A | T σ · Cσ

|〈t, t1, . . . , tn〉|

For logics with seriality (D, D4):

S | T · C
S[t1], . . . , S[tn], | T σ · Cσ

|[t1, . . . , tn]|

For reflexive logics (T, S4):

S, [t]A | T · C
S, A | T · C

|[t]|

For logics with global assumptions Ψ :

S | T · C
S, A | T · C

|Ψ |

In the rule |〈t, t1, . . . , tn〉|, σ = mgu(t, t1, . . . , tn). In the rule |[t1, . . . , tn]|, σ =
mgu(t1, . . . , tn). In the rule |∃|, p is new parameter, not occurring in the premise. In
the rule |∀|, y is a new variable, not occurring in the premise. In the rule |Ψ |, A ∈ Ψ .

Fig. 3. Free-variable tableau with constraints calculi

with at least one inference, consider the last inference of the derivation. We will
consider only two cases, other cases are similar.

Case: the last inference is |ax|. Then it has the form S,A(s̄),¬A(t̄) | T · C
T σ · Cσ |ax|,

where σ = mgu(s̄, t̄).
Take any instance of T σ · Cσ, then this instance has the form T στ for some
substitution τ such that Cστ is satisfiable. We have to prove that T στ is derivable
from T1.
We claim that the following is a valid inference in the tableau calculus:

(S,A(s̄),¬A(t̄) | T )στ
T στ

|ax|. (1)

Indeed, since σ is a unifier of s̄ and t̄, then A(s̄)σ = A(t̄)σ, hence A(s̄)στ =
A(t̄)στ .
Since Cστ is satisfiable, (S,A(s̄),¬A(t̄) | T )στ is a στ -instance of S,A(s̄),¬A(t̄) |
T · C. By the induction hypothesis, this instance has a derivation from T1. Add
to this derivation the inference (1), then we obtain a required derivation of T στ .
Case: the last inference is |∃|.
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S, ∃xA(x) | T · C
S,A(p) | T · C ∧ p �∈ vars(S, ∃xA(x))

|∃|.

Take any instance of S,A(p) | T · C ∧ p �∈ vars(S, ∃xA(x)), then there is a
substitution τ such that this instance has the form Sτ,A(p)τ | T τ and (C ∧
p �∈ vars(S, ∃xA(x)))τ is satisfiable. We have to prove that Sτ,A(p)τ | T τ is
derivable from T1.
By the definition of constraint satisfiability, since (C ∧ p �∈ vars(S,∃xA(x)))τ is
satisfiable, then Cτ is satisfiable and p does not occur in Sτ,∃xA(x)τ . Since p
does not occur in Sτ,∃xA(x)τ , the following is a valid inference in the tableau
calculus:

Sτ,∃xA(x)τ | T τ

Sτ,A(p)τ | T τ
|∃|. (2)

By the induction hypothesis, every instance of S,∃xA(x) | T · C has a derivation
from T1. Since Cτ is satisfiable, we can take its τ -instance Sτ,∃xA(x)τ | T τ , this
instance has a derivation from T1. Add to this derivation inference (2) and we
obtain a required derivation of Sτ,A(p)τ | T τ from T1.

Now we want to prove a simulation result in the inverse direction. If we
defined a sequent as a multiset of formulas, we could use an argument similar to
the previous lemma. The use of sets instead of multisets causes some technical
problems because the notion of instance does not work properly any more. To
avoid these technical problems we give a definition of generalization that is nearly
inverse to the notion of instance but takes into account some specific problems
in the inverse simulation proof.

Let T = S1 | . . . | Sn and T ′ = S′
1 | . . . | S′

n be two tableaux. We write
T � T ′ if (i) for every i = 1 . . . n we have Si ⊆ S′

i and (ii) each parameter
occurring in some T ′ also occurs in T . Let T ·C be a constrained tableau and T ′

a tableau. We call T ·C a σ-generalization of T ′ if T ′ � T σ and Cσ is satisfiable.
We call T · C a generalization of T ′ if T · C is a σ-generalization of T ′ for some
σ.

Lemma 19 Suppose there exists a derivation of T2 from T1 in the tableau calculus
for L with global assumptions Ψ . Then some generalization of T2 has a derivation
from T1 ·� in the free-variable tableau calculus for L with the global assumptions
Ψ .

Proof. The proof is by induction on the length of derivations in the tableau
calculus. When the derivation is of length 0, the claim is obvious, since T1 · � is
a generalization of T1. For derivations with at least one inference, consider the
last inference of the derivation. We will consider only two cases, other cases are
similar.
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Case: the last inference is |ax|. Then it has the form S,A,¬A | T
T |ax|. By

the induction hypothesis, some σ-generalization of S,A,¬A | T is derivable from
T1 ·�. Then this generalization has a form S′, A′,¬B′ | T ′ ·C such that A′σ = A,
B′σ = A, T � T ′σ and Cσ is satisfiable. Then σ is a unifier of A′ and B′,
therefore, there exists a most general unifier τ of A′ and B′ and a substitution
δ such that τδ = σ. Consider the following inference in the free-variable tableau
calculus.

S′, A′,¬B′ | T ′ · C
T ′τ · Cτ |ax|.

We claim that the conclusion of this inference is a generalization of T , this will
complete the proof of this case. To prove the claim, we have to find a substitution
δ′ such that (i) T � T ′τδ′ and (ii) Cτδ′ is satisfiable. Well, take δ′ to be δ, then
both (i) and (ii) follow from τδ′ = σ.
Case: the last inference is |∃|.

S,∃xA(x) | T
S,A(p) | T |∃| (3)

By the induction hypothesis, some σ-generalization of S, ∃xA(x) | T is derivable
from T1 · �. Then this generalization has a form S′,∃xA′(x) | T ′ · C such that
(i) S ⊆ S′σ, (ii) every parameter occurring in (S′,∃xA′(x))σ also occurs in
S, ∃xA(x) | T , (iii) ∃xA′(x)σ = ∃xA(x), (iv) T � T ′σ, and (v) Cσ is satisfiable.
Consider the following inference in the free-variable tableau calculus.

S′,∃xA′(x) | T ′ · C
S′, A′(p) | T ′ · C ∧ p �∈ vars(S′,∃xA′(x))

|∃|.

Let us check that the parameter condition is satisfied. Suppose, by contradiction,
that p occurs in S′,∃xA′(x) | T ′, then it also occurs in (S′,∃xA′(x) | T ′)σ, hence
also in S,∃xA(x) | T . This violates the parameter condition of (3).
We claim that the conclusion of this inference is a generalization of S,A(p) | T ,
this will complete the proof of this case. We actually claim that the conclusion
is the σ-generalization of S,A(p) | T . All conditions on σ-generalization except
for constraint satisfaction immediately follow from (i)–(iv) above. It remains
to verify that (C ∧ p �∈ vars(S′,∃xA′(x)))σ is satisfiable. Cσ is satisfiable by (v)
above, so it remains to check that p does not occur in (S′,∃xA′(x))σ. If p occurred
in (S′,∃xA′(x))σ, then by (ii) above p would also occur in S, ∃xA(x) | T , but
this is impossible because of the parameter condition in (3).

Now we can prove soundness and completeness of the free-variable calculi.

1. Suppose S has a refutation in the sequent calculus for L with global assump-
tions Ψ . Then by Theorem 15 there exists a derivation of # from S in the
tableau calculus for L with the global assumptions Ψ . Hence, by Lemma 19
there exists a derivation of some generalization of # from S · � in the free-
variable tableau calculus for L. But any generalization of # has the form
# · C for a satisfiable C.
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2. Suppose there exists a derivation of # · C from S · � in the tableau calculus
for L with the global assumptions Ψ such that C is satisfiable. By Lemma 18
any instance of # · C has a derivation from S in the tableau calculus for L
with the global assumptions Ψ . Obviously, # is such an instance, so it is
derivable from S as well. By Theorem 15 S has a refutation in the sequent
calculus for L with the global assumptions Ψ .

7 Example Refutation

Consider the following formula valid in term-modal K:

∀x∃y([y]P (y, y) ∧ [f(y)](P (f(y), f(y)) ⊃ P (y, f(y))) ⊃ [f(x)]P (x, f(x))).

For better readability, we will omit parenthesis in terms like f(x) and write
fx instead. We will establish the validity of this formula, i.e. unsatisfiability of
its negation using the free-variable tableau calculus for K. First, we negate the
formula and transform it into negation normal form:

∃x∀y([y]P (y, y) ∧ [fy](¬P (fy, fy) ∨ P (y, fy)) ∧ 〈fx〉¬P (x, fx)),

and then show its refutation. The refutation is given in Figure 4. In the refuta-
tion we do not show the constraint, since it always has the form p �∈ ∅ and is
satisfiable. For better readability, we denote the inference steps by → followed
by the name of the inference rule. We also group several similar inferences into
one. For example, by |∀|∗ we denoted a sequence of |∀| inferences, and by |∧|∗ a
sequence of |∧| inferences.
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Abstract. We present a data type —that we call “bit matrix”— for
caching the (in)consistency of sets of formulas. Bit matrices have three
distinguishing features: (i) they can be queried for subsets and supersets;
(ii) they can be bounded in size; and (iii) if bounded, the latest obtained
(in)consistency results can be kept. We have implemented a caching me-
chanism based on bit matrices in *sat. Experimenting with the TANCS
2000 benchmarks for modal logic K, we show that bit matrices (i) allow
for considerable speedups, and (ii) lead to better performances both in
space and time than the natural alternative, i.e., hash tables.

1 Introduction

The implementation of efficient decision procedures for modal logics is a major
research problem in automated deduction. Several systems have been developed,
like Kris [1,2], Ksat [3,4], LWB [5], FaCT [6], and more recently *sat [7,8],
KK [9], dlp [10], HAM-ALC [11], KtSeqC [12], and MSPASS [13]. A compe-
tition is run in conjunction with the Tableaux conferences, aiming at stimulating
the development of effective systems. At the last competition, the last four of
the above cited systems participated, and —as the organizer Fabio Massacci of
the competition writes [14]

The “winner” is undoubtedly the dlp prover by Peter Patel-Schneider.

As reported in [15], one of the reasons for dlp effectiveness is its ability to
cache —for later reuse— the result of intermediate consistency checks of sets of
formulas. The dlp caching mechanism is based on hash tables.

In this paper, we present a data type —that we call “bit matrix”— for
caching intermediate consistency checks of sets of formulas. A caching mechanism
based on bit matrices has been implemented in *sat. Bit matrices have three
distinguishing features:

1. they can be queried for subsets and supersets;
2. they can be bounded in size; and
3. if bounded, then the latest obtained (in)consistency results can be kept.
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The first feature is important because it allows, e.g., to determine the consi-
stency of any subset of a set of formulas whose consistency has been cached.
The second feature allows for limiting (either before or during the execution of
the algorithm) the dimension of the data structure. This is important because
in many modal logics (e.g. K) the number of consistency checks (and of results
to store) can be exponential in the dimension of the input formula. The third
feature is important because —given that *sat search algorithm is based on
chronological backtracking— we expect the oldest results to the least useful in
the future.

Experimenting with the TANCS 2000 benchmarks for modal logic K, we
show that

– caching yields considerable speedups, and
– bit matrices allow for less consistency checks and better timings than hash

tables.

The paper is structured as follows. In Section 2, we review some notions
that are necessary to comprehend the rest of the paper. In particular —besides
some basic logic notions— we review the structure of the decision procedure
for K implemented in *sat. In Section 3, we discuss some design issues behind
caching for modal logics, and for K in particular. We also show how *sat decision
procedure for K has been modified in order to implement caching. In Section 4,
we present bit matrices and how they meet the issues raised in the preceding
Section. Section 5 describes how caching mechanisms based on bit matrices and
hash tables have been implemented in *sat. Then, the results of the experimental
analysis are reported. We end the paper in Section 6 with some conclusions.

2 Basics

2.1 Definitions and Notation

The set of formulas is constructed starting from a given set of propositional
letters and applying the 0-ary operators � and ⊥ (representing truth and falsity
respectively); the unary operators ¬ and �; and the binary operators ∧, ∨, ⊃
and ≡.

The modal logic K is the smallest set of formulas (called theorems) closed
under tautological consequence and the rule

(ϕ1 ∧ . . . ∧ ϕn) ⊃ ψ
(�ϕ1 ∧ . . . ∧�ϕn) ⊃ �ψ

RK

with n ≥ 0 [16].
We say that a conjunction μ of propositional literals and formulas of the form

�ϕ or ¬�ϕ is an assignment if, for any pair ψ,ψ′ of conjuncts in μ, it is not
the case that ψ = ¬ψ′. An assignment μ satisfies a formula ϕ if μ entails ϕ by
propositional reasoning. A formula ϕ is consistent or satisfiable if ¬ϕ is not a
theorem, i.e., if ¬ϕ �∈ K.
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function Ksat(ϕ)
return Ksatdpl(cnf(ϕ), �).

function Ksatdpl(ϕ, μ)
if ϕ = {} then return Kconsist(μ);
elsif {} ∈ ϕ then return False;
elsif { a unit clause {l} belongs to ϕ } then

return Ksatdpl(assign(l, ϕ),μ ∧ l);
elsif not Kconsist(μ) then return False;
else

l := choose-literal(ϕ, μ);
return Ksatdpl(assign(l, ϕ),μ ∧ l) or

Ksatdpl(assign(l, ϕ),μ ∧ l).

/* base */
/* backtrack */
/* unit propagation */

/* early pruning */

/* split */

Fig. 1. Ksat and Ksatdpl

As notational conventions, we use variously decorated lowercase and upper-
case greek letters (e.g., ϕ, α, α1, Δ, Γ, Γ ′) to denote formulas and sets of formulas
respectively. Given a formula ϕ,

– ψ is a modal subformula of ϕ if �ψ occurs in ϕ,
– d(ϕ) is the modal depth (or simply depth) of ϕ, i.e., the maximum number

of nested � operators occurring in ϕ, and
– the size of ϕ is the number of distinct subformulas.

2.2 DPL-Based Algorithm for Modal Satisfiability

Consider a formula ϕ.
Following the SAT-based approach (see, e.g., [3,8]) the problem of determi-

ning whether ϕ is consistent is decomposed in two steps:

– generate a set of assignments, each satisfying ϕ, and
– test whether at least one of the generated assignment is consistent.

Testing the consistency of an assignment μ amounts to determining the consi-
stency of other formulas whose depth is strictly smaller than d(μ). This implies
that we can check the consistency of these other formulas by recursively applying
the above methodology, at the same time ensuring the termination of the overall
process. From an implementation point of view, this amounts to two mutually
recursive procedures:

– Ksat(ϕ) for the generation of assignments satisfying ϕ, and
– Kconsist(μ) for testing the consistency of each generated assignment μ.

Although the generation of assignments satisfying ϕ can be based on any
procedure for SAT (see [8]), the Ksat procedure implemented in *sat (repre-
sented in Figure 1) is based on the Davis-Putnam-Longemann-Loveland (DPL)
procedure [17]. In Figure 1:
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function Kconsist(μ)
Δ := {α | �α is a conjunct of μ};
Γ := {β | ¬�β is a conjunct of μ};
foreach β ∈ Γ do

if not Ksat(
∧

α∈Δ
α ∧ ¬β) then return False

return True.

Fig. 2. Kconsist

– cnf(ϕ) is the set of clauses obtained from ϕ by applying Plaisted and Gre-
enbaum’s conversion [18].

– choose-literal(ϕ, μ) returns a literal occurring in ϕ and chosen according to
some heuristic criterion.

– if l is a literal, l stands for A if l = ¬A, and for ¬A if l = A;
– for any literal l and formula ϕ, assign(l, ϕ) is obtained from ϕ by
• deleting the clauses in which l occurs as a disjunct, and
• eliminating l from the others.

As can be observed, the procedure Ksatdpl in Figure 1 is the DPL-procedure
modulo

– the call to Kconsist(μ) when it finds an assignment μ satisfying the input
formula (ϕ = {}), and

– the early pruning step, i.e., a call to Kconsist(μ) that forces backtracking
after each unit propagation when incomplete assignments are not consistent.

The procedure Ksat is correct and complete, i.e., it returns True if the input
formula is consistent, and False otherwise. See [8].

3 Caching in Modal Logics

Consider the procedure Kconsist in Figure 2. Given two assignments μ and μ′,
it may be the case that Kconsist(μ) and Kconsist(μ′) perform some equal
subtests, i.e., recursive calls to Ksat. This is the case, e.g., when μ and μ′ differ
only for the propositional conjuncts and there is at least one conjunct of the
form ¬�β. To prevent recomputation, the standard solution is to store both the
formula whose consistency is being checked and the result of the check. Then,
the cache is consulted before performing each subtest, to determine whether its
result can be assessed on the basis of the formulas already checked and stored.

In the following, we assume to have two different caching mechanisms, each
using a separate caching structure:

– S-cache to store and query about consistent formulas, and
– U-cache to store and query about inconsistent formulas.
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In this way storing a subtest amounts to storing the formula in the appropriate
caching structure. Of course, the issue is how to implement effective caching
mechanisms enabling to reduce the number of subtests as much as possible. To
this extent, the following considerations are in order:

1. if a formula
∧

α∈Δ′ α∧¬β has already been determined to be consistent then,
if Δ ⊆ Δ′, we can conclude that also

∧

α∈Δ α ∧ ¬β is consistent, and
2. if a formula

∧

α∈Δ′ α ∧ ¬β has already been determined to be inconsistent
then, if Δ ⊇ Δ′, we can conclude that also

∧

α∈Δ α ∧ ¬β is inconsistent.

The above observations suggest caching mechanisms which can store sets of
formulas and can be efficiently queried about subsets or supersets. In other
words, given a subtest

Ksat(
∧

α∈Δ

α ∧ ¬β), (1)

we want to be able to query our S-cache about the presence of a formula
∧

α∈Δ′
α ∧ ¬β (2)

with Δ ⊆ Δ′ (query for subsets or subset-matching). Analogously, given the
subtest (1), we want to be able to query our U-cache about the presence of a
formula (2) with Δ ⊇ Δ′ (query for supersets or superset-matching). In this way,
caching a subtest avoids the recomputation of the very same subtest, and of the
possibly many “subsumed” subtests.

Observations 1 and 2 are independent of the particular modal logic being
considered. They are to be taken into account when designing caching structures
for satisfiability in any modal logic. Of course, depending on the particular modal
logic considered, some other considerations might be in order. For example, in
K, we observe that in Kconsist there is a natural unbalance between satisfiable
subtests and unsatisfiable ones. In fact, with reference to Figure 2, when testing
an assignment μ

3. many subtests can be determined to be satisfiable, all sharing the same set
Δ, and

4. at most one subtest may turn out to be unsatisfiable.

Observation 3 suggests that S-cache should be able to store satisfiable subtests
sharing a common set Δ in a compact way. Therefore, S-cache associates the set
Δ to the set Γ ′ ⊆ Γ , representing the “computed” satisfiable subtests

∧

α∈Δ α∧
¬β for each β ∈ Γ ′. Observation 4 suggests that U-cache should not care about
subtests sharing a common Δ. Therefore, U-cache associates Δ to the single β
for which the subtest

∧

α∈Δ α ∧ ¬β failed.
Given the design issues outlined above, we modified Kconsist to yield the

procedure Kconsistc shown in Figure 3. In the Figure:

– U-cache get(Δ,Γ ) returns True if U-cache contains a set Δ′ such that Δ ⊇
Δ′, Δ′ is associated with β and β ∈ Γ ;
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function Kconsistc(μ)
Δ := {α | �α is a conjunct of μ};
Γ := {β | ¬�β is a conjunct of μ};
if U-cache get(Δ, Γ ) return False;
Γr := S-cache get(Δ, Γ );
Γs := ∅;
foreach β ∈ Γr do

if not Ksat(
∧

α∈Δ
α ∧ ¬β) then

if Γs = ∅ then S-cache store(Δ, Γs);
U-cache store(Δ, β);
return False

else Γs := Γs ∪ {β};
if Γs = ∅ then S-cache store(Δ, Γs);
return True.

Fig. 3. Kconsistc: consistency checking for K with caching

– S-cache get(Δ,Γ ) returns the set Γ \ Γ ′ where Γ ′ is the union over all the
sets Γ ′′ such that for some set Δ′ ⊇ Δ, Γ ′′ is associated to Δ′ in S-cache.

– U-cache store(Δ,β) stores in U-cache the set Δ and associates β to it;
– S-cache store(Δ,Γ ) stores in S-cache the set Δ and associates to it the set

Γ .

The new issue is now to implement effective data structures for S-cache and U-
cache supporting the above functions. Clearly, we expect that the computational
costs associated to the above functions will be superior to the computational
costs associated to other caching structures designed for “equality-matching”,
i.e., effectively supporting the functions obtained from the above by substituting
“⊇” with “=”. There is indeed a trade-off between “smart but expensive” and
“simple but efficient” data-structures for caching. Of course, depending on

– the particular logic being considered, and
– the characteristics of the particular formula being tested,

we expect that one caching mechanism will lead to a faster decision process than
the others.

Independently from the data-structure being used, the following (last) ob-
servation needs to be taken into account when dealing with modal logics whose
decision problem is not in NP (e.g. K, S4):

5. testing the consistency of a formula may require an exponential number of
subtests.

This is the case for the Halpern and Moses formulas presented in [19] for various
modal logics. Observation 5 suggests that it may be necessary to bound the size
of the cache, and introduce mechanisms for deciding which formulas to discard
when the bound is reached.
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(i)

1 2̂ 3 · · · 32
ψ1 1 0 0 · · · 0
ψ2 0 0 0 · · · 0
ψ3 1 0 0 · · · 0
ψ4 0 0 0 · · · 0
ψ5 0 0 0 · · · 0
ψ6 1 0 0 · · · 0
ψ7 0 0 0 · · · 0
ψ8 1 0 0 · · · 0

(ii)

1 2 3̂ · · · 32
ψ1 1 1 0 · · · 0
ψ2 0 1 0 · · · 0
ψ3 1 0 0 · · · 0
ψ4 0 0 0 · · · 0
ψ5 0 0 0 · · · 0
ψ6 1 1 0 · · · 0
ψ7 0 0 0 · · · 0
ψ8 1 0 0 · · · 0

Fig. 4. Bit matrix B with N = 8, (i) before and (ii) after storing the set ψ1 ∧ ψ2 ∧ ψ6

(“ˆ” denotes the current column).

4 Bit Matrices for Modal Satisfiability

4.1 Bit Matrices

A vector is a sequence of elements of the same kind. An N -vector is a vector with
N elements. In the following, latin letters A,B,C . . . are used to denote vectors
and, given an N -vector A and a number i ≤ N , we write A[i] to denote its i-th
element.

A N×W bit matrix is an N -vector B, where each B[i] is a bit vector of length
W (i.e., is a vector of W bits). Given a N ×W bit matrix A, we write A[i][k]
(with i ≤ N and k ≤W ) to denote the k-th bit (k-th column) of the i-th vector
(i-th row). Intuitively, N is the cardinality of the set from where the objects are
extracted, and W (called the window size of B) is the number of subsets that
can be stored. W can be either fixed or dynamically increased, allowing different
types of storage policies.

To understand storage and retrieval algorithms for bit matrices, consider a
finite set Σ of formulas. Let ψ1, ψ2, . . . ψN be the elements of Σ, listed according
to a fixed enumeration (thus, the cardinality of Σ is |Σ| = N). Then, we have
an N ×W bit matrix B. We say that a bit B[i][k] with i ≤ N and k ≤ W is
set when B[i][k]= 1 and that it is clear otherwise. The current column k̂ tells us
where the incoming set is going to be stored. Initially, k̂ = 1 and each B[i][k] is
clear.

Storing a set Δ: Given that a N ×W bit matrix can contain up to W subsets,
there are two cases depending on whether the matrix is full and new subtests
need to be stored, or not. In order to distinguish these two cases, we use a
boolean variable full . If full is false, then we set each bit B[i][k̂] if and only if
ψi ∈ Δ. Then, k̂ is incremented and, if k̂ = W + 1, full is set to true. If full is
true then, we can

– either dynamically allocate more space, and allow more sets to be cached
without overwriting previous data. In this case, we set full to false, k̂ to
W + 1 and W to the new value (determined by the dynamically allocated
space). Then we apply the procedure above;
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– or overwrite previously cached data with some policies, generally depending
on the contents of B. In other words, we simply fix k̂ to be f(B), where f is
a given function that decides which sets are to be overwritten. Then, we set
each bit B[i][k̂] such that ψi ∈ Δ, and clear the others.

For example, assume that Σ consists of 8 formulas ψ1, ψ2, . . . ψ8 listed according
to a fixed enumeration. Intuitively, we consider an 8× 32 bit matrix B, in which
each B[i] corresponds to ψi. Figure 4 - (i), (in which each row index i has
been replaced by the corresponding formula ψi) shows the case in which the
set {ψ1, ψ3, ψ6, ψ8} is already stored and k̂ = 2. Assume that we are to store
{ψ1, ψ2, ψ6} in B. As depicted in Figure 4 - (ii) we consider the current column
(k̂ = 2) and we set the bits B[1][2], B[2][2] and B[6][2]. The current column
becomes k̂ + 1.

Subset matching for a set Δ: For the retrieval, we first define the intersection
between two bit vectors A and B as the bit vector C = (A ∩ B) such that C[i]
is set if and only if both A[i] and B[i] are set. To see if there exists a set Δ′

such that Δ ⊆ Δ′ is stored in B, it is sufficient to consider the conjunction C
of all the bit vectors B[i] such that ψi ∈ Δ, i.e., C =

⋂

ψi∈Δ B[i]. C is a bit
vector and, if at least one of its elements is set, then Δ ⊆ Δ′ for some set Δ′

previously stored. We call this a hit. Otherwise, if every element of C is clear
we have a miss. Notice how bit matrices naturally implement subset-matching.
This capability comes at no additional cost since it is an intrinsic property of
the retrieval algorithm. As an example of hit, considering B in Figure 4 - (ii)
and Δ = {ψ1, ψ6}, we have that C = (B[1] ∩ B[6]). Since C[1] and C[2] are set,
we conclude that B contains two supersets of Δ and this is clearly the case in
Figure 4 - (ii).

Superset matching for a set Δ: Superset-matching can be reduced to subset-
matching for Δ by exploiting the following set-theoretic property: given a finite
set Σ and two sets Δ,Δ′ ⊆ Σ we have that Δ ⊇ Δ′ if and only if (Σ \ Δ) ⊆
(Σ \Δ′).

In the following, we assume that the routine Kconsistc is used in Ksat to
establish consistency of assignments and we describe how to use bit matrices for
S-cache and U-cache respectively.

4.2 Bit Matrices for S-Cache

Consider a formula ϕ. Let ψ1, . . . , ψN be a listing of the modal subformulas of
ϕ. Let μ be an assignment satisfying ϕ. (We assume that each conjunct in μ is a
subformula of ϕ.) Δ, Γ and Γr have the same meaning as in Figure 3. We write
αi (resp. βj) for ψi (resp. ψj).

In order to take into account observation 3, S-cache can be implemented as a
bit matrix B with 2N rows. Every column of B encodes the satisfiable subtests
resulting from a single call to Kconsistc: given a column k and i ≤ N , B[i][k]
is set if and only if αi ∈ Δ, while B[N + j][k] is set if and only if βj ∈ Γr and
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the subtest
∧

αi∈Δ αi ∧ ¬βj is known to be satisfiable. Rows in the range [1, N ]
encode members of Δ, while rows in the range [N + 1, 2N ] encode members of
Γr.

The bit matrix based algorithm for S-cache get works as follows:

1. the conjunction C of all the bit vectors B[i] such that αi ∈ Δ is computed,
i.e. C=

⋂

αi∈Δ B[i];
2. initialize Γr := Γ ;
3. for each βj ∈ Γ and for each k such that C[k] is set, test if B[N + j][k] is set

and, if so, Γr := Γr \ {βj};
4. return Γr.

For S-cache store we have:

1. take the current column k̂ and clear each bit B[i][k̂] for i ≤ 2N ;
2. set each bit B[i][k̂] such that αi ∈ Δ:
3. while Δ does not change, i.e., while in the same Kconsistc call, set B[N +

j][k̂] whenever
∧

αi∈Δ ∧¬βj is satisfiable.

The time required to cache all the satisfiable subtests of a given assignment μ
is proportional to the number of modal subformulas in μ.

4.3 Bit Matrices for U-Cache

Consider the hypotheses written in the first paragraph of the preceding subsec-
tion.

In order to take into account observation 4, U-cache can be implemented
using a bit matrix B of N rows, and and a vector D of W elements. Every
column of B encodes part of an unsatisfiable subtests resulting from a call to
Kconsistc: given a column k and i ≤ N , B[i][k] is set if and only if αi ∈ Δ. The
index j such that

∧

αi∈Δ ⊃ βj , is stored in D[k]. As before, rows in the range
[1, N ] encode members of Δ, but we need a single number to remember βj .

The bit matrix based algorithm for U-cache get works as follows:

1. the conjunction C of all the bit vectors B[i] such that αi �∈ Δ is computed,
C=

⋂

αi �∈Δ B[i];
2. for each βj ∈ Γ and for each k such that C[k] is set, test if D[k]= j and, if

so, return True;
3. return False;

For U-cache store we have:

1. take the current column k̂ (k < W ) and for i ≤ N set each bit B[i][k̂];
2. clear each bitB[i][k̂] such that αi ∈ Δ;
3. D[k] := j since

∧

αi∈Δ ⊃ βj .

The time required to cache an unsatisfiable subtest from a given assignment μ
is proportional to the number of modal subformulas not appearing in μ.
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5 Implementation and Experimental Analysis

5.1 Caching in *sat

We implemented in our system *sat the data structures and algorithms pre-
sented in sections 3 and 4. *sat is a platform for building and experimenting
SAT-based decision procedures for modal logics (see [7] and [8]). The core of
*sat is a C implementation of the procedures Ksat and Kconsist in Tables 1
and 2.

The current version of *sat 1 features a caching otpimization based on the
algorithm Kconsistc described in section 3. Bit matrices, as well as hash tables,
are available to support such optimization. In the following, ϕ is the formula in
input, and N is the number of subformulas in ϕ.

Caching with bit matrices in *sat is implemented according to the data struc-
tures and the algorithms presented in section 4, with the following assumptions:

1. only a small number of subtest results is useful, and
2. latest obtained results are more useful.

Assumption 1 suggests a size-bounded cache, i.e., W is fixed to a value defined
by the user. A fixed window size implies that, whenever the number of subtests
exceeds W , we must resolve which of the previously stored results need to be
overwritten. Assumption 2 suggests that we can tackle this situation by accessing
the bit matrix with a first in - first out policy. Results are stored in chronological
order and, when the window size is exceeded, the latest obtained result ower-
writes the first, then the second and so on. With bit matrices, this access policy
is implemented simply by incrementing k̂ modulo W , i.e., whenever k̂ > W the
next current column is k̂ := 1. One last point to consider, is the (real) memory
allocated by bit matrices in *sat. We say that a formula ψ occurs at level l in ϕ
if ψ is under the scope of exactly l nested boxes in ϕ (l ≥ 0). Now we can state
the following assumption:

3. it is unlikely that a subtest involving formulas of a given level is recomputed
with the same formulas occurring at a different level.

The data structure for S-cache and U-cache in *sat is a vector of d(ϕ) bit
matrices. Each one holds the results of subtests involving formulas occurring at
a given level in ϕ.

Caching with hash tables in *sat is implemented by replacing subset and super-
set-matching with equality matching in the algorithms presented in section 3.
The data structure is a standard hash table: a vector H of lenght N whose
elements are lists called buckets. A suitable function 1 ≤ h(Δ) ≤ N is used to
calculate the hash code associated to each set Δ. Two sets Δ �= Δ′ may share
1 You can find *sat latest version and available documentation at:
http://www.mrg.dist.unige.it/˜tac/StarSAT.html
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the same hash code, i.e., h(Δ) = h(Δ′) and they are both stored in the bucket
H[h(Δ)]. In S-cache (resp. U-cache) a set Γ is associated to each Δ such that
for each β ∈ Γ the subtest

∧

α∈Δ ∧¬β is consistent (resp. inconsistent). Notice
that, according to assumption 3 above, *sat features a vector of length d of hash
tables.

The selection of caching methods in *sat includes the following options that we
used in our experimental analisys:

kSAT denotes *sat with all caching optimization turned off;
kSAT+USB denotes *sat plus caching with bounded bit matrices: the window

size is W = 512 unless otherwise specified, and both S-cache and U-cache
are active;

kSAT+USH denotes *sat plus caching with unbounded hash tables: as in the
case of bit matrices, both S-cache and U-cache are active.

5.2 Experimental Analysis

To test the effectiveness of the caching mechanisms that we have described and
implemented in *sat, we consider the TANCS 2000 benchmarks problems, ca-
tegory “MODAL PSPACE Division”, sub-category “Problems for Modal QBF”,
class “Medium/Hard”.2 These formulas are generated starting from Quantified
Boolean Formulas (QBFs). QBFs are generated according to the following pa-
rameters: the number of clauses C, the alternation depth D, and the maximum
number of variables allowed for each alternation V. By default, each clause con-
sists of four literals, and care is taken in order to avoid the generation of trivial
tests. Then, each QBF is translated into a modal formula using a polynomial
encoding based on Ladner original translation ([20]), enhanced with some smart
tricks so that no extra variable is introduced. Each formula, can be also “moda-
lized”: each propositional variable is replaced with a special modal formula with
only one propositional variable. See [21] for more details. We will refer to the
formulas resulting after Ladner encoding as “unbounded QBFs”, and to their
modalized version as “unbounded modalized QBFs”.

Table 1 shows the results for kSAT, kSAT+USB, and kSAT+USH on a collec-
tion of “unbounded QBFs” (top table) and “unbounded modalized QBFs” (bot-
tom table) benchmarks. For each selected value of C,V, and D the four samples
found in the TANCS2000 repository were run and we report the geometric mean
of the size (column “Sz”), the depth (column “d”), and the number of modal
subformulas (“Ms”) of the samples. For practical reasons, a time limit of 1200
seconds of CPU time is enforced for each run. For the systems, we report the
number of failures (“F”), i.e. the number of samples for which either the time
limit was exceeded or the physical memory was exhausted by *sat.3 The average
2 They can be retrieved at ftp://ftp.dis.uniroma1.it/pub/tancs/problems/
qbf-cnf-tancs.tar.gz.

3 All the tests have been run on PCs PII350MHz with 256 MbRAM, running Linux SUSE
6.2.
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Table 1. kSAT, kSAT+USB, and kSAT+USH performances

kSAT kSAT+USB kSAT+USH
C V D Sz d Ms F Cpu Cons F Cpu Cons F Cpu Cons
10 4 4 7202 20 1013 4 – – 0 102.05 26663 0 133.82 41898
20 4 4 8471 20 1259 4 – – 0 321.15 75967 0 493.66 131996
30 4 4 9289 20 1418 1 87.50 53472 0 18.08 3953 0 29.36 8253
10 8 4 31281 40 2728 4 – – 4 – – 4 – –
20 8 4 247845 80 11275 4 – – 4 – – 4 – –
30 8 4 308422 80 14553 4 – – 4 – – 4 – –
10 4 6 15698 28 1717 4 – – 3 981.05 154892 4 – –
20 4 6 19395 28 2284 4 – – 4 – – 4 – –
10 4 4 20452 40 973 4 – – 0 30.20 20398 0 101.46 98330
20 4 4 27137 41 1311 4 – – 0 28.99 12796 0 176.98 134319
30 4 4 30140 41 1479 4 – – 0 48.49 28928 1 338.78 197789
10 8 4 459144 159 7056 4 – – 1 704.37 128334 4 – –
20 8 4 95742 79 2761 4 – – 4 – – 4 – –
30 8 4 140703 81 4138 4 – – 3 727.93 96175 4 – –
10 4 6 46054 57 1773 4 – – 1 64.98 17100 0 155.37 140415
20 4 6 59526 57 2312 4 – – 3 295.58 213999 3 875.62 664688

CPU time (“Cpu”) in seconds, and the average number of consistency checks
(“Cons”), are calculated on the samples that did not fail. When the system ex-
ceeds the resources on all the samples, the entry “–” replaces the average CPU
time and number of consistency checks.

As it can be seen, caching produces dramatic speedups. Many tests that
are not solved within the time limit by kSAT, are solved when using a caching
mechanism. For the unbounded QBFs, we have a one order of magnitude spee-
dup. For the modalized version, we have a speedup of two orders of magnitude.
Interestingly, we see that kSAT+USB performs better than kSAT+USH. The dif-
ference in performances is not dramatic. However, we recall that kSAT+USB uses
a cache bounded in size, while kSAT+USH does not: kSAT+USH failed on some
tests because it exhausted the physical memory of the computer. Also notice
that kSAT performs always many more subtests than kSAT+USH: this means
that some equal subtests are indeed repeated by kSAT. Moreover, kSAT+USH
performs more subtest than kSAT+USB, even if kSAT+USB uses a size bounded
cache. This means that a subset-matching and superset-matching cache is indeed
a winning bet at least in these tests which involve pretty big formulas, both in
terms of depth and size.

To evaluate whether it is the case that only a small number of results is
useful, and the latest obtained results are the most important, we run kSAT+USB
on previous benchmarks, but with different window sizes. Table 2 shows the
results. As it can be observed, on the first test, having W = 32 leads to the
best computation times. Indeed, by incrementing the window size, the number
of performed subtests decreases. However, the time saved does not compensate
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Table 2. kSAT+USB performances when varying the window size

W=32 W=256 W=512 W=1024
C V D F Cpu Cons F Cpu Cons F Cpu Cons F Cpu Cons
10 4 4 0 89.85 27860 0 93.96 26663 0 102.05 26663 0 120.88 26663
20 4 4 0 352.54 98572 0 306.45 78459 0 321.15 75967 0 372.04 75081
30 4 4 0 18.25 4554 0 17.26 3970 0 18.08 3953 0 19.94 3931
10 8 4 4 – – 4 – – 4 – – 4 – –
20 8 4 4 – – 4 – – 4 – – 4 – –
30 8 4 4 – – 4 – – 4 – – 4 – –
10 4 6 3 882.31 159339 3 924.92 155948 3 981.05 154892 3 1128.69 154892
20 4 6 4 – – 4 – – 4 – – 4 – –
10 4 4 2 98.06 95035 0 32.63 24461 0 30.20 20398 0 36.00 18982
20 4 4 3 237.01 128555 0 28.76 13836 0 28.99 12796 0 33.28 12321
30 4 4 2 389.78 304689 0 57.03 40008 0 48.49 28928 0 55.70 25995
10 8 4 4 – – 2 804.62 145312 1 704.37 128334 1 620.89 89416
20 8 4 4 – – 4 – – 4 – – 4 – –
30 8 4 4 – – 4 – – 3 727.93 96175 3 730.64 92482
10 4 6 4 – – 1 60.16 17475 1 64.98 17100 1 73.64 16616
20 4 6 4 – – 3 308.19 237896 3 295.58 213999 1 648.46 287018

the additional costs for querying a bigger cache. However, the most interesting
result is that (by observing these few data), it seems that beyond a certain value
for W , the number of performed subtests decreases very slowly with W . This
seems to be the case for all the tests which do not exceed the available resources.
Of course, this points out that

– beyond a certain value for W , furtherly increasing W will not pay off, and
– our strategy for forgetting results is good, in the sense that we are not

throwing away useful data.

6 Conclusions

We have presented bit matrices. They are a simple caching structure that fea-
tures subset and superset-matching. They can be bounded in size, and different
policies for forgetting results can be easily implemented. Bit matrices have been
implemented in *sat and are available for experimentation. Following what has
been done in dlp, we have also implemented a caching mechanism based on hash
tables. Hash tables are not bounded in size. Experimenting with the TANCS 2000
benchmarks for modal K, we have showed that

– caching allows for considerable speedups, and
– bit matrices allow for less consistency checks and better timings than hash

tables.
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There is a huge literature focusing on data-structures for efficiently mani-
pulating sets. Most of the these data-structures are variations of the familiar
trees from standard textbooks, and it is not easy to use them for subset and
superset-matching. Recently, [22] presents a data structure, called UBTree, that
allows for subset and superset-matching, and study its application in IPP, a
state-of-the-art planning system. Besides the different application domain, the
main difference between UBTree and bit matrices is that for the first it is not
clear how to implement effective strategies for storing new elements when the
cache is bounded. Bit matrices can be seen as a tree in which each row corre-
sponds to a path. The particular implementation of bit matrices makes queries
particular effective.

For the lack of space we reported only a few test results: a much wider set of
benchmarks was run and the results on kSAT+USB are reported in [23]. In this
work, the performance is evaluated on the full set of TANCS2000 benchmarks,
thus including formulas of the “Medium” and “Easy/Medium” categories (as
opposed to the “Medium/Hard” category that we analyzed here). The results
of this evaluation plus some unpublished preliminary results that we have on
kSAT+USH essentially confirm the results that we presented. We also remark
that only some of the potentials of bit matrices have been explored. For example,
having a different window size at each depth might lead to better performances.
Using a different strategy when forgetting subtests (e.g., before overwriting, we
might look whether some cached subtest is subsumed by some other cached sub-
test) might improve performances. Of course, there is always a trade-off between
“smart but expensive” and “simple but efficient” strategies.
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Abstract. We unify the algebraic, relational and sequent methods used
by various authors to investigate “dual intuitionistic logic”. We show
that restricting sequents to “singletons on the left/right” cannot cap-
ture “intuitionistic logic with dual operators”, the natural hybrid logic
that arises from intuitionistic and dual-intuitionistic logic. We show that
a previously reported generalised display framework does deliver the re-
quired cut-free display calculus. We also pinpoint precisely the structural
rule necessary to turn this display calculus into one for classical logic.

1 Introduction and Motivation

“Dual intuitionistic logic” has been investigated to varying degrees of success
using algebraic, relational, axiomatic and sequent perspectives. The ones I am
aware of are listed below, there may well be others. McKinsey and Tarski [14] in-
vestigate algebraic properties of “closure” or Brouwerian algebras, the algebraic
duals to Heyting algebras. Curry [3] presents what he called “absolute implicatio-
nal lattices” and “absolute subtractive lattices”. Curry calls them both “Skolem
lattices” on the grounds that the two dual operations of these lattices were in-
troduced side-by-side by Skolem. Rauszer [15,16] uses algebraic, Hilbert-style
and relational methods to study “intuitionistic logic with dual operators” where
the connective of “pseudo-difference” is the dual to intuitionistic implication.
Rauszer does not consider Gentzen calculi. Czermak [4] investigates “dual in-
tuitionistic logic” by restricting Gentzen’s LK to “singletons on the left” which
is the natural dual notion to Gentzen’s “singletons on the right” restriction for
LJ. Goodman [8] uses Brouwerian algebras to investigate the “logic of contra-
dictions”. Goodman mentions that Kripke semantics also exist in which “any
formula, once false, remains false”, but he annoyingly fails to give the crucial
clause for satisfiability for his “pseudo-difference” connective. He also gives a
“sequentcalculus” for his logic but does not investigate cut-elimination at all.
Urbas [17] highlights several deficiencies of Goodman’s analysis and defines se-
veral Gentzen calculi with the “singletons on the left” restriction, but adds rules
� Supported by a Queen Elizabeth II Fellowship from the Australian Research Council.
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for incorporating both implication and its dual connective. Urbas also proves
cut-elimination for his systems and points out a beautiful duality.

None of these authors gives a full picture, so we first present a unified proof-
theoretic picture of what is known about “dual intuitionistic logic”. We view a
logic as a syntax and semantics, and begin with the Kripke “dual” and alge-
braic “dual” approach of Rauszer for “intuitionistic logic with dual operators”,
dubbing this logic BiInt (short for Bi-Intuitionistic logic). We then consider
the Gentzen-dual approach for obtaining “dual intuitionistic logic” DualInt by
restricting LK to “singletons on the left”. We explain the differences between
the calculi of Czermak, Goodman and Urbas, and show that Urbas’ LDJ−<

�⊃ is
sound and complete for DualInt. We argue that a good calculus should allow
the formation of natural hybrid logics like BiInt, and show that the “singletons
on the left/right” restriction cannot provide the hybrid calculus we seek.

We then give a cut-free display calculus δBiInt for BiInt, obtained from the
general display framework of [12], and show that δBiInt does indeed capture
Rauszer’s “intuitionistic logic with dual operators” by proving that δBiInt is
sound with respect to Rauszer’s relational semantics and complete with respect
to Rauszer’s algebraic semantics. The display calculus δBiInt also captures both
Int and DualInt separately.

A first attempt to understand “dual intuitionistic logic” using display calculi
can be found in [9]. But the framework proposed there was not general enough to
cater for substructural logics. Such a framework can be found in [12], and we dub
this framework SLD. The current paper arose out of attempts to understand
“dual intuitionistic logic” as a case-study of the generalised SLD framework,
and to answer the question of a semantics for the display calculus of [9]. As far
as I am aware, [9] and δBiInt are the only cut-free sequent formulations of the
logic BiInt, but see also Section 6.

Acknowledgements: I am grateful to Hiroakira Ono, Jean Goubault-
Larrecq, and an anonymous referee for informing me of Rauszer’s work, Crolard’s
work, and useful comments respectively.

2 Bi-Intuitionistic Logic

We use the term Bi-Intuitionistic logic (BiInt for short) to refer to a logic ob-
tained from intuitionistic logic Int by the addition of a connective ( −< ) which is
“dual” to intuitionistic implication (→). Most authors use ( ·−) for this connec-
tive and call it “pseudo-difference”, but the left-right symmetry of the symbol
( ·− ) hides the “direction” of the pseudo-difference operation. We prefer ( −< )
which should be viewed as an arrow without a head, but with a tail. The argu-
ment at the left end is in a “positive” position, and the argument at the right
end is in a “negative” position. Rauszer called this logic Heyting-Brouwer logic
and gave algebraic, relational and topological semantics, as well as two different,
yet dual, Hilbert-style calculi [16,15]. She did not investigate Gentzen methods.
In the following subsections we first set the scene by stating Rauszer’s algebraic
and relational semantics for BiInt.
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w |= � for every w ∈ W w |= ⊥ for no w ∈ W
w |= A ∧B if w |= A & w |= B w |= A ∨B if w |= A or w |= B
w |= A → B if (∀v ≥ w)(v |= A ⇒ v |= B) w |= ¬A if (∀v ≥ w)(v |= A)
w |= A −< B if (∃v ≤ w)(v |= A & v |= B) w |= ∼ A if (∃v ≤ w)(v |= A)

Fig. 1. Rauszer’s Semantics for BiInt

Every primitive proposition from PRP = {p0, p1, p3, · · ·} is a formula of
BiInt, the verum and falsum constants �,⊥ are formulae of BiInt, and if A
and B are formulae of BiInt then so are each of: (A→ B), (A∧B), (A∨B), and
(A −<B). We can define two negations ¬A := (A → ⊥) and ∼ A := (�−<A).
Thus we use A, B, C to stand for formulae. An Int-formula is any formula built
from PRP and � and ⊥ using only ∧, ∨, and →. A DualInt-formula is any
formula built from PRP and � and ⊥ using only ∧, ∨ and −< .

2.1 Rauszer’s Relational Semantics for BiInt

Rauszer’s [16] semantics for BiInt extend the traditional Kripke semantics for
Int, as Kripke semantics for tense logics extend those for modal logics. Rauszer
actually considers the case of predicate-intuitionistic logic. We give a precise
definition of the propositional parts to make this paper self-contained.

We use the classical first-order meta-level connectives &, “or”, “not”, ⇒, ∀
and ∃ to state Rauszer’s semantics. We often use the abbreviations:

(∀v ≥ w)(· · ·) := (∀v ∈W, (w ≤ v ⇒ (· · ·)))
(∀v ≤ w)(· · ·) := (∀v ∈W, (v ≤ w ⇒ (· · ·)))
(∃v ≥ w)(· · ·) := (∃v ∈W, (w ≤ v & (· · ·)))
(∃v ≤ w)(· · ·) := (∃v ∈W, (v ≤ w & (· · ·)))

A Kripke frame is pair 〈W,≤〉 where W is a non-empty set (of possible
worlds) and ≤ ⊆ (W ×W ) is a reflexive and transitive binary relation over W .
A Kripke model is a triple 〈W,≤, V 〉 where 〈W,≤〉 is a Kripke frame and V is
a mapping from PRP ∪ {�,⊥} to 2W such that V (�) = W , V (⊥) = ∅ and V
obeys persistence: (∀v ≥ w)[w ∈ V (p)⇒ v ∈ V (p)].

Given a model 〈W,≤, V 〉, we say that w ∈ W satisfies p if w ∈ V (p), and
write this as w |= p. Note that w |= p if (∀v ≥ w)(v ∈ V (p)). We write w �|= p
to mean (not)(w |= p); that is, (∃v ≥ w)(v �∈ V (p)). The satisfaction relation
is then extended to the verum and falsum constants and compound formulae as
given in Figure 1 [16].

As usual, a BiInt-formula [Int-formula, DualInt-formula] A is BiInt-valid
[Int-valid, DualInt-valid] if it is satisfied by every world in every Kripke model.

Proposition 1. For all w ∈W , and all formulae A we can prove by induction
upon the structure of A that it is impossible to have (w |= A)&(w �|= A), that we
must have (w |= A) or (w �|= A), that (not)(w |= A) is exactly (w �|= A), and
that (not)(w �|= A) is exactly (w |= A). That is, the meta-logic used to write the
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semantic clauses for satisfiability is just classical first-order logic. The crucial
point is that (w |= ¬A) is different from (not)(w |= A).

2.2 Rauszer’s Algebraic Semantics for BiInt

A quasi-ordered set is a pair 〈U,≤〉 where U is a non-empty set (of points)
and ≤ ⊆ (U × U) is a reflexive and transitive binary relation over U .

Following Curry [3], a lattice 〈U,≤,∧,∨〉 is a quasi-ordered set with two (as
it turns out associative, commutative and isotonic) binary operations meet (∧)
and join (∨) where, for all a, b, c ∈ U :
(1a) a ∧ b ≤ a (1b) a ≤ a ∨ b
(2a) a ∧ b ≤ b (2b) b ≤ a ∨ b
(3a) c ≤ a & c ≤ b ⇒ c ≤ a ∧ b (3b) a ≤ c & b ≤ c ⇒ a ∨ b ≤ c

Following Curry [3] but using different symbols, a Heyting algebra 〈U,≤
,∧,∨,→,0〉 and a Brouwerian algebra 〈U,≤,∧,∨, −< ,1〉 are lattices with
extra binary operations (→) and ( −< ) respectively where, for all a, b, c ∈ U :

Heyting Algebra Brouwerian Algebra
(4a) a ∧ (a→ b) ≤ b (4b) a ≤ b ∨ (a−< b)
(5a) a ∧ b ≤ c ⇒ b ≤ a→ c (5b) a ≤ b ∨ c ⇒ a−< c ≤ b
(6a) 0 ≤ a (6b) a ≤ 1

Following Rauszer [15,16], an abstract algebra
〈U,≤,∧,∨,→, −< ,0,1〉 is an HB-algebra (for Heyting and Brouwer) if 〈U,≤
,∧,∨,→,0〉 is a Heyting algebra and 〈U,≤,∧,∨, −< ,1〉 is a Brouwerian algebra.
Rauszer actually uses the name “semi-Boolean” algebras, defines 0 := (a−< a),
1 := (a → a), and for every a ∈ U defines two negations ¬a := (a → 0) and
∼ a := (1 −< a). Rauszer also uses a symbol different from our (∼) for the latter.

Following Rauszer [16, page 9], let G = 〈G,≤〉 be a quasi-ordered set. A
subset F ⊂ G is open if (∀x, y ∈ G)((x ∈ F & x ≤ y) ⇒ y ∈ F ). Let O(G) be
the collection of all open subsets of G, let ⊆ be set inclusion, ∩ be set intersection,
∪ be set union, and ∅ be the empty set. Define two operations on the members
of O(G) as below, for all F,H ∈ O(G):

(7a) F ⇒ H = {x ∈ G : (∀y ≥ x)(y ∈ F ⇒ y ∈ H)}
(7b) F =<H = {x ∈ G : (∃y ≤ x)(y ∈ F & y �∈ H)}

Theorem 1 ((Rauszer)). The algebra O(G) = 〈O(G),⊆,∩,∪,⇒, =< , ∅, G〉 is
a complete HB-algebra [16, page 9].

Rauszer calls a structure of the form O(G) an order-topology and proves
the following representation theorem for HB-algebras.

Theorem 2 ((Rauszer)). For every HB-algebra U there exists an order-topo-
logy O(G) and a monomorphism h from U to O(G) [16, page 9].

Theorem 1 implies that every Kripke model gives rise to an HB-algebra,
while Theorem 2 implies that every HB-algebra gives rise to a Kripke model.
Rauszer makes the connection explicit in [16, Section 10].
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Urbas’ LJ−⊂ is Gentzen’s LJ plus

(−⊂!LJ)
A, Γ ! Δ

A−⊂ B, Γ ! Δ

Γ ! B

A−⊂ B, Γ ! (!LJ −⊂)
Γ ! A B, Δ !
Γ, Δ ! A−⊂ B

Urbas’ LDJ−< is LDJ plus

( −< !)
A ! Δ, B

A −< B ! Δ
(! −< )

Γ ! Θ, A B ! Δ

Γ ! Θ, Δ, A −< B

Urbas’ LDJ

(id) A ! A (! Exch)
Γ ! Δ, A, B, Θ

Γ ! Δ, B, A, Θ

(cut)
Γ ! Δ, A A ! Θ

Γ ! Δ, Θ
(! Ctr)

Γ ! Δ, A, A

Γ ! Δ, A

(Wk !)
! Δ

A ! Δ
(! Wk)

Γ ! Δ

Γ ! Δ, A

(∧ !)
A ! Δ

A ∧B ! Δ

B ! Δ

A ∧B ! Δ
(! ∧)

Γ ! Δ, A Γ ! Δ, B

Γ ! Δ, A ∧B

(∨ !)
A ! Δ B ! Δ

A ∨B ! Δ
(! ∨)

Γ ! Δ, A

Γ ! Δ, A ∨B

Γ ! Δ, B

Γ ! Δ, A ∨B

(∼!)
! Δ, A

∼ A ! Δ
(!∼)

A ! Δ

! Δ,∼ A

( ⊃ !)
! Δ, A B ! Θ

A ⊃ B ! Δ, Θ
(! ⊃ )

A ! Δ

! Δ, A ⊃ B

Γ ! Δ, B

Γ ! Δ, A ⊃ B

Fig. 2. Urbas’ Systems for Dual Intuitionistic Logic

3 Dual Gentzen Systems

We now turn to the Gentzen-dual view of “dual intuitionistic logic” investigated
by Czermak [4], Goodman [7,8] and Urbas [17] where Gentzen’s LK is restricted
to “singletons on the left”, in a manner dual to the way Gentzen’s LJ arises
from LK using the “singletons on the right” restriction. We assume that the
LK connectives are (∧), (∨), (→), (¬), and that the sequent arrow is written as
(�). In what follows, it may seem as if quite a few different languages of symbols
are used interchangeably. But the notational differences have been deliberately
chosen and are explained along the way.

Czermak adds the “singletons on the left” restriction to Gentzen’s LK to
obtain a “dual-intuitionistic calculus DJ”. Czermak states that cut-elimination
holds but does not give details, and makes no attempts to give rules for ( −< ). An
important property of Int known as Glivenko’s Theorem is that all classically
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valid formulae of the form ¬A are also Int-valid. Czermak mentions that an
embedding into modal logic S4 gives the restricted dual-Glivenko result below:

Restricted-Dual-Glivenko: each classically valid formula without implication
is derivable in DJ.

Referring to Figure 2, let LDJ�⊃ [LDJ−<

�⊃ ] be LDJ [LDJ−<] minus the rules
for ( ⊃ ). Then Czermak’s DJ is essentially Urbas’ LDJ−<

�⊃ , where Czermak’s
(¬) := (∼). Czermak also adds rules for a universal quantifier but we ignore these
aspects. Czermak gives a syntactic proof of the Restricted-Dual-Glivenko pro-
perty; “Restricted” in that it does not extend to formulae containing implication
since Czermak does not give “singletons on the left” rules for implication.

Goodman, apparently independently [7], also attempts a “sequentcalculus”
which we dub GDJ, whose core rules are the same as Czermak’s DJ and Urbas’
LDJ �⊃ , where this time, Goodman’s (¬) := (∼). Goodman’s GDJ also contains
the following rules for ( −< ), which he writes as the ( ·−) symbol:

( −< �) A � Δ,B

A−<B � Δ
( −< � Inv)

A−<B � Δ

A � Δ,B

Goodman states that GDJ is sound and complete w.r.t. Brouwerian algebras.
Goodman’s rule ( −< � Inv) actually eliminates A−<B instead of introducing

it. Moreover, there is no explicit rule for introducing ( −< ) into the succedent.
Hence a formula of the form A−<B can enter the succedent of the endsequent of a
derivation only via some initial sequent of the form A−<B � A−<B. Urbas refers
to Goodman’s calculus but does not discuss this aspect. Goodman allows further
initial sequents � � C where C ∈ Σ for some theory (set of DualInt-formulae)
and states a general dual-Glivenko result for GDJ using a translation gd(.)
that replaces every occurrence of (∼) with (¬) and replaces every occurrence of
(B −<C) with (B ∧ ¬C):

Goodman-Dual-Glivenko: if the classical logic formula gd(A) obtained from
some DualInt-formula A is a classical logical consequence of a set of classical
formulae gd(Σ), obtained from a set of DualInt-formulae Σ, then � � A is
derivable in GDJ using initial sequents { � � C | C ∈ Σ}.

Notice that the classical consequence part uses formulae translated by gd(.)
whereas the GDJ derivation uses the original DualInt formulae.

It is well-known that Gentzen calculi do not obey cut-elimination when theo-
ries are involved. In any case, Goodman does not investigate cut-elimination,
which is probably the reason why he can retain ( −< � Inv): this rule breaks
the subformula property and will hinder cut-elimination. Goodman shows that
(A ⊃ B) := ((∼ A)∨B) is one way of obtaining a sort of implication but points
out that this implication fails the deduction theorem.

Urbas picks up from the work of Czermak and Goodman and points out that
Goodman uses a verum constant �, which Gentzen did not, and also points out
that Czermak does not give “singletons in the antecedent” rules for implication.
Urbas then rectifies these deficiencies by giving the calculus shown in Figure 2.



258 R. Goré

Urbas uses the symbol (¬) whereas we have used (∼) in defining LDJ. Since
∼∼ A � A is derivable in LDJ, the (∼) symbol is definitely not the negation (¬)
from Int. In fact, it is the negation from DualInt. Also, as Urbas points out,
the rules for ( ⊃ �) and (� ⊃ ) are derivable in LDJ by putting (A ⊃ B) :=
((∼ A)∨B). Thus the ( ⊃ ) connective of LDJ is definitely not the implication
(→) from Int. Rauszer’s semantics for this connective would be:

w |= A ⊃ B if (∃v ≤ w)[v �|= A] or w |= B

We therefore concentrate upon LDJ−<

�⊃ .

Lemma 1. (1) (� → A) is BiInt-valid iff (2) A is BiInt-valid iff (3) (�−< A)
is BiInt-unsatisfiable.

Proof. That (1) iff (2) is trivial. We show that (3) implies (2).
(3) (∀w)[ w �|= (�−<A) ]
(4) (∀w)(not)(∃v ≤ w))[ v |= � & v �|= A ]
(5) (∀w)(not)(∃v ≤ w))[ v �|= A ]
(6) (∀w)(∀v ≤ w)[ v |= A ]
(2) (∀w)[ w |= A ]
That (2) implies (6), and hence (3) is also obvious. ��

Theorem 3 ((Soundness)). � A derivable in LDJ−<

�⊃ implies A DualInt-
valid.

Proof. We define a translation t(.) from LDJ−<

�⊃ to DualInt-formulae such that
t(� A) = (�−<A). Induction on the length of the given derivation of � A gives
that �−<A is DualInt-unsatisfiable. Lemma 1 then implies that A is BiInt-
valid. Since LDJ−<

�⊃ can introduce only DualInt-formulae, A is DualInt-valid.
Let Γ be the list of formulae A1, A2, · · · , An with n ≥ 0. Define Γ̂ := (A1 ∧

A2 ∧ · · · ∧ An) and Γ̌ := (A1 ∨ A2 ∨ · · · ∨ An), with ∅̂ := (�) and ∅̌ := (⊥) and
t(Γ � Δ) := Γ̂ −< Δ̌. For every rule (ρ) of LDJ−<

�⊃ we must now show that: if the
t(.)-translation of the premisses of (ρ) are DualInt-unsatisfiable, then so is the
t(.)-translation of the conclusion of (ρ).

We consider the case of the ( −< �) rule from LDJ−<

�⊃ only. The hypothesis
is that t(A � Δ,B) = A−< (Δ̌ ∨ B) is DualInt-unsatisfiable. We have to show
that t(A−<B � Δ) = ((A−<B) −< Δ̌) is also DualInt-unsatisfiable.

Semantically, the hypothesis means that in any Kripke model we must have
(∀w)[w �|= A−< (Δ̌ ∨B)]. After expanding this out further we obtain (∀w)(∀v ≤
w)[v �|= A or v |= B or v |= Δ̌]. Putting v = w and rewriting gives

(a) (∀w)[(w |= A & w �|= B)⇒ w |= Δ̌]
The semantic expansion of the desired conclusion is (∀w)[w �|= (A−<B) −< Δ̌],

which expands to (∀w)(∀v ≤ w)[(∃u ≤ v)(u |= A & u �|= B)⇒ v |= Δ̌].
Choose some arbitrary Kripke model and choose arbitrary worlds v0 ≤ w0.

Suppose the premiss of the desired conclusion is true: that is, suppose [(∃u0 ≤
v0)(u0 |= A & u0 �|= B)]. The world u0 must satisfy (a) so [u0 |= Δ̌]. Since (u0 ≤
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v0), we must have [v0 |= Δ̌] by persistence. Since v0 and w0 were arbitrary points
in an arbitrary Kripke model we can generalise this to (∀w)(∀v ≤ w)[(∃u ≤
v)(u |= A & u �|= B)⇒ v |= Δ̌]. ��

Theorem 4 ((Completeness)). A DualInt-valid ⇒ � A LDJ−<

�⊃ -derivable.

Proof. The Lindenbaum algebra formed from the equiprovable formulae of
LDJ−<

�⊃ form a Brouwerian algebra. See [11] for a similar proof. ��

Corollary 1. A formula A is DualInt-valid iff � A is derivable in LDJ−<

�⊃ .

Corollary 2. A sequent � A without ( −< ) is derivable in LDJ iff A[(B ⊃
C) := (∼ B ∨ C)] is DualInt-valid.

A formula A is a counter-theorem of a sequent calculus [display calculus]
if the sequent A � [A � I] is derivable in that calculus.

Theorem 5 ((Dual-Glivenko)). A sequent � A is derivable in LDJ iff �
A[(∼) := (¬)] is derivable in LK [4,8,17].

Theorem 6 ((Goodman, Urbas)). There is no connective � definable in LDJ
[LDJ−<] such that A � B is derivable iff � A�B is derivable [8,17].

Urbas uses ( −< ) where we have used (−⊂) in Figure 2. Our reason is that
(−⊂) is really not the “pseudo-difference” operation from DualInt. To prove a
dual version of Theorem 6 for LJ and LJ−⊂, we make use of the fact that LJ−⊂

is really just a definitional extension of LJ, and hence LK, where (A−⊂ B) :=
(A ∧ ¬B). We also use the following version of Glivenko’s Theorem.

Theorem 7 ((Glivenko)). The sequent � ¬A is derivable in LJ [LJ−⊂] iff it
is derivable in LK [when (B−⊂ C) := (B ∧ ¬C)].

Theorem 8. There is no connective � definable in LJ [LJ−⊂] such that A � B
is derivable iff A�B � is derivable.

Proof. This is a slight variation of Urbas’ [17] proof of Theorem 6, which itself
is a variation of Goodman’s [8] algebraic argument.

Suppose there were such a connective. If A � B is derivable in LJ or LJ−⊂

then it is derivable in LK. In the case of LJ−⊂, this is because (A−⊂ B) .�
(A ∧ ¬B) in LJ−⊂. By supposition, A�B � would then be derivable in LJ and
LJ−⊂, and hence in LK. So A�B would be definable in LK. Since A � A is
derivable in LJ and LJ−⊂, we would then have A�A � derivable in LJ and
LJ−⊂, and hence also in LK. But replacing any occurrence of A by ¬¬A in any
counter-theorem of LK gives another counter-theorem of LK, which means that
(¬¬A)�A � would be derivable in LK. By Theorem 7, LK, LJ and LJ−⊂ share
counter-theorems, so (¬¬A)�A � would also be derivable in LJ and LJ−⊂. By
supposition, this would mean that (¬¬A) � A would also be derivable in LJ and
LJ−⊂; which we know to be false. ��
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In summary we have the following situation. The “singletons on the left”
restriction in LDJ−<

�⊃ does capture DualInt faithfully, but the connective ( ⊃ )
in LDJ−< is just a definition (A ⊃ B) := ((∼ A) ∨B). Indeed, by Theorem 6,
it is impossible to extend LDJ−<

�⊃ with any “implication” connective that obeys
the deduction theorem. Dually, the “singletons on the right” restriction in LJ
does capture Int faithfully, but the connective (−⊂) in LJ−⊂ is just a definition
(A−⊂ B) := (A ∧ ¬B). Indeed, by Theorem 8, it is impossible to extend LJ−⊂

with any “pseudo-difference” connective that obeys the dual-deduction theorem.
So how can we hope to obtain a Gentzen calculus for the hybrid logic BiInt ?

We cannot merge LJ−⊂ and LDJ−<

�⊃ since the two restrictions cannot be both
applied simultaneously. For example, the LJ restriction blocks all the (Ctr) and
(Wk) rules of LDJ−<

�⊃ , and vice-versa. We clearly need some other way to keep
track of the notions that “only one formula is in the negative [positive] context”.

Gentzen calculi for Int that permit multiples in the succedent do exist [5,6].
A Gentzen calculus for DualInt with multiples in the antecedent has been explo-
red by Tristan Crolard [2] who gives a calculus SLK1 for BiInt, which he calls
“subtractive logic”. The calculus SLK1 puts a “singleton on the right” [“single-
ton on the left”] restriction on its rule for introducing implication [subtraction]
into the right [left] hand side. Crolard [2, Section 4.8] states that “although we
conjecture cut-elimination in SLK, we did not consider this issue in this paper”.

Another possible way is to use two turnstiles �LDJ and �LJ and to nest them
in some appropriate way; see [12, Section 13.3]. In the next section we present a
cut-free display calculus for BiInt that solves this problem.

4 A Display Calculus for Bi-Intuitionistic Logic

For brevity we assume the reader is familiar with display calculi; see [18]. The
display calculus δBiInt we are about to define arises naturally from the genera-
lised display calculus reported in [12]. There, the connectives ⊗ and ⊕ are used
for intensional conjunction and disjunction, while ∧ and ∨ are used for extensio-
nal conjunction and disjunction. As explained in [12], the addition of structural
rules causes a gradual collapse of the intensional conjunction [disjunction] and
extensional conjunction [disjunction] connectives. In the case of δBiInt, ⊗ is
indistinguishable from ∧, and ⊕ is indistinguishable from ∨. So we retain the
rules for ⊗ and ⊕ to help the reader switch to and from [12].

Display calculi extend the language of Gentzen’s sequents by using multiple
complex structural connectives rather than just Gentzen’s single comma. Every
formula of BiInt is a structure of δBiInt, I is a (nullary) structure of δBiInt,
and if X and Y are structures of δBiInt then so are (X ; Y ) and (X < Y ) and
(X > Y ). Thus we use X, Y , Z, W to stand for structures.

The sequents of δBiInt take the form X � Y where X and Y are structures
of δBiInt, with X the antecedent and Y the succedent. From δBiInt sequents
we build a rule of δBiInt in the usual Gentzen way with its premisses above the
line and its conclusion below the line; see Figure 3. The double lines in some
rules indicate that the rules can also be applied in a downward manner to obtain
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Display Postulates Cut Rule

(dp)

X ! Z < Y

X ; Y ! Z

Y ! X > Z

(cut)
X ! A A ! Y

X ! Y
where A is a formula(dp)

Z < Y ! X

Z ! X ; Y

X > Z ! Y

Basic Structural Rules

(Ver-I)
I ! X

Y ! X
(Efq-I)

X ! I
X ! Y

(I+− !)

X ; I ! Y

X ! Y

I ; X ! Y

(! I+−)

X ! I ; Y

X ! Y

X ! Y ; I

Further Structural Rules

(Wk !)
X ! Z

X ; Y ! Z
(! Wk)

Z ! X

Z ! X ; Y

Y ! Z

X ; Y ! Z

Z ! Y

Z ! X ; Y

(Ctr !)
X ; X ! Z

X ! Z
(! Ctr)

Z ! X ; X

Z ! X

(Ass !)
X ; (Y ; Z) ! W

(X ; Y ) ; Z ! W
(! Ass)

W ! (X ; Y ) ; Z

W ! X ; (Y ; Z)

(Com !)
Y ; X ! Z

X ; Y ! Z
(! Com)

Z ! Y ; X

Z ! X ; Y

Logical Introduction Rules

(id) p ! p(⊥ !) ⊥ ! I (! ⊥)
Z ! I
Z ! ⊥

(� !)
I ! Z

� ! Z
(! �) I ! �

(⊗ !)
A ; B ! Z

A⊗B ! Z
(! ⊗)

X ! A Y ! B

X ; Y ! A⊗B

(⊕ !)
A ! X B ! Y

A⊕B ! X ; Y
(! ⊕)

Z ! A ; B

Z ! A⊕B

( −< !)
A < B ! Z

A −< B ! Z
(! −< )

X ! A B ! Y

X < Y ! A −< B

(→!)
X ! A B ! Y

A → B ! X > Y
(!→)

Z ! A > B

Z ! A → B

Fig. 3. Rules of the display calculus δBiInt
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I ! � (! �)
A ! A

Lemma 2

I < A ! �−< A
(! −< )

I ! A ; (�−< A)
(dp) + (! Com)

(A → ⊥) ; I ! A ; (�−< A)
(Wk !)

((A → ⊥) ; I) < (�−< A) ! A
(dp)

⊥ ! I
(⊥ !)

A → ⊥ ! [((A → ⊥) ; I) < (�−< A)] > I
(→!)

(A → ⊥) ; I ! [((A → ⊥) ; I) < (�−< A)] > I
(I+− !)

(A → ⊥) ; I ! ([((A → ⊥) ; I) < (�−< A)] > I) ; (�−< A)
(! Wk)

((A → ⊥) ; I) < (�−< A) ! [((A → ⊥) ; I) < (�−< A)] > I
(dp)

[((A → ⊥) ; I) < (�−< A)] ; (((A → ⊥) ; I) < (�−< A)) ! I
(dp)

((A → ⊥) ; I) < (�−< A) ! I
(Ctr !)

(A → ⊥) ; I ! I ; (�−< A)
(dp)

A → ⊥ ! �−< A
(! I+−)and(I+− !)

¬A !∼ A
(defn)

Fig. 4. Derivation of ¬A !∼ A in δBiInt

the sequent above the lines from the sequent below the lines. A derivation in
δBiInt of a sequent X � Y is defined in the usual Gentzen sense.

The structure A [B] occurs negatively [positively] in each of the structures
(A > B) and (B < A), while both A and B occur positively in the structure
(A ; B). If X occurs negatively [positively] in Y then this occurrence of X occurs
positively [negatively] in (Y > Z) and (Z < Y ), but occurs negatively [positively]
in (Y ; Z) and (Z ; Y ), for any Z. This natural notion of polarity is extended
to occurrences of structures in sequents as follows.

In a sequent X � Y , an occurrence of Z is an antecedent part [succedent
part] iff it occurs positively in X [Y ] or it occurs negatively in Y [X] [1]. Two
sequents X1 � Y1 and X2 � Y2 are structurally equivalent iff there is a
derivation of the first sequent from the second (and vice-versa) using only display
postulates from Figure 3.

Due to the commutativity of the semicolon ( ; ) we really only require one
of ( < ) and ( > ). That is, the two rules shown below are easily derivable in
δBiInt using (Com �) and (� Com) respectively:

( < dp > �)
Y < X � Z

X > Y � Z
(� < dp > )

Z � Y < X

Z � X > Y

Lemma 2. Induction on the form of A gives A � A is derivable in δBiInt.

The sequent ¬A �∼ A is (cut-free) derivable in δBiInt; see Figure 4. The
following two theorems are important characteristics of display calculi.



Dual Intuitionistic Logic Revisited 263

Theorem 9 ((Belnap)). For every antecedent [succedent] part Z of every se-
quent X � Y , there is a structurally equivalent sequent Z � Y ′ [X ′ � Z] that has
Z (alone) as its antecedent [succedent]. Z is displayed in Z � Y ′ [X ′ � Z].
Theorem 10 ((Belnap)). Since the rules of δBiInt satisfy Belnap’s conditions
C1-C8 [1], the calculus δBiInt enjoys cut-elimination: if there is a derivation of
X � Y in δBiInt, there is a cut-free derivation of X � Y in δBiInt.
Theorem 11 ((Soundness)). If I � A is δBiInt-derivable then A is BiInt-
valid.

Proof. We define a translation τ from δBiInt-structures to BiInt formulae such
that τ(I � A) = (� → A), and show by induction on the length of the given de-
rivation of I � A that � → A, and hence A itself, is BiInt-valid. The translation
τ uses two subparts a, for antecedent part, and s, for succedent part:

τ(X � Y ) := a(X)→ s(Y )
a(I) := � s(I) := ⊥
a(X ; Y ) := a(X)⊗ s(Y ) s(X ; Y ) := s(X)⊕ s(Y )
a(X > Y ) := a(Y ) −< s(X) s(X > Y ) := a(X)→ s(Y )
a(X < Y ) := a(X) −< s(Y ) s(X < Y ) := a(Y )→ s(X)

The translations a(.) and s(.) also show the overloading of the structural
connectives ( < ) and ( > ) when found in antecedent and succedent positi-
ons, just as Gentzen’s comma is overloaded to mean “conjunction” [“disjunc-
tion”] in the antecedent [succedent] of Gentzen sequents. Note that a(X < Y ) =
a(Y > X) and s(X < Y ) = s(Y > X) in keeping with the fact that the rules
( < dp > �) and (� < dp > ) are derivable in δBiInt. Thus, both structures
(A < B) and (B > A) in an antecedent position “mean” the formula A−<B,
while both structures (A < B) and (B > A) in a succedent position “mean” the
formula B → A.

For every rule (ρ) of δBiInt we show that: if the τ -translation of the premisses
of (ρ) are BiInt-valid, then so is the τ -translation of the conclusion of (ρ).

The only interesting cases are the display postulates involving (X ; Y ) on
the right hand side of ( � ) so we deal with these cases only.

Display Postulate Components τ -translation

(a) Z < Y � X (a(Z) −< s(Y ))→ s(X)
(b) Z � X ; Y a(Z)→ (s(X)⊕ s(Y ))
(c) X > Z � Y (a(Z) −< s(X))→ s(Y )

Pick a Kripke model, any model. With respect to this model, the statements
that each one of (a), (b), (c) is BiInt-valid can be stated as shown below:

(a) (∀w)(∀v ≥ w)[ (∃u ≤ v)(u |= a(Z) & u �|= s(Y )) ⇒ v |= s(X)]
(b) (∀w)(∀v ≥ w)[ v �|= a(Z) or v |= s(X) or v |= s(Y ) ]
(c) (∀w)(∀v ≥ w)[ (∃u ≤ v)(u |= a(Z) & u �|= s(X)) ⇒ v |= s(Y ) ]
We show the arguments from (a) to (b) to (c) in Figure 5. ��

Corollary 3. If � � A is derivable in δBiInt for an Int-formula [DualInt-
formula] A, then A is Int-valid [DualInt-valid ].
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(a) (∀w)(∀v ≥ w)[ (∃u ≤ v)(u |= a(Z) & u |= s(Y )) ⇒ v |= s(X)]
Putting u = v in (a) gives

(1) (∀w)(∀v ≥ w)[ (v |= a(Z) & v |= s(Y )) ⇒ v |= s(X)]
Putting (1) into clausal-normal-form (CNF) gives

(b) (∀w)(∀v ≥ w)[ v |= a(Z) or v |= s(Y ) or v |= s(X)]
Un-CNF of (b) gives

(2) (∀w)(∀v ≥ w)[ (v |= a(Z) & v |= s(X)) ⇒ v |= s(Y )]
(8) Assume w0 ≤ v0 and (∃u0 ≤ v0)[u0 |= a(Z) & u0 |= s(X)]
(9) Putting w = v = u0 into (2) gives u0 |= s(Y )
(10) Since u0 ≤ v0, persistence gives v0 |= s(Y ).
(11) Since w0 and v0 were arbitrary, we obtain (c) below
(c) (∀w)(∀v ≥ w)[ (∃u ≤ v)(u |= a(Z) & u |= s(X)) ⇒ v |= s(Y )]

Fig. 5. Soundness of Display Postulates

Corollary 3 may seem odd for DualInt since the proof of Theorem 11 shows
that � → A is BiInt-valid, and � → A is not a formula of DualInt. But for any
DualInt-formulae A, the formula � → A is BiInt-valid iff A is DualInt-valid.

Theorem 12 ((Completeness)). A BiInt-valid⇒ I � A is δBiInt-derivable.

Proof. The Lindenbaum algebra formed from the equiprovable formulae of
δBiInt is an HB-algebra. ��

5 Regaining Classical Logic

Figure 6 shows Grishin’s rules from the generalised display calculus of [12], which
we refer to as SLD. The symbols σ, δ and � are the names of three transforms
from SLD which map formulae to formulae, structures to structures, sequents
to sequents, and proofs to proofs. See [12] for details.

Figure 6 shows four horizontal pairs of SLD structural rules: (Grna(i)),
(Grna(ii)), (Grnb(i)) and (Grnb(ii)). The rules in any horizontal pair are inter-
derivable in the basic SLD-framework without further structural rules, as shown
by the horizontal arrows with “SLD” attached to them in Figure 6. For example,
from (� Grna(i)) we can derive (Grna(i) �), and vice-versa in SLD.

Adding (Com) for commutativity of semicolon on both sides of turnstile
allows us to inter-derive the rules connected by vertical arrows with (Com) atta-
ched to them. That is, the rules which are σ-transforms of each other. As ex-
plained in [12], the composition of the σ-transform with the δ-transform results
in the �-transform, hence the addition of (Com) also allows us to inter-derive
the rules which are �-transforms of each other. That is, (Com) causes all four
of the (Grna) rules to become inter-derivable, and all four of the (Grnb) rules
to become inter-derivable. Let (Grna(ii) �) be a representative for the (Grna)
rules, and let (Grnb(ii) �) be a representative for the (Grnb) rules.



Dual Intuitionistic Logic Revisited 265

(Grna(i) !)
X > (Y ; Z) ! W

(X > Y ) ; Z ! W
(! Grna(i))

W ! (X ; Y ) < Z

W ! X ; (Y < Z)

�SLD�
�δ�

�
σ

�

�
(Com)

�

�
σ

�

�
(Com)

�
��

�����	
��
���

(Grna(ii) !)
(X ; Y ) < Z ! W

X ; (Y < Z) ! W
(! Grna(ii))

W ! X > (Y ; Z)
W ! (X > Y ) ; Z

�SLD�
�δ�

Arrows with attached α ∈ {σ, δ, �} indicate rules are α-transforms from SLD [12].
Arrows with SLD attached indicate rules inter-derivable in SLD.
Arrows with (Com) attached indicate rules inter-derivable in SLD with (Com).

(Grnb(i) !)
(X > Y ) ; Z ! W

X > (Y ; Z) ! W
(! Grnb(i))

W ! X ; (Y < Z)
W ! (X ; Y ) < Z

�SLD�
�δ�

�
σ

�

�
(Com)

�

�
σ

�

�
(Com)

�
��

�����	
��
���

(Grnb(ii) !)
X ; (Y < Z) ! W

(X ; Y ) < Z ! W
(! Grnb(ii))

W ! (X > Y ) ; Z

W ! X > (Y ; Z)

�SLD�
�δ�

Fig. 6. Dualities, Symmetries and Inter-derivability Between Grishin’s Rules

Adding all the Grishin’s rules from Figure 6 converts any intuitionistic sub-
structural logic displayable in the SLD-framework into its classical counterpart
[12]. But adding (Ctr), and (Wk) has some subtle effects, as outlined next.

The left hand derivation from Figure 7 shows that (Grnb(ii) �) is derivable
in SLD when (Ctr �) and (Wk) are present. Adding (Com) then gives us all the
(Grnb) rules as outlined above. Thus, all (Grnb) rules are derivable in δBiInt.

Theorem 13. The rule (Grna(ii) �) is not derivable in δBiInt.

Proof. Suppose (Grna(ii) �) is derivable in δBiInt. Then ∼ A � ¬A is derivable
in δBiInt as shown in the bottom right of Figure 7. Since Figure 4 shows that
¬A �∼ A is already derivable in δBiInt, we then have ∼ A .� ¬ A in δBiInt.
But as shown in the top right of Figure 7, the sequent ∼∼ A � A is also derivable
in δBiInt, so putting ¬¬A for ∼∼ A gives a derivation of ¬¬A � A in δBiInt.
The soundness of δBiInt with respect to Rauszer’s semantics then implies that
the formula ¬¬A → A is BiInt-valid. A particular instance of this formula is
¬¬p→ p, which is then Int-valid; contrary to what we know about Int. Hence
(Grna(ii) �) cannot be derivable in δBiInt.
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Fig. 7. More Derivations in δBiInt

Theorem 14. To obtain a display calculus for classical logic from δBiInt, it
suffices to add any one of the (Grna) rules, e.g. (Grna(ii) �).

Corollary 4. Adding any semi-equation from Table1 to an HB-algebra gives a
Boolean algebra.

Corollary 5. A (reflexive and transitive) Kripke frame validates the formulae
from Table1 iff it is symmetric.

6 Concluding Remarks

My goal is to extend δBiInt to bi-intuitionistic modal and tense logics. Wolter
[19] studies intuitionistic modal logics obtained by extending BiInt with tense-
logical modalities, and also extends the Gödel-McKinsey-Tarski embedding of
Int into S4 to give an embedding of BiInt into KtS4; see also [13], which
contains a typographical error in the translation. Consequently, we can use the
method of [10] to give a cut-free display calculus for BiInt using the classical
modal display logic framework of Wansing [18].
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Table 1. Semi-equations and formulae for classicality

a ∧ (b −< c) ≤ (a ∧ b) −< c A⊗ (B −< C) → (A⊗B) −< C
(b −< a) ∧ c ≤ (b ∧ c) −< a (B −< A)⊗ C → (B ⊗ C) −< A
c → (a ∨ b) ≤ (c → a) ∨ b C → (A⊕B) → (C → A)⊕B
a → (b ∨ c) ≤ (a → b) ∨ c A → (B ⊕ C) → (A → B)⊕ C

Although Crolard does not prove cut-elimination for his SLK, it seems highly
likely that SLK does enjoy cut-elimination, so SLK1 is a good candidate as an
alternative cut-free Gentzen system for BiInt.
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Model Sets in a Nonconstructive Logic of Partial
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Abstract. The logic of partial terms (LPT) is a variety of negative
free logic. In LPT, functions, as well as predicates, are strict, and free
variables are given the generality interpretation. Both nonconstructive
(classical) and intuitionist brands of negative free logic have served in
foundational investigations, and Hilbert-style axiomatizations, natural
deduction systems, and Gentzen-style sequents have been developed for
them. This paper focuses on nonconstructive LPT with definite descrip-
tions, called LPD, lays the foundation for tableaux systems by defi-
ning the concept of an LPD model system and establishing Hintikka’s
Lemma, and summarizes the corresponding tableaux proof rules.

Philosophical Roots of Negative Free Logics

... not even with these (contraries ‘Socrates is well’ and ‘Socrates is sick’)
is it necessary always for one to be true and the other false. For if Socrates
exists one will be true and the other false, but if he does not both will
be false.... (Aristotle, Categories, x, 13b12)

A robust sense of reality is necessary in framing a correct analysis of
propositions about ... round squares and other such pseudo-objects....we
shall insist that in the analysis of propositions, nothing “unreal” is to be
admitted. (Bertrand Russell, Introduction to Mathematical Philo-
sophy)

1 Negative Free Logic and the Logic of Partial Terms

This paper describes a nonconstructive logic of partial terms with definite de-
scriptions (LPD). In the philosophical literature, LPD and similar logics are
called “negative free logics” as explained below. Philosophers have long been
concerned with singular terms in natural language that refer to no existent,
for example, definite descriptions such as “the present King of France” or “the
greatest natural number” and grammatically proper names such as “Pegasus”.
� Karel Lambert helped me understand better the nature and scope of free logics. All

of my previous work had been with positive free logics, and he introduced me to
negative free logics. I am grateful to him for a number of useful suggestions.

Roy Dyckhoff (Ed.): TABLEAUX 2000, LNAI 1847, pp. 268–278, 2000.
c© Springer-Verlag Berlin Heidelberg 2000
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Beginning in the 1950’s, free logics were developed to handle anomalies arising
from singular terms that might refer to no existent in an otherwise classical pre-
dicate logic (perhaps with identity), as chronicled in the work of some of the
field’s pioneers [18,20]. The relevance of free logic to some branches of mathema-
tics and related areas of mathematical computer science was explicitly argued
beginning in the 1960’s [29,30,24,23]. As noted elsewhere [15], free logic has been
implicit from the beginning in a central area of computer science, program spe-
cification and verification [17]. The term “free logic” has not been current in the
mathematics and computer science literature, however, because some authors
object to the term “free logic” (free logics have nothing to do with free alge-
bras), and others were unaware of the philosophical literature at the time that
they rediscovered free logic.

Since LPD and similar logics draw from diverse philosophical, mathematical,
and computer science traditions, the terminology can be confusing. By a (non-
constructive or classical) free logic, I mean an extension of standard first-order
logic. That is, when attention is restricted to closed formulas containing only
variables as singular terms, the theorems and derivations of a free logic coincide
with those of standard logic. Free logics are unlike standard logic in that not
all singular terms (other than bound variables) need have existential import.
Similarly, free brands of intuitionist logic are extensions of the usual intuitionist
logic.

Among species of free logics, the most common are positive and negative
free logics. Positive free logics allow some atomic statements containing singular
terms that do not refer to existents to be true. On the other hand, negative
free logics count as false any atomic statement containing a singular term that
does not refer to an existent.1 The concept of “strictness” in computer science
is closely related to the concerns of negative free logic. An n-ary function f
is said to be strict in its i-th argument provided fn(t1, . . . , tn) is undefined if
ti is undefined, and n-ary predicate P is strict in its i-th argument provided
Pn(t1, . . . , tn) is false if ti is undefined. If a function (predicate) is strict in all
of its arguments then it is strict, otherwise it is nonstrict. A logic containing
only strict predicates is, then, a negative free logic. The logic of partial terms
(LPT)2 is called a strict negative free logic because it is a negative free logic that
countenances only functions that are strict in every argument. LPT typically
imposes the generality interpretation on free variables. In LPT, there is no
“outer domain of nonexistents” as there are in the semantics of many positive
free logics, and constants and variables always denote.

By using LPT, as is the case with other free logics, the axioms of a mathe-
matical theory can be stated without cluttering the axiomatization with error
conditions, as would be required using restricted quantification in standard logic.

1 Rolf Schock developed the foundations of negative free logic in the 1960’s and pionee-
red work in definition theory and definite descriptions, [26,27,28]. A number of other
logicians have built on his work since [25,4,31].

2 There are some variations in what we call LPT [22,1,33,32,5,6,21,10], and another
common name for LPT is “E+-logic”. I follow Beeson’s terminology [1] in this paper.
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For example, Peano’s axiom:

∀X∀Y (succ(X) = succ(Y )→ X = Y )

can be stated in the usual way, whereas with restricted quantification (under-
standing that error objects are not natural numbers), the axiom takes on the
more awkward form:

∀X : Natno ∀Y : Natno (succ(X) = succ(Y )→ X = Y )

or, translated into standard first-order logic, the even more verbose form:

∀X∀Y (Natno(X)→ (Natno(Y )→ (succ(X) = succ(Y )→ X = Y )))

Moreover, LPT is concise, because in LPT there is no need for strictness axioms,
which are verbose. Other negative free logics also dispense with strictness axioms
for predicates. In contrast, most nonstrict positive free logics [30,7,14,15,16] re-
quire strictness axioms. However, note that although LPT is adequate for hand-
ling partial functions in most if not all traditional mathematical applications,
it is not in general adequate in computer science, because every practical pro-
gramming language contains nonstrict constructs that must be formalized for
program specification and verification. A nonstrict positive free logic is required
[14,15,16].

The logic LPD, the subject of the present paper, is LPT outfitted with 0-ary
function symbols and definite descriptions. Having definite descriptions makes
a logic easier to use. Definite descriptions are analogous to “anonymous func-
tions” in programming languages, whereas definitions are analogous to “named
functions”. It is convenient to have both anonymous and named functions in a
programming language, even though in principal either can play the role of the
other. Similar remarks apply to definite descriptions and definitions in an applied
mathematical logic, especially one underlying an applied logic of programming.
LPD is similar to systems found in the literature, and my sketch of its syntax
and semantics will be brief. I concentrate on defining LPD model systems (for
sentences) and Herbrand models and establishing Hintikka’s Lemma, laying the
foundation for LPD tableaux systems

2 Syntax

The logical symbols of LPD include the propositional connectives for negation
(¬) and material implication (→), a countably infinite set of individual variables
(x, y, z, . . .), identity (=), the universal quantifier (∀), and the definite description
symbol (ι). Free and bound occurrences of variables are to be understood as
usual. The set of nonlogical symbols consists of:

– A countable (finite or countably infinite) set R of predicate symbols P,Q,
R, . . .. Associated with each predicate symbol P in R is a natural number
nP ≥ 1 giving its arity.
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– A countable set F of function symbols f, g, h, . . ., with each function symbol
f assigned an arity nf ≥ 0.

– A countable set C of constant symbols a, b, c, . . ..

In LPT (but not LPD), 0-ary function symbols are excluded, because they
cannot be identified with with either free variables or constant symbols, since
a 0-ary function symbol need not denote. Variables and constants also have
different semantics, as will be described in Section 3.

Understand L(R,F,C) to be the LPD language determined by R, F, and C
[8]. The syntax of terms t, . . . and formulas A,B, . . . of L(R,F,C) is defined by
mutual recursion:

1. A variable x is a term.
2. A constant c ∈ C is a term.
3. f(t1, . . . , tnf

) is a term if f ∈ F and t1, . . . , tnf
are terms.

4. t1 = t2 is a(n atomic) formula if t1 and t2 are terms.
5. P (t1, . . . , tnP

) is a(n atomic) formula if P ∈ R and t1, . . . , tnP
are terms.

6. ¬A is a formula if A is.
7. (A→ B) is a formula if A and B are.
8. ∀xA is a formula if x is a variable, A is a formula, and x does not occur

bound in A.
9. ιxA is a term if x is a variable, A is a formula, and x does not occur bound

in A.

A literal is understood to be an atomic formula or the negation of one. A
sentence is a formula with no free variables. Regarding substitution, write ≡ for
syntactic identity, A(x) for any formula having only x as a free variable, and A(a)
for the sentence A(x)[a/x] resulting from substituting a for every occurrence of
x in A(x). A theory T of LPD is a pair < L, T >, where L is an LPD language
and T is a set of sentences of L.

A number of abbreviations are common in the literature. The other propo-
sitional connectives (∧,∨,↔) and the existential quantifier (∃) are understood
as usual. The following abbreviations are current in the LPT and free logic
literature:

Definedness: t↓ ≡ t = t
Undefinedness: t↑ ≡ ¬t↓
Quasi-equality: t1

.= t2 ≡ t1↓ ∨ t2↓→ t1 = t2
Undefined: ⊥ ≡ ιx¬(x = x)

3 Semantics

A model M for an LPD language L(R,F,C) is a pair M =<D, I >, where the
domain D is a nonempty set and I is an interpretation function satisfying the
following conditions:

1. cI ∈ D for each constant c ∈ C.
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2. f I is a partial function from Dnf to D for each f ∈ F. (Either f I ∈ D or f I

is undefined when nf = 0).
3. [ = ]I = {<d, d>: d ∈ D}.
4. P I ⊆ DnP for P ∈ R.

Turning to the semantics of individual variables, a state σ in a model M is a
total function mapping the individual variables into the domain D. Understand
xσ to be the value that σ assigns the variable x. Take a state σ′ to be an x-variant
of a state σ provided σ′(y) = σ(y) for every individual variable y �≡ x, and write
σ{d/x} for the x-variant of σ such that xσ{d/x} = d ∈ D. The value of a term
(a formula) of L(R,F,C) in model M in the state σ is defined as follows:

1. xI,σ = xσ.
2. cI,σ = cI .
3. [f(t1, . . . , tnf

)]I,σ = f I([t1]I,σ, . . . , [tnf
]I,σ) if

a) [ti]
I,σ ∈ D for each i from 1 to nf , and

b) f I,σ is defined at <[t1]
I,σ, . . . , [tnf

]I,σ >

undefined otherwise
4. [ιxA]I,σ = d if there is a unique d such that AI,σ{d/x} = true

undefined otherwise
5. [t1 = t2]

I,σ = true if tI,σ
1 = tI,σ

2
= false otherwise

6. [P (t1, . . . , tnP
]I,σ = true if

a) [ti]
I,σ ∈ D for each i from 1 to nP , and

b) <tI,σ
1 , . . . , tI,σ

nP
>∈ P I

= false otherwise
7. [¬A]I,σ = ¬[A]I,σ

8. [A→ B]I,σ = [A]I,σ → [B]I,σ

9. [∀xA]I,σ = true if AI,σ′
= true for every x-variant σ′ of σ

= false otherwise

Note that by clause 5, an undefined term cannot be “equal” to any term, inclu-
ding itself.

We come to the definitions of the key semantic concepts. A formula A is true
in model M, written M |= A, if AI,σ = true for all states σ. A model M satisfies
a set of formulas S if, for every formula A ∈ S, M |= A, and S is satisfiable if
there is a model that satisfies S. A sentence A is a logical consequence of a set
of sentences S, written S |= A, if S ∪ {¬A} is unsatisfiable. Finally, a sentence
A is valid, written |= A, if ∅ |= A.3

3 To accommodate the generality interpretation of free variables, the following defini-
tion replaces the one in the text, above: A formula A is valid if, for every model M,
M |= A, and it follows that a sentence A is valid in this sense if and only if ∅ |= A.
Hintikka sets are defined in terms of sentences, and consequently I have little to say
about open formulas.
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4 Model Sets

Let t and t′ be any terms, A any sentence, and ≺ be a well-ordering of the terms
of L = L(R,F,C) that sets ⊥ as the first element and that otherwise preserves
the natural complexity ordering. Understand an LPD model set (also known as
a Hintikka set) to be a set of sentences S4 (in the language L) satisfying the
following conditions:

(I.∅) ∃x(x↓) ∈ S
(C.¬) If A ∈ S, then ¬A /∈ S.
(C.⊥↑) ⊥↓ /∈ S
(D.c) If c ∈ C, then c↓ ∈ S
(D.fs) If f ∈ F and f(t1, . . . , tn)↓ ∈ S, then t1↓, . . . , tn↓ ∈ S.
(D.=s) If t1 = t2 ∈ S, then t1↓, t2↓ ∈ S.
(D.Ps) If P ∈ R and P (t1, . . . , tn) ∈ S, then t1↓, . . . , tn↓ ∈ S.
(D.=) If A(t) is a literal, A(t) ∈ S, t′ ≺ t and either t = t′ ∈ S or t′ = t ∈ S,

then A(t′) ∈ S
(D.¬¬) If ¬¬A ∈ S, then A ∈ S
(D.¬ →) If ¬(A→ B) ∈ S, then A,¬B ∈ S
(D.→) If A→ B ∈ S, then either ¬A ∈ S or B ∈ S
(D.¬∀) If ¬∀xA(x) ∈ S, then ¬A(t), t↓ ∈ S for some term t.
(D.∀) If ∀xA(x) ∈ S, then A(t) ∈ S for each term t such that t↓ ∈ S.
(D.ι) If B(ιxA(x)) ∈ S is a literal, then ∃y(∀x(A(x)↔ x = y) ∧B(y)) ∈ S.

The term ⊥ must be the first element in the well-ordering ≺ so that there is
no t ≺ ⊥, blocking {t↓, t = ⊥} from being included in a model set. As it is, we
have {t↓, t = ⊥,⊥↓} by condition (D.=), which condition (C.⊥) blocks. The
motivation of the other rules is much as usual. Note that condition (D.ι) is a
negative free logic rendering of Lambert’s Law [19,2].

Let S be a(n LPD) model set in the language L. The binary relation ∼=S ,
written simply as ∼= when no ambiguity can arise, is defined on the terms of L
as follows. For each pair of terms t and t′ of L, take t ∼= t′ if

1. t ≡ t′, or
2. t = t′ ∈ S, or
3. t′ = t ∈ S, or
4. t↓ /∈ S and t′↓ /∈ S, or
5. there is a term t′′ of L such that t ∼= t′′, t′′ ∼= t′, t′′ ≺ t, and t′′ ≺ t′.

Proof of the following is similar to proofs found in the literature [11]:

Proposition 1. ∼= is an equivalence relation on the terms of L.
4 Permitting open formulas in model sets is not very useful, because, in full first-order

logic (without resorting to Skolem functions or the like), key semantic concepts such
as logical consequence cannot be defined in a natural manner. In Fitting’s treatment
of free variable tableaux, open formulas are permitted in tableaux so that unification
can be used for more efficient proofs, but the formulas to be proved must be sentences
[8]. In his completeness proof, the model sets consist solely of sentences.
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By the definitions of ∼= and↓ and conditions (D.=s) and (D.=), we have

Proposition 2. If t↓ ∈ S and t ∼= t′, then there is some term t′′ of L such
that t′′ * t, t′′ * t′ and either t′′ = t, t′′ = t′ ∈ S, t′′ = t, t′ = t′′ ∈ S,
t = t′′, t′′ = t′ ∈ S, or t = t′′, t′ = t′′ ∈ S.

The length �(A) of a formula A is defined inductively as follows:

1. �(A) = 1 if A is atomic,
2. �(¬A) = �(A) + 1,
3. �(A→ B) = �(A) + �(B) + 1,
4. �(∀xA) = �(A) + 1,

For purposes of the next definition, each sentence A of L is written in the form
B(t1, . . . , tn), where the ti’s are all of the distinct closed terms occurring in A.
Understand B(t′1, . . . , t

′
n) to be an ∼=-variant of A if t1 ∼= t′1, . . . , tn

∼= t′n, and the
∼=-variation count v(A,A′) to be the number of i (1 ≤ i ≤ n) such that ti �≡ t′i.

Lemma 1. Let S be a model set. If A ∈ S and A′ is a ∼=-variant of A, then
¬A′ /∈ S.

Proof: The proof runs by mathematical induction on �(A).

Basis: �(A) = 1. A ∈ S is atomic, and A′ ≡ P (t′1, . . . , t
′
n) (P ∈ R) is an ∼=-

variant of A ≡ P (t1, . . . , tn). The proof continues by a subsidiary induction
on v(A,A′). If v(A,A′) = 0, then we have A ≡ A′, and ¬A′ /∈ S by (C.¬).
So, proceeding inductively, suppose v(A,A′) ≥ 1 and that j is the smallest
i such that ti �≡ t′i. Since A ≡ P (t1, . . . , tn) is atomic, tj ↓ ∈ S by either
(D.=s) or (D.Ps). Let t′′j be as in Proposition 2. Since A, tj ↓ ∈ S and
tj ∼= t′j , we have A[t′′j /tj] ∈ S by (D.=). If ¬A′ ∈ S, then by a similar
argument ¬A′[t′′j /t

′
j] ∈ S, contradicting the inner induction hypothesis since

v(A[t′′j /t], A
′[t′′j /t

′
j]) = v(A,A′)− 1. Hence, ¬A′ /∈ S.

Induction Step: �(A(t)) ≥ 2. The proof is as in the literature [11].

5 Herbrand Models

Let S be a model set in the language L = L(R,F,C). A Herbrand model M =<
D, I > for S is defined as follows. Understand the equivalence class for a defined
term t of L to be -t0= {t′ : t = t′ ∈ S ∨ t′ = t ∈ S} if t↓ ∈ S and - t 0
to be undefined otherwise. Set the domain of the Herbrand model M to be
D = {- t0: t↓ ∈ S}.

The specification of the interpretation I is as follows:

1. cI =-c0 for each c ∈ C,
2. f I = {<-t10, . . . ,-tnf

0,-f(t1, . . . , tnf
)0>: f(t1, . . . , tnf

)↓ ∈ S },
3. [ = ]I = {<d, d>: d ∈ D}, and
4. P I = {<-t10, . . . ,-tnP

0>: P (t1, . . . , tnP
) ∈ S},
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Proposition 3. 1. If -t10=-t′10, . . . ,-tnf
0=-t′nf

0 and -f(t1, . . . ,
tnf

)0∈ D, then -f(t′1, . . . , t
′
nf

)0∈ D and -f(t1, . . . , tnf
)0=-f(t′1, . . . ,

t′nf
)0.

2. If -t10=-t′10, . . . ,-tnP
0=-t′nP

0 and <-t10, . . . ,-tnP
0>∈ P I ,

then <-t′10, . . . ,-t′nP
0>∈ P I .

3. If there is some i such that 1 ≤ i ≤ nf and tI,σ
i /∈ D, then [f(t1, . . . , tnf

)]I,σ

/∈ D.
4. If there is some i such that 1 ≤ i ≤ nP and tI,σ

i /∈ D, then [P (t1, . . . , tnP
)]I,σ

= false.

6 Hintikka’s Lemma

The following result is the key ingredient in proof of the completeness of a
tableaux system (tree method) for LPD:

Theorem 1. Hintikka’s Lemma: An LPD model set is satisfiable.

Proof: Let S be an LPD model set in the language L. Understand d(A) to be
the number of distinct descriptions occurring in sentence A of L, the d-complexity
of A to be the ordered pair <d(A), �(A)>, and ≺ to be the ordering on the senten-
ces of L determined by d-complexity. The proof proceeds by using lexicographic
induction on the d-complexity <d(A), �(A)> of A ∈ S to demonstrate that S is
satisfied on its Herbrand model.

Basis: <d(A), �(A)>*<0, 2>.
Case 1: <d(A), �(A)> = <0, 1>.

Suppose A ≡ P (t1, . . . , tnP
), where P ∈ R and P (t1, . . . , tnP

) is atomic,
contains no descriptions. We have (for each σ) [P (t1, . . . , tnP

)]I,σ =
true because <- t1 0, . . . ,- tnP

0>∈ P I by (D.Ps) and the definitions
of the Herbrand domain D and P I . The case when A ≡ t1 = t2 is similar.

Case 2: <d(A), �(A)> = <0, 2>.
A ≡ ¬P (t1, . . . , tnP

) (P ∈ R or P ≡=) is the negation of an atomic sen-
tence that contains no descriptions. By Lemma 1, P (t1, . . . , tnP

) is not an
∼=-variant of some sentence B′ ∈ S. So, by the definition of the Herbrand
interpretation I, [P (t1, . . . , tnP

)]I,σ = false, and [¬P (t1, . . . , tnP
)]I,σ

= true.
Induction Step: <d(A), �(A)>1<0, 2>.

Case 1: <d(A), �(A)> = <m + 1, 1> or <d(A), �(A)> = <m + 1, 2>.
We have A ≡ C(ιxB(x)), where C(x) is a literal. By condition (D.ι) on
LPD model sets, ∃y(∀x(B(x)↔ x = y)∧C(y)) ∈ S. Since d(∃y(∀x(B(x)
↔ x = y) ∧ C(y))) = d(A) − 1 = m, we have [∃y(∀x(B(x) ↔ x =
y)∧C(y))]I,σ = true by the induction hypothesis, and [ιxB(x)]I,σ ∈ D
Hence, [C(ιxB(x))]I,σ = true.

Case 2: <d(A), �(A)>2<m,n + 3>.
A is one of the following forms: ¬¬B, ¬(B → C), (B → C), ∀xB, or
¬∀xB. The proof is by cases, with the � but not the d values decreasing in
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appeals to the induction hypothesis. I illustrate the case when A ≡ ¬¬B,
as details for the other cases are similar to proofs that can be retrieved
from the literature.5 We have B ∈ S by condition (D. ¬¬), and �(B) =
�(¬¬B)−2 = �(A)−2 = n+1. Hence, AI,σ = [¬¬B]I,σ = BI,σ = true
by the induction hypothesis since <d(B), �(B)>≺<d(A), �(A)>.

7 Tableaux

Rules of the tableaux system (tree method) are read-off from the clauses defining
a model set as usual [11,13,16]. Corresponding adjustments in the rules of the
tableaux system ([12], pp. 322-323) are needed to suit the new and modified
rules. The adjustment to rule (D.=) is required to handle terms containing
occurrences of function symbols. Roughly, we substitute one term for another
term that is equal to it just when the first term is “simpler” (≺) than the
second. The well-ordering requirement limits the proliferation of substitutions.
For example, if P (t), Q(t′), t = t′ occur on an open branch, and t ≺ t′, we extend
the branch by adding Q(t) (if there is no redundancy), not both it and P (t′). The
complexity preserving feature of the well-ordering blocks certain infinite loops in
the tableaux system when we have, for example, a = f(a) and P (a) on an open
branch, because a ≺ f(a), so these sentences would not (by themselves) require
that the branch be extended. However, if it were possible for f(a) ≺ a, we would
need to extend the branch first with P (f(a)), then with P (f(f(a))), and so on.

Condition (I.∅) for model sets translates into an initialization rule:

(I.∅) Add the sentence ∃x(x↓) as the first sentence in the enumeration of the
set of sentences to be tested for inconsistency.

A slight efficiency can be had by adding instead c = c for the first constant c (in
the well-ordering ≺) that is foreign to A.

The tableaux derivation rules, D-rules for short, are as follows:

(D.c) If constant c occurs in a sentence on a branch, then extend that branch
with the sentence c↓.

(D.fs) If term f(t1, . . . , tn) occurs on a branch, then extend that branch with
the sentences t1↓, . . . , and tn↓.

(D.=s) If t1 = t2 occurs on a branch, then extend that branch with the sentences
t1↓ and t2↓.

(D.Ps) If atomic sentence P (t1, . . . , tn) occurs on a branch, then extend that
branch with the sentences t1↓, . . . , and tn↓.

(D.=) If both A(t) and either t = t′ or t′ = t occur on a branch, A(t) is a literal,
and t′ ≺ t, then extend that branch with the sentence A(t′).

(D.¬¬) If ¬¬A occurs on a branch, then extend that branch with the sentence
A.

5 The proof in these cases is adapted from the proof in [11], pp. 38-43, with mo-
difications to suit the model-theoretic semantics as in Boolos and Jeffrey’s simple
completeness proof ([3], pp. 138-143).



Nonconstructive Logic of Partial Terms with Definite Descriptions 277

(D.¬ →) If ¬(A → B) occurs on a branch, then extend that branch with the
sentences A and ¬B.

(D.→) If A→ B occurs on a branch, then add ¬A as a left child of that branch
and B as a right child of that branch.

(D.¬∀) If ¬∀xA(x) occurs on a branch, then extend that branch with the sen-
tences ¬A(c) and c↓ for the first constant c foreign to that branch.

(D.∀) If ∀xA(x) and t↓ occur on a branch, then extend that branch with the
sentence A(t).

(D.ι) If literal B(ιxA(x)) occurs on a branch, then extend that branch with the
sentence ∃y(∀x(A(x)↔ x = y) ∧B(y)).

In D-rule (D.ι), a slight efficiency can be gained by, instead of extending the
branch with the sentence ∃y(∀x(A(x) ↔ x = y) ∧ B(y)), extending it with the
sentences ∀x(A(x) ↔ x = c) and B(c)) for the first constant c foreign to the
branch.

A branch is closed if either of the following branch closing rules, C-rules for
short, are violated:

(C.¬) For some sentence A, both A and ¬A occur on that branch.
(C.⊥↑) ⊥↓ occurs on that branch.
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Abstract. Automated theorem proving with connection tableau calculi
imposes search problems in tremendous search spaces. We present a new
approach to search space reduction in connection tableau calculi. In our
approach structurally similar connection tableaux are compressed with
the help of symbolic disjunctive constraints. We describe the necessary
changes of the calculus, and we develop elaborate techniques for an ef-
ficient constraint processing. Moreover, we extend the most important
search pruning techniques for connection tableau calculi to our approach.

1 Introduction

Automated theorem proving (ATP) is an important research area in artificial
intelligence. The objective of an ATP system is to find out whether or not a
formally specified query (or goal) is a logical consequence of a set of formally
specified axioms. For this purpose, system-specific inference rules are applied sy-
stematically. A sequence of inference rule applications (inferences) which shows
that a query is a logical consequence of a set of axioms is a proof. The main
strength of ATP systems is their ability to handle declarative descriptions of
knowledge. However, this ability introduces the aspect of search into the deduc-
tion process. The set of all objects which can be derived from an input problem
by the inference rules forms the search space. Usually, a tremendous search space
has to be explored during the search for a proof. A large amount of the research
performed in the field of ATP, therefore, focuses on search space reduction.

In this paper, we deal with search space reduction in connection tableau cal-
culi [7] which are successfully used in first-order ATP. They can be viewed as
refinements of the tableau method, namely free-variable tableau systems [3] with
connection condition, and are distinguishable according to their search control
(ie., subgoal selection), refinements (eg., regularity), and extensions (eg., fold-
up) [7]. We reduce the connection tableau search space as follows: We compress
certain structurally similar parts of it with the help of symbolic disjunctive con-
straints over first-order equations. Thus, we obtain a combined exploration of
these parts. As a consequence, however, a constraint satisfiability test is ne-
cessary. We show that the effort of our constraint satisfiability testing does in
general not outweigh the benefits gained from the search space compression.

In Section 2, we summarize the basics of connection tableau calculi. In Sec-
tion 3, we present our new approach which extends connection tableau calculi
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to so-called constrained-connection-tableau calculi. We discuss the compression
of input clauses, the necessary modifications of the calculus, and the handling
of constraints. In Section 4, we deal with search space reduction in constrained-
connection-tableau calculi. After that we evaluate our approach experimentally
(see Section 5) and compare it with a related approach (see Section 6).

2 Connection Tableau Calculi

The proof objects generated by connection tableau calculi are specialized literal
trees, called connection tableaux. Literal trees are trees where all nodes except
for the root node are labelled with literals. A literal tree is a connection tab-
leau for an input set S of clauses, if for each non-leaf node the OR-connected
literal labels of its immediate successors form an instance of a clause in S, and if
each non-root-non-leaf node has an immediate successor with a complementary
literal label (connection condition). Figure 1 shows connection tableaux for a
given set of clauses. Given a node N of a connection tableau T , the disjunction
of the literals labels of the immediate successors of N in T is called the tableau
clause below N in T . A branch of a tableau is closed if it contains two nodes
with complementary literal labels; otherwise, it is open. A tableau is closed if all
branches are closed; otherwise, it is open. A set S of clauses is unsatisfiable if
and only if there is a closed tableau for S.

A connection tableau for a set S of clauses can be generated by first apply-
ing the start rule and then repeatedly applying either the extension rule or the
reduction rule. Employment of the start rule means selecting a clause of S and
attaching its literals as immediate successors to an unlabelled root node. Appli-
cations of the extension rule or the reduction rule are controlled by a subgoal
selection function which assigns to each open connection tableau T a subgoal of
T . (A subgoal is the literal at the end of an open branch.) In the extension rule
a clause of S is selected which contains a literal whose complement is unifiable
with the selected subgoal. The new tableau is obtained by applying the respec-
tive most general unifier to the clause and to the current tableau and attaching
the instantiated literals of the clause as immediate successors to the instantiated
selected subgoal. The reduction rule closes a branch by unifying the selected
subgoal with the complement of a literal on the same branch (the respective
most general unifier is applied to the whole tableau).

The basic search strategy in connection tableau calculi is depth-first search
with backtracking. That is, the inference rules are applied repeatedly until either
a closed tableau has been generated or no rule application is possible at the
current tableau. In the latter case, backtracking is performed. A refinement of
depth-first search which is more suitable for infinite search spaces is iterative
deepening search which explores iteratively larger finite initial segments of the
search space by depth-first search with backtracking.

Important structural refinements of clausal tableaux are regularity and tau-
tology-freeness [7]. A tableau is regular if for each branch b and for each two
different nodes N,N ′ of b the literal labels of N and N ′ are different. A tableau
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is tautology-free if none of its tableau clauses contains two complementary lite-
rals. Regularity and tautology-freeness can be implemented by using inequality
constraints [6]. These techniques avoid redundancy within a single tableau. In
contrast to this, local failure caching [7,8] avoids the generation of certain ta-
bleaux which are redundant in the presence of other tableaux. It is applicable in
combination with depth-first subgoal selection and can be described as follows:
Assume a depth-first subgoal selection function which selects the subgoal L of a
given connection tableau T , and let N be the node of T which is labelled with
L. Let the connection tableau T ′ be obtained by applying inferences to T . Let
L′ be the literal label of N in T ′. Then the most general substitution σ with
σ(L) = L′ is called the instantiation of L via T ′. If the sub-tableau below N
is closed in T ′, we say L is solved in T ′. If L is solved in T ′ and the remaining
subgoals of T are still (possibly instantiated) subgoals of T ′, we say L is solved
via T ′ and the instantiation of L via T ′ is called the solution of L via T ′. Assume
that σ is the solution of L via T ′. After each attempt to close T ′ has failed, σ
becomes an anti-lemma at N and is stored in the so-called failure cache at N .
Until N is removed by backtracking, the anti-lemmata at N are used as follows:
if in another solution attempt of L a tableau T ′′ is constructed where L is not yet
solved or where L is solved via T ′′ such that there is an anti-lemma at N which
is more general than the instantiation of L via T ′′, then backtracking is invo-
ked. Local failure caching is compatible with regularity and tautology-freeness,
provided these techniques are confined to the open part of the tableau (see [7]).

Local failure caching provides a restricted form of tableau subsumption [7]
as follows: Let T , T ′, L, σ be as above. Then, local failure caching avoids that
certain connection tableaux are derived from T whose subgoal trees are subsumed
by the subgoal tree of T ′. (The subgoal tree of an open connection tableau T is
the literal tree which is obtained from T if all nodes which do not belong to
open branches are removed. A literal tree T subsumes a literal tree T ′, if there is
an instance T ′′ of T such that T ′ can be obtained by attaching a finite number
of literal trees to non-leaf nodes of T ′′. The instance of a literal tree T under a
substitution σ, denoted by σ(T ), is obtained by applying σ to each literal of T .)

3 Connection Tableau Calculi with Constraints

3.1 Outlines of the Approach

We will now describe how a certain kind of redundancy of the search arises
from structurally similar input clauses, which cannot be tackled with the above
structural refinements or subsumption techniques but can be with our approach.

In general, structurally similar input clauses lead to structurally similar ta-
bleaux. For example, in the input problem S (see Figure 1), the unit clauses
p(a1, f(b1)), . . . , p(an, f(bn)) only differ from each other in certain sub-terms.
When given the initial connection tableau T (see Figure 1), n inferences are pos-
sible alternatively at the literal ¬p(X,Y ). These possible inferences involve the
input clauses p(a1, f(b1)), . . . , p(an, f(bn)) and result in the tableaux T1, . . . , Tn
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T = Ti = T ′ =

¬p(X, Y ) ¬q(Y ) ¬p(ai, f(bi))

p(ai, f(bi))

¬q(f(bi)) ¬p(V, f(W ))

p(V, f(W ))

¬q(f(W ))

Fig. 1. T and T1, . . . , Tn, n ≥ 1, are connection tableaux for the set S = {¬p(X, Y )∨
¬q(Y ), p(a1, f(b1)), . . . , p(an, f(bn)), q(g(d))}. The connection tableau T ′ and the con-
dition 〈V, W 〉 ∈ {〈a1, b1〉, . . . , 〈an, bn〉} represent T1, . . . , Tn.

(see Figure 1). Since T1, . . . , Tn only differ from each other in certain sub-terms
of the literals, it seems redundant to construct each of them individually.

A simultaneous processing of T1, . . . , Tn is achieved by a compression of
the structurally similar clauses p(a1, f(b1)), . . . , p(an, f(nn)) into the new clause
p(V, f(W )) with the additional condition 〈V,W 〉 ∈ {〈a1, b1〉, . . . , 〈an, bn〉}. The
new clause expresses the common term structure of the compressed clauses, and
the condition encodes their differences. When using the new clause instead of
the compressed clauses, only one inference is possible at the literal ¬p(X,Y )
of T . The result is the connection tableau T ′ (see Figure 1) with the condition
〈V,W 〉 ∈ {〈a1, b1〉, . . . , 〈an, bn〉}. Since neither at T1, . . . , Tn nor at T ′ further
inferences are possible, a reduction of the search space has been achieved. In ge-
neral, a satisfiability test of the conditions associated with tableaux is necessary
periodically to find out whether or not the current tableau and its condition still
represent (encode) at least one ordinary tableau. In order not to simply move
the search space from the tableau level into the satisfiability test, an intelligent
representation and handling of the conditions is necessary.

In our approach, the conditions are expressed by AND-OR-connected equa-
tions over first-order terms, called constraints. If a clause with a constraint is
attached to a tableau with a constraint, both constraints are instantiated and
AND-connected, and the result is simplified. Since a constraint normal-form is
not required, we use cheap simplification techniques which, on the one hand,
can identify a lot of redundant or unsatisfiable sub-conditions but which, on the
other hand, need not identify all redundant or unsatisfiable sub-conditions. The
satisfiability test need not be performed after each inference. Since the satisfiabi-
lity of a constraint follows if it has a solution (ie., an allowed instantiation of its
variables), only one solution is computed in the satisfiability test. This implies
that only one of the simultaneously processed tableaux is computed explicitly.
The advantage of our approach over conventional connection tableau calculi can
be seen when regarding the above example. If a satisfiability test is applied to the
condition 〈V,W 〉 ∈ {〈a1, b1〉, . . . , 〈an, bn〉} associated with T ′, then one solution
{V ← ak,W ← bk}, 1 ≤ k ≤ n, (representing one connection tableau Tk) can
be found at low costs. After the inference at the literal ¬q(f(W )) has failed, all
represented tableaux T1, . . . , Tn are backtracked simultaneously.

3.2 Compression of Clauses
In our approach, we use constraints with the following syntax (henceforth, we
always refer to this definition when using the denotation constraint):
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Definition 1 (Constraint).
1. If t and t′ are terms, then t = t′ is a constraint. We call t = t′ an elementary

constraint.
2. If c1, . . . , ck, k ≥ 0, are constraints, then c1 ∧ · · · ∧ ck and c1 ∨ · · · ∨ ck are

constraints. For k ≥ 2, we call c1 ∧ · · · ∧ ck a conjunctive constraint and
c1 ∨ · · · ∨ ck a disjunctive constraint. For k = 0, we call c1 ∧ · · · ∧ ck the
empty conjunction and c1 ∨ · · · ∨ ck the empty disjunction.

We abbreviate the empty conjunction by ε. If c is a conjunctive constraint c1 ∧
· · · ∧ ck or a disjunctive constraint c1 ∨ · · · ∨ ck, then c1, . . . , ck are immediate
sub-constraints of c. The notion of a sub-constraint of a constraint is inductively
defined as follows: c itself is a sub-constraint of c. If ĉ is an immediate sub-
constraint of a constraint c, then ĉ is a sub-constraint of c. If ĉ is a sub-constraint
of c, then each immediate sub-constraint of ĉ is a sub-constraint of c.

Our constraints have the following semantics: An elementary constraint t = t′

is valid if and only if t equals t′. A constraint c1∧· · ·∧ck is valid if and only if each
ci (1 ≤ i ≤ k) is valid. Therefore, the empty conjunction is valid. A constraint
c1 ∨ · · · ∨ ck is valid if and only if there is a valid ci (1 ≤ i ≤ k). We denote the
instance of a constraint c under a substitution σ by σ(c). A substitution σ is
called solution of a constraint c if σ(c) is valid. A constraint is satisfiable if and
only if it has a solution. Constraints c1 and c2 are equivalent if and only if each
solution of c1 is a solution of c2 and each solution of c2 is a solution of c1.

We now describe the compression of structurally similar clauses. We regard
clauses as structurally similar if and only if they are generalizable:

Definition 2 (Generalization, Generalizer).
1. A clause C is a generalization of a set {C1, . . . , Cn}, n ≥ 1, of clauses if

and only if each clause Ci (1 ≤ i ≤ n) is an instance of C. A set of clauses
is called generalizable if and only if there is a generalization of it.

2. Let C be a generalization of a set S of generalizable clauses. C is a most
specific generalization of S if and only if, for each generalization C ′ of S,
there is a substitution σ such that σ(C ′) = C.

3. Let C be a generalization of a set {C1, . . . , Cn} of generalizable clauses. For
each i with 1 ≤ i ≤ n, let σi = {Xi,1 ← ti,1, . . . , Xi,ni

← ti,ni
}, ni ≥ 0, be a

substitution with Ci = σi(C). Then, we call the constraint
n∨

i=1

(Xi,1 = ti,1 ∧ · · · ∧Xi,ni
= ti,ni

)

a generalizer for {C1, . . . , Cn} with respect to C.

When compressing a set of generalizable clauses, a most specific generalization
of the set and a generalizer for the set with respect to the generalization are
obtained. For example, q(g(Y, Z)) is a most specific generalization of the set
{q(g(a, a)), q(g(h(X), b1)), . . . , q(g(h(X), bm))}, m ≥ 1, and

(Y = a ∧ Z = a) ∨
m∨

i=1

(Y = h(X) ∧ Z = bi)
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is a respective generalizer. The result of the compression is a so-called constrained
clause 〈C, c〉 where the generalization forms the clause part C and the generalizer
the constraint part c. Constrained clauses have the following semantics: A set S
of constrained clauses is satisfiable if and only if, for each 〈C, c〉 ∈ S, the set
E〈C,c〉 = {σ(C)|σ is a solution of c} is non-empty, and the set

⋃

〈C,c〉∈S E〈C,c〉 is
satisfiable.

In general the input set to a connection tableau calculus is not generalizable.
Therefore, the input is divided into maximal sub-sets of generalizable clauses
(literals may be permuted to obtain larger sub-sets). If a sub-set contains one
clause C only, then the resulting constrained clause is 〈C, ε〉. Let S be a set of
ordinary clauses, and let S′ be obtained from S by compression of sub-sets of ge-
neralizable clauses. Then, obviously S is satisfiable if and only if S′ is satisfiable.
In the following text, we will only deal with sets of constrained clauses which
are obtained as described above, i.e., by generalizing ordinary clauses. Specifi-
cally, this implies that each constrained clause in a considered set of constrained
clauses has a satisfiable constraint part.

The generalizer for a set of generalizable clauses is generally in disjunctive
normal-form, ie., it is a disjunctive constraint where each sub-constraint is a
conjunction of elementary constraints. It can be transformed into an equivalent
constraint with a minimal number of elementary sub-constraints by the distribu-
tive law. The number of elementary sub-constraints has an influence on the effort
of the constraint simplification and the satisfiability test (see Section 3.4). The
above generalizer, for example, can be transformed into the equivalent constraint

(Y = a ∧ Z = a) ∨ (Y = h(X) ∧
m∨

i=1

Z = bi).

3.3 Constrained-Connection-Tableau Calculi

We call connection tableau calculi which work on constrained clauses constrained-
connection-tableau calculi. The input to a constrained-connection-tableau calcu-
lus is a set of constrained clauses, and the proof objects are connection tableaux
with constraints, so-called constrained connection tableaux. A pair 〈T, c〉 is a con-
strained connection tableau for a set S of constrained clauses if T is a connection
tableau for the set {C|〈C, ĉ〉 ∈ S} and if, for each tableau clause C ′ of T , there
is a constrained clause 〈C, ĉ〉 ∈ S such that C ′ = σ(C) and c is a constraint
c1 ∧ σ(ĉ) ∧ c2 (for some σ, c1, c2). Restrictions on c1 and c2 follow implicitly
from the fact that the second condition has to be true for each tableau clause C ′

of T . Examples for constrained connection tableaux are given in Figure 2. We
call a constrained connection tableau closed if its tableau part is closed and its
constraint part is satisfiable.

The constrained-connection-tableau start rule generates an initial constrained
connection tableau 〈T0, c0〉 from a constrained clause 〈C, c〉 as follows: T0 is
constructed from C according to the ordinary connection tableau start rule,
and c yields c0. The constrained-connection-tableau extension rule generates a
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constrained connection tableau 〈T2, c2〉 from a constrained connection tableau
〈T1, c1〉 and a constrained clause 〈C, c〉 as follows: T2 is constructed from T1 and
C according to the ordinary connection tableau extension rule, and c2 equals the
instance of c1 ∧ c under the same substitution which is applied to the tableau
part. The constrained-connection-tableau reduction rule generates a constrained
connection tableau 〈T2, c2〉 from a constrained connection tableau 〈T1, c1〉 as fol-
lows: T2 is constructed from T1 according to the ordinary connection tableau
reduction rule, and c2 equals the instance of c1 under the same substitution
which is applied to the tableau part.

We proceed with the soundness and completeness of constrained-connection-
tableau calculi. The main part of the completeness proof is the following lemma:

Lemma 1. Let S be a set of constrained clauses, let ξ be a subgoal selection fun-
ction, and let S′ be the set {σ̂(C)|〈C, ĉ〉 ∈ S and σ̂ is a solution of ĉ}. Then there
is a subgoal selection function ξ′ such that the following holds: For each ordinary
connection tableau T ′ for S′ which can be generated by connection tableau infe-
rences (using ξ′), a constrained connection tableau 〈T, c〉 for S can be generated
by constrained-connection-tableau inferences (using ξ) such that, firstly, there is
a solution σ of c with σ(T ) = T ′ and, secondly, for each closed branch σ(b) of
σ(T ) the respective branch b of T is closed.

Lemma 1 can be proven by induction via the number of performed ordinary
connection tableau inferences (see [4]).

Theorem 1. A closed constrained connection tableau for a set S of constrained
clauses can be generated by constrained-connection-tableau inferences (using any
subgoal selection function) if and only if S is unsatisfiable.

Proof: We only give the completeness proof. See also [4]. Let an unsatisfiable set S
of constrained clauses and a subgoal selection function ξ be given. Let S′ be the
set {σ̂(C)|〈C, ĉ〉 ∈ S and σ̂ is a solution of ĉ}, and let ξ′ be a subgoal selection
function according to Lemma 1. Since S is unsatisfiable, S′ is also unsatisfiable.
Because connection tableau calculi are complete, a closed ordinary connection
tableau T ′ for S′ can be generated by connection tableau inferences (using any
subgoal selection function, in particular using ξ′). According to Lemma 1, a
constrained connection tableau 〈T, c〉 for S can be generated by constrained-
connection-tableau inferences (using ξ) such that, firstly, there is a solution σ
of c with σ(T ) = T ′ and, secondly, for each closed branch σ(b) of σ(T ) the
corresponding branch b of T is closed. Since T ′ is closed, T is also closed. Since
σ is a solution of c, c is satisfiable. Therefore, the constrained connection tableau
〈T, c〉 is closed. q.e.d.

Depth-first search with backtracking or iterative deepening search are suita-
ble to search for a closed constrained connection tableau. Backtracking may not
only be invoked if at the current constrained connection tableau no inference
is possible but also if the constraint part of the current constrained connection
tableau is unsatisfiable (because an unsatisfiable constraint cannot become satis-
fiable by applying substitutions or by conjunctively adding further constraints).
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3.4 Constraint Processing

Satisfiability Test. Recall that the satisfiability of a constraint follows if it has
a solution. Therefore, one solution of the given constraint is searched for in the
satisfiability test. The computation of a solution is based on the enumeration of
solutions of elementary sub-constraints by means of backtracking — until their
composition is a solution of the whole constraint. The computation of a solution
of an elementary constraint s = t is simply a unification problem since s = t has
a solution if and only if s and t are unifiable (any unifier of s and t is a solution of
s = t). Obviously, it is sufficient to enumerate one most general unifier of s and
t only. [4] gives a detailed discussion of different algorithms for the satisfiability
test.

Backtracking of inferences may immediately be invoked if the constraint part
of the current constrained connection tableau is unsatisfiable. Due to the imposed
effort, however, the frequency of the satisfiability testing should be subject to
accurate considerations. If after each inference a satisfiability test is applied to
the constraint part of the current constrained connection tableau, then, in case
it is unsatisfiable, this is immediately recognized. However, when performing
the test after each inference, the accumulated effort of the satisfiability testing
may be too high (in particular if most of the tested constraints are satisfiable).
Another strategy may be to test the satisfiability of the constraint part only if the
tableau part is closed. Following this strategy, however, a high number of useless
inferences may be applied to constrained connection tableaux with unsatisfiable
constraint parts. In our approach, a satisfiability test is applied after extension
steps involving a constrained clause with a unit clause part and after reduction
steps. These are situations where a certain sub-tableau of the tableau part of
the current constrained connection tableau has become closed. After extension
steps involving a constrained clause with a non-unit clause part and a constraint
part unequal to the empty conjunction only a weak satisfiability test is applied
(see below). After the remaining inferences no satisfiability test is applied.

Weak Satisfiability Test. According to Section 3.3, the constraint part of a
constrained connection tableau is in general a conjunctive constraint. A weak
satisfiability test of a conjunctive constraint can be performed by testing one
immediate sub-constraint only. If the tested sub-constraint is unsatisfiable, then
the whole constraint is unsatisfiable. Otherwise, neither its satisfiability nor its
unsatisfiability can be derived. In our approach, we test in the weak satisfiability
test the immediate sub-constraint which has been added in the recent inference.
For a discussion of other weak satisfiability tests refer to [4].

Constraint Simplification. According to the definition of being valid, valid
sub-constraints of a given constraint can be identified by an analysis of elemen-
tary sub-constraints and a propagation of the results. An analogous propagation
technique allows the identification of certain unsatisfiable sub-constraints: We
call a constraint trivially unsatisfiable if it is either an elementary constraint
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s = t where s and t are not unifiable, or a conjunctive constraint with a tri-
vially unsatisfiable immediate sub-constraint, or a disjunctive constraint where
all immediate sub-constraints are trivially unsatisfiable. Obviously, a trivially
unsatisfiable constraint is unsatisfiable.

In the following cases valid or unsatisfiable sub-constraints may be removed.
Let c be a constraint, let c̄ be a sub-constraint of c, and let ĉ be an immediate
sub-constraint of c̄. If ĉ is valid and c̄ is not valid, we can obtain a constraint c′

which is equivalent to c by the deletion of ĉ from c. Analogously, if ĉ is trivially
unsatisfiable and c̄ is not trivially unsatisfiable, we can obtain a constraint c′

which is equivalent to c by the deletion of ĉ from c. Since the computation of a
solution is based on the enumeration of solutions of elementary sub-constraints,
the deletion of valid or trivially unsatisfiable sub-constraints can significantly
reduce the effort of the satisfiability testing. We therefore remove valid or trivially
unsatisfiable sub-constraints from the constraint part of the current constrained
connection tableau after each inference.

4 Search Space Reduction Techniques

4.1 Structural Refinements

We define a constrained connection tableau 〈T, c〉 as regular if there is a solu-
tion σ of c such that the connection tableau σ(T ) is regular. Constrained-connec-
tion-tableau calculi with regularity are sound and complete. The completeness
proof is similar to the completeness proof of pure constrained-connection-tab-
leau calculi (see Section 3.3). The only difference is that we infer with the help
of Lemma 1 the derivability of a regular closed constrained connection tableau
from the derivability of a regular closed ordinary connection tableau. In the se-
arch process the regularity of a constrained connection tableau 〈T, c〉 is tested
as follows: Firstly, if T is not regular, then, for all solutions σ of c, σ(T ) is
not regular. Secondly, if T is regular, the regularity test of 〈T, c〉 is combined
with the satisfiability test of c. That is, in the satisfiability test of c only such a
solution σ of c is admissible where σ(T ) is regular. The definitions, the comple-
teness proof, and the testing of tautology-freeness are analogous. Analogous to
connection tableau calculi, the structural refinements regularity and tautology-
freeness of constrained-connection-tableau calculi can be implemented by means
of inequality constraints.

4.2 Local Failure Caching

The following example shows that the local failure caching for ordinary connec-
tion tableau calculi has to be modified when extended to constrained-connection-
tableau calculi. The constrained connection tableaux 〈T, c〉 and 〈T ′, c′〉 for the
set S of constrained clauses (see Figure 2) can be generated by constrained-con-
nection-tableau inferences (performing depth-first subgoal selection). σ = {X ←
f(Y )} is the solution of the subgoal ¬p(X) of T via T ′. The only possible infe-
rence at 〈T ′, c′〉 is an extension step involving the constrained clause 〈q(f(d)), ε〉.
The constraint part d = a∨d = b of the resulting constrained connection tableau
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T = T ′ = T ′′ =

¬p(X) ¬q(X) ¬p(f(Y ))

p(f(Y ))

¬q(f(Y )) ¬p(f(d))

p(f(d)) ¬r(f(d))

r(f(d))

¬q(f(d))

c ≡ ε c′ ≡ Y = a ∨ Y = b c′′ ≡ ε

T ′′′ =

¬p(f(d))

p(f(d)) ¬r(f(d))

r(f(d))

¬q(f(d))

q(f(d))

c′′′ ≡ ε

Fig. 2. 〈T, c〉, 〈T ′, c′〉, 〈T ′′, c′′〉, and
〈T ′′′, c′′′〉 are constrained connection
tableaux for the set S = {〈¬p(X) ∨
¬q(X), ε〉, 〈p(f(X)), X = a ∨X = b〉,
〈p(f(X)) ∨ ¬r(f(X)), ε〉, 〈r(f(d)), ε〉,
〈q(f(d)), ε〉} of constrained clauses.

is unsatisfiable. Therefore, 〈T ′, c′〉 cannot become closed. When applying local
failure caching for ordinary connection tableau calculi, σ becomes an anti-lemma
at the node N of T which is labelled with the subgoal ¬p(X). In the following
solution attempts of ¬p(X), σ forbids an extension step at the subgoal ¬p(X)
of T with the constrained clause 〈p(f(X)) ∨ ¬r(f(X)), ε〉. Therefore, the closed
constrained connection tableau 〈T ′′′, c′′′〉 (see Figure 2) cannot be generated,
and the search process becomes incomplete.

The incompleteness derives from the fact that we have ignored the con-
straint c′ which restricts the instantiation of Y to a or b. Consequently, not
σ = {X ← f(Y )} should become an anti-lemma at N , but both {X ← f(a)}
and {X ← f(b)}. We derive the following algorithm for anti-lemma generation
from this recognition. Let constrained connection tableaux 〈T1, c1〉 and 〈T2, c2〉
for a set S1 of constrained clauses be generated by constrained-connection-tab-
leau inferences (using a depth-first subgoal selection function) such that 〈T2, c2〉
cannot become closed and there is a subgoal L of T1 which is solved via T2. Let
σL be the solution of L via T2, and let NL be the node of T1 which is labelled
with L. Then, for each solution ρ of c2, store ρ ◦ σL in the failure cache at NL.
(ρ ◦ σL denotes the composition of ρ and σL. For any term t, (ρ ◦ σL)(t) equals
ρ(σL(t)).) The anti-lemmata at NL are used as follows: Assume that in another
solution attempt of L a connection tableau 〈T3, c3〉 has been constructed where
L is not yet solved or where L is solved via T3. Let σ′

L be the instantiation
of L via T3. Firstly, like in ordinary connection tableau calculi, if there is an
anti-lemma at NL which is more general than σ′

L, then backtracking is invoked.
Secondly, if the first case does not occur, in the satisfiability test of c3 only such
a solution ρ of c3 is admissible where, for each anti-lemmata α at NL, α is not
more general than ρ ◦ σ′

L. The described generation and use of anti-lemmata
preserve the completeness of the search process (see also [4]).

The above anti-lemma generation leads to storing an unbound number of
anti-lemmata at NL, because, for any substitution θ and for each solution ρ of
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c2, θ ◦ρ is also a solution of c2. Obviously, the anti-lemma θ ◦ρ◦σL is redundant
since there is also the anti-lemma ρ◦σL in the same failure cache. We see that it is
sufficient to generate anti-lemmata from the solutions of c2 which are contained
in a so-called generating set of solutions of c2.

Definition 3 (Generating Set of Solutions). A set Σ of solutions of a con-
straint c is a generating set of solutions of c, if and only if,

1. for each solution ρ of c, there are a solution σ ∈ Σ and a substitution θ such
that ρ = θ ◦ σ, and

2. for each solution σ ∈ Σ and for each non-empty substitution θ, (θ ◦ σ) /∈ Σ.

A generating set of solutions of a constraint is finite and can be computed [4].
These considerations allow the following modification of the anti-lemma genera-
tion: Let Σ be a generating set of solutions of c2. Then, for each ρ ∈ Σ, store
ρ ◦ σL in the failure cache at NL. Using this modification, only a finite number
of anti-lemmata is stored in the failure cache at NL.

In the above example, the constrained connection tableau 〈T ′, c′〉 cannot
become closed because the only possible inference at 〈T ′, c′〉 instantiates c′ to
an unsatisfiable constraint. In the following example the fact that the regarded
constrained connection tableau cannot become closed is independent from its
constraint part. This situation allows an improved anti-lemma generation.

Let S′ be obtained from S by removing 〈q(f(d)), ε〉 and adding 〈q(d), ε〉. 〈T, c〉
and 〈T ′, c′〉 (see Figure 2) are constrained connection tableaux for S′ which can
be generated by constrained-connection-tableau inferences (using a depth-first
subgoal selection function). Since no inference is possible at 〈T ′, c′〉, it cannot
become closed. Therefore, anti-lemmata may be stored at the node N of T which
is labelled with the subgoal ¬p(X). Since the fact that 〈T ′, c′〉 cannot become
closed does not depend on its constraint part c′ (but only on the fact that no
inference is possible), the solutions of c′ need not be considered in the anti-lemma
generation. We may therefore directly store the solution σ = {X ← f(Y )}
of ¬p(X) via T ′ in the failure cache at N . Like in the above example, the
anti-lemma σ forbids the extension step at the subgoal ¬p(X) of T with the
constrained clause 〈p(f(X)) ∨ ¬r(f(X)), ε〉. In the current example, however,
this does not lead to the incompleteness of the search process, since the anti-
lemma σ avoids that the constrained connection tableau 〈T ′′, c′′〉 (see Figure 2)
is generated which cannot become closed using constrained clauses from S′.

From this observation, we derive the following improved algorithm for anti-
lemma generation: Let S1, 〈T1, c1〉, 〈T2, c2〉, L, σL, and NL be as before. If the
fact that 〈T2, c2〉 cannot become closed does not depend on c2, then store σL in
the failure cache at NL. Otherwise, let Σ be a generating set of solutions of c2
and, for each ρ ∈ Σ, store ρ ◦ σL in the failure cache at NL.

Due to this improvement the pruning potential of local failure caching for
constrained-connection-tableau calculi is higher than the pruning potential of
local failure caching for ordinary connection tableau calculi. In order to recognize
this, let again S1, 〈T1, c1〉, and 〈T2, c2〉 be as before. Assume that the set S1 of
constrained clauses has been generated from a set S0 of ordinary clauses by
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clause compression as described in Section 3.2. Let Σ be a generating set of
solutions of c2. Then, for each ρ ∈ Σ, ρ(T2) is an ordinary connection tableau
for S0 and may be generated by connection tableau inferences using a depth-first
subgoal selection function. Since 〈T2, c2〉 cannot become closed using clauses from
S1, for each ρ ∈ Σ, ρ(T2) cannot become closed using clauses from S0, and local
failure caching for ordinary connection tableau calculi avoids that in the following
search process tableaux are generated whose subgoal trees are subsumed by the
subgoal tree of ρ(T2). Analogously, for each ρ ∈ Σ and for each constrained
connection tableau 〈T3, c3〉 generated in the following constrained-connection-
tableau search process, local failure caching for constrained-connection-tableau
calculi eliminates from the set {σ(T3)|σ is a solution of c3} of ordinary connec-
tion tableaux which are encoded by 〈T3, c3〉 all tableaux whose subgoal trees
are subsumed by the subgoal tree of ρ(T2). If the fact fact that 〈T2, c2〉 cannot
become closed is independent from c2, the pruning potential of local failure
caching for constrained-connection-tableau calculi is even higher: Then from the
set {σ(T3)|σ is a solution of c3} all tableaux are eliminated whose subgoal trees
are subsumed by the subgoal tree of the more general tableau T2.

Local failure caching for constrained-connection-tableau calculi is compatible
with regularity and tautology-freeness, provided these are confined to the open
part of the tableau part of the respective constrained connection tableau.

4.3 Structural Information from Deterministic Sub-Constraints

The following technique reduces the constrained-connection-tableau search space
by moving certain non-disjunctive parts of the constraints into the tableaux.
Let c be a constraint with an elementary sub-constraint s = t. We call s = t
deterministic in c if c is a constraint ĉ1 ∧ (s = t)∧ ĉ2. If s = t is deterministic in
c and ρ is a most general unifier of s and t, then, for each solution σ of c, there is
a solution θ of ρ(ĉ1 ∧ ĉ2) such that θ ◦ ρ equals σ. Deterministic elementary sub-
constraints arise from the instantiation and simplification of constraints during
the search process. We can make use of a constraint s = t being deterministic
in the constraint part c of a constrained connection tableau 〈T, c〉 if we apply a
most general unifier ρ of s and t to 〈T, c〉. Since the sets {σ(T )|σ is a solution of
c} and {(θ ◦ ρ)(T )|θ is a solution of ρ(c)} of ordinary connection tableaux which
are encoded by 〈T, c〉 and 〈ρ(T ), ρ(c)〉, respectively, are equal, we may proceed
the search process with inferences at 〈ρ(T ), ρ(c)〉 instead of 〈T, c〉.

This usually achieves a search space reduction: Firstly, since the literals of
ρ(T ) are more instantiated than the literals of T , certain inferences which are
possible at T may be impossible at ρ(T ). When applied to T , these inferences
lead to unsatisfiable constraint parts of the resulting constrained connection tab-
leaux. Since it takes some effort to recognize the unsatisfiability of the constraint
parts, it is better to avoid these inferences in advance. Secondly, if 〈T, c〉 violates
regularity or tautology-freeness, 〈ρ(T ), ρ(c)〉 violates them too, and the structu-
ral information provided by ρ may allow to find this out without an investigation
of the constraint part. Thirdly, due to the structural information provided by



Search Space Compression in Connection Tableau Calculi 291

ρ, anti-lemmata may prune solution attempts of subgoals directly, ie., without
forming compositions with solutions of the constraint part.

When in the following search process backtracking is invoked due to the
structural information provided by ρ, we have to treat this during the generation
of anti-lemmata as if the backtracking depends on the constraint part of the
respective constrained connection tableau. The reason is that ρ represents the
sub-constraint s = t of the constraint c.

4.4 Failure Caching for Constraint Solution Attempts
The following technique reduces the search performed during the constraint
satisfiability testing by passing information from one test to certain following
tests. Assume that 〈T2, c2〉 has been constructed by applying inferences to a
constrained connection tableau 〈T1, c1〉. Since c2 is equivalent to σ(c1) ∧ c (for
a substitution σ and a constraint c), each solution of c2 is a solution of c1, and
consequently each substitution which is not more general than any solution of
c1 cannot be more general than any solution of c2. This observation permits us
to pass information about backtracked solution attempts from the satisfiability
test of c1 to the satisfiability test of c2. That is, when computing a solution of
c1, we may store each computed composition of solutions of elementary sub-
constraints which cannot be extended to a solution of the whole constraint as a
failure substitution. In the satisfiability test of c2, backtracking may be invoked
immediately whenever a composition θ of solutions of elementary sub-constraints
of c2 is computed such that a stored failure substitution is more general than
θ. The failure substitutions which have been generated during the satisfiability
test of c1 have to be deleted as soon as 〈T1, c1〉 is removed by backtracking of
inferences. This technique implements a failure caching for constraint solution
attempts. Its compatibility with regularity and tautology-freeness is obvious. To
ensure the compatibility with local failure caching, “certain” failure substituti-
ons have to be removed in “certain” situations. Due to the limited space, we
cannot go deeper into this here.

5 Evaluation
We integrated our approach into the connection tableau prover Setheo [5,8].
Thus we obtained the system C-Setheo. In the following experiments, the per-
formance of Setheo and C-Setheo (each applying the respective search space
reduction techniques described in this paper and a depth-first subgoal selection
function) is compared when run on different problems from version 2.1.0 of the
benchmark library TPTP [10] using a SUN Ultra 1 workstation (143 MHZ). The
problems of the TPTP are formulated in first-order clause logic. When given an
input problem, C-Setheo first replaces each maximal set of structurally similar
input clauses with an equivalent constrained clause. Then, it processes the result
of this transformation. Setheo tries to solve the original input problem directly.
We investigate problems from the field, planning and geometry domains. In each
of these domains, not only unit clauses but also non-unit clauses can be com-
pressed into constrained clauses. The TPTP library contains 281 field problems,
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Table 1. Numbers of solved non-trivial field, planning, and geometry problems.

Setheo C-SetheoDomain ≤ 10 s ≤ 60 s ≤ 150 s ≤ 10 s ≤ 60 s ≤ 150 s
Field 4 11 20 18 26 26

Planning 0 1 3 1 5 6
Geometry 0 2 5 4 9 10

total 4 14 28 23 40 42

30 planning problems, and 165 geometry problems. We consider a problem as
trivial if it can be solved by Setheo as well as by C-Setheo in less than 10 se-
conds. Thus, 55 of the field problems, 23 of the planning problems, and 50 of
the geometry problems are considered trivial. Table 1 shows how many of the
remaining problems can be solved within 10, 60, or 150 seconds. More details on
the results, e.g. run-times of single problems, are given in [4].

For each of the tested domains and in each investigated time interval, C-
Setheo solves more problems than Setheo. C-Setheo even solves in 10 se-
conds nearly as many field or geometry problems as Setheo in 150 seconds. That
is, the integration of disjunctive constraints has achieved an important speed-up.

6 Related Work

Data-base unification [2] has been developed as an improvement of the connec-
tion method [1] which is closely related to connection tableau calculi. In this
approach, input clauses are compressed like in our approach. The arising condi-
tions are expressed by specialized data-structures for the compact representation
of substitutions, so-called abstraction trees [9]. In the terminology of connection
tableau calculi, the approach can be described as follows: If a clause with a
condition is attached to a connection tableau with a condition, the respective
abstraction trees are merged by the operation DB-join [1]. Since abstraction
trees explicitly represent the allowed instantiations of the variables occurring in
a condition, all redundant or unsatisfiable parts of the resulting condition have
to be eliminated. This means that all satisfiable sub-conditions are determined.
Thus, in almost each inference the data-base unification determines all ordinary
connection tableaux which are represented by the current connection tableau
with its condition. In contrast to this, only one represented connection tableau
is determined in the satisfiability test of our approach. Therefore, in our ap-
proach, considerably less connection tableaux are in general investigated during
the search for a proof.

7 Conclusion

We have presented an approach to search space compression in connection tab-
leau calculi which is based on the compression of structurally similar input clau-
ses into clauses with constraints. The resulting constrained-connection-tableau
calculi have been proven as complete. In order not to move the search space
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which has been saved by the compression of clauses into the constraint handling,
we have developed elaborate strategies for the simplification and the satisfiabi-
lity testing of our constraints. Furthermore, we have extended the most impor-
tant search pruning methods for connection tableau calculi (namely regularity,
tautology-freeness, and local failure caching) to our new calculi, and we have
presented two techniques for redundancy elimination in constrained-connection-
tableau calculi. An experimental evaluation shows that our approach increases
the performance of the connection tableau prover Setheo in the investigated
domains. In a discussion of related work, we have shown that our new approach
overcomes the deficiencies of the most closely related previous approach.

The power of our approach mainly derives from the fact that in the satisfiabi-
lity test only one solution of the constraint associated with the current tableau
(representing one encoded ordinary tableau only) is computed explicitly. The
fact that the generation of anti-lemmata usually requires obtaining a genera-
ting set of solutions of the respective constraint seems to nullify this advantage.
However, firstly, anti-lemma generation usually occurs by far not as often as
constraint satisfiability testing. Secondly, improvements of the anti-lemma gene-
ration which only need a generating set of solutions of a certain sub-constraint
are possible. These improvements will be worked out in the near future.
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Abstract. We present an approach to inductive theorem proving that
integrates rippling-based rewriting into matrix-based logical proof se-
arch. The selection of appropriate connections in a matrix proof is guided
by the symmetries between induction hypothesis and induction conclu-
sion while unification is extended by a rippling/reverse-rippling heuristic.
Conditional substitutions are generated whenever a uniform substitution
is impossible. We illustrate the combined approach by discussing several
inductive proofs for the integer square root problem.

1 Introduction

Formal methods have become increasingly important for the verification and
synthesis of software for safety-critical applications. Over the past years, a num-
ber of proof assistants such as NuPRL [12] or Coq [13] have been developed to
support the logical reasoning process involved in these methods. But they suffer
from the low degree of automation, which is due to their expressive underlying
calculi. It is therefore desirable to extend the reasoning power of proof assistants
by integrating well-understood techniques from automated theorem proving.

Logical proof search methods [4,22,28] have been successfully used for proving
formulas in constructive first order logic. But these methods cannot deal with the
inductive proofs obligations that typically occur when reasoning about recursive
programs. Inductive theorem proving techniques, on the other hand, have been
very successful in solving such proof obligations. Rippling [9,10] is a powerful
annotated rewriting technique that guides the rewriting process from the induc-
tion conclusion towards the application of the induction hypothesis. However,
little focus has been devoted to the logical proof search part and the automatic
instantiation of existentially quantified variables, which is necessary for synthesi-
zing programs from their specifications. In fact, many synthesis problems require
both first-order and inductive proof methods to be applied simultaneously, as
both techniques are not strong enough to solve the problem independently.

Example 1. Consider the formula ∀x∃y y2≤x ∧ x<(y+1)2, which specifies an algo-
rithm for computing the integer square root of a natural number x. A straightforward
inductive proof for this formula will lead to the step case

∃y y2≤x ∧ x<(y+1)2 ! ∃y y2≤x+1 ∧ x+1<(y+1)2

Roy Dyckhoff (Ed.): TABLEAUX 2000, LNAI 1847, pp. 294–308, 2000.
c© Springer-Verlag Berlin Heidelberg 2000
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No single rippling sequence can rewrite the induction conclusion into the hypothesis,
as the choice of y in the conclusion (Yc) strongly depends on the properties of the y in
the hypothesis (yh). If (yh+1)2≤x+1 then Yc must be yh+1 to make the first conjunct
valid, while otherwise Yc must be yh to satisfy the second conjunct. Rippling would be
able to rewrite the conclusion into the hypothesis in each of these two cases, but it can
neither create the case analysis nor infer the value to be instantiated for Yc.

Logical proof methods would not be able to detect the case distinction either, as
they would have to prove the lemmata x<(yh+1)2 ⇒ x+1<(yh+1+1)2 for the first
case, y2

h≤x ⇒ y2
h≤x+1 for the second, and also (yh+1)2≤x+1 ∨ (yh+1)2>x+1. Of

course, it is easy to prove the induction step case if the crucial lemmata are already
provided. But one would have to consult hundreds of lemmata about arithmetic to find
the ones that complete the proof, which would make the proof search very inefficient.

To overcome these deficiencies we aim at combining logical proof search tech-
niques with controlled rewrite techniques such as rippling in order to improve the
degree of automation when reasoning inductively about program specifications.
In [24] we have shown that a combination of a rippling-based extended matching
procedure and simple sequent proof tactic can already be used to solve synthe-
sis problems like the above automatically. The logical proof search technique in
this approach, however, was not designed to be complete, as it focuses only on
a top-down decomposition of formulae, and should therefore be replaced by a
complete search procedure for constructive first-order logic.

Among the well-known proof procedures for intuitionistic first-order logic [22],
[28] matrix-based proof techniques such as the connection method [4,20] can be
understood as very compact representations of sequent proof search. This ma-
kes them not only much more efficient but also allows to convert their results
back into sequent proofs [27], which means that (constructive) matrix methods
can be used to guide proof and program development in interactive proof assi-
stants [7,19]. These advantages suggest an integration of our extended rippling
technique into matrix-based proof procedures.

In this paper we will present concepts for combining rippling techniques and
matrix-based constructive theorem proving. In Section 2 we will review our ex-
tended rippling techniques while Section 3 summarizes the theoretical foundati-
ons of matrix-based logical proof search. In Section 4 we extend these theoretical
foundations according to our extended rippling techniques. In Section 5 we will
describe an inductive proof method that is based on these extensions.

2 Rippling and Inductive Theorem Proving

Rippling is an annotated rewriting technique specifically tailored for inductive
theorem proving. Differences between the induction hypothesis and the induc-
tion conclusion are marked by meta-level annotations, called wave annotations.
Expressions that appear in both are called skeleton. Expressions that appear
only in the conclusion are called wave fronts. The induction variable that is
surrounded by a wave front is called wave hole. �Sinks� are parts of the goal
that correspond to universally quantified variables in the hypothesis. We call
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the annotated rewrite rules wave rules. To illustrate, consider a wave rule that
is derived from the recursive definitions of +.

|U+1|↑ + V
R$−→ |(U + V )+1|↑

In this rule, |. . .+1| marks a wave front. The underlined parts U and U+V
mark wave holes. Intuitively, the position and orientation of the wave fronts
define the direction in which the wave front has to move within the term tree.
An up-arrow ↑ indicates that the wave front has to move towards the root of
the term tree (rippling-out). A down-arrow ↓ moves the wave front inwards or
sideways towards the sink in the term tree (rippling-in). If the annotations can
be moved either to the root of the term tree or to a sink, then rippling termina-
tes successfully and the induction hypothesis matches the induction conclusion.
Rippling terminates unsuccessfully if no wave rule is applicable anymore and the
hypothesis does not match the conclusion.

Basin & Walsh [2] have developed a calculus for rippling and defined a well-
founded wave measure under which rippling terminates if no meta-variables oc-
cur in the goal. The measure associates weights to the wave fronts to measure its
width or its size. Rewriting is restricted to the application of wave rule that are
skeleton preserving and measure decreasing according to the defined wave mea-
sure. For instantiating existentially quantified variables within the framework of
rippling, mainly two approaches have been suggested. Bundy et al. [10] proposes
special existential wave rules that can be derived from non-existential ones. This,
however, increases the search problem in the presence of existential quantifiers.
Other approaches [1,17,25] use meta-annotations, which requires higher-order
unification and may lead to non-terminating rippling sequences.

The approach presented in [24] addresses these drawbacks by combining rip-
pling with first-order proof techniques and extending the matching procedure
for instantiating existentially quantified variables. It proceeds in three steps.

First, the step case formula of an inductive proof is decomposed into several
subgoals and meta-variables are introduced in place of existentially quantified
variables. A straightforward sequent proof tactic for constructive logic is used
for this purpose, which allows to integrate the results into the NuPRL proof
development system [12] and to extract programs from the inductive proof.

Next a simultaneous match is used to compute substitutions for the meta-
variables incrementally. Given a substitution σ and a term C from the induction
conclusion there are three possibilities. One can (1) prove the goal σ(C) by
a decision procedure, (2) unify σ(C) and the corresponding hypothesis term
H from the induction hypothesis, or (3) compute a rippling sequence and a
substitution σ′ such that σ′(C) can be rippled to H. The key part of the third
alternative is the rippling/reverse rippling heuristic illustrated below.

rippling reverse rippling
........................................................................................................................................................................................................................................................................

...............................� ........................................................................................................................................................................................................................................................................
...............................�

C
R$−→ C0

R$−→ . . .
R$−→ Ci

R$−→ . . .
R$−→ Cn

R$−→ H

The rippling sequence is generated in two phases: First the term C in the in-
duction conclusion is rewritten to some formula Ci. If Ci does not match the
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corresponding term H in the induction hypothesis then a rippling sequence
Ci

R$−→ . . .
R$−→ Cn

R$−→ H must be computed by reasoning backwards from
the term H towards Ci. In this reverse rippling process the meta-variables in C
are instantiated by a substitution σ′. If the generated rippling sequence is empty,
then either H implies σ(C) or σ(C) and H can be unified.

The search for a rippling sequence is based on the rippling-distance strategy
introduced in [21], which uses a new measure to ensure termination. In each
rippling step the distance between the wave front and the sink must decrease.
This allows a uniform treatment of the different rippling techniques, a more goal-
oriented proof search, and avoids non-termination problems in the presence of
unknown wave fronts. For a detailed analysis of this strategy we refer to [21,7].

After extended matching has generated a rippling sequence and a substitution
σ for one subgoal it is checked whether all remaining subgoals are true under
σ as well. To restrict the search space, all subgoals are required to be provable
by standard arithmetic, rippling, and matching. If a subgoal cannot be proven
by these techniques, it is selected as constraint for σ. The approach then proves
all subgoals under the negated constraint and continues until it has found a
complementary set of constrained substitutions that solve the induction step.
The generated constraints form a case analysis in a sequent proof and lead to
a conditional in the synthesized program. This simple heuristic already turned
out to be sufficient for many induction problems.

Example 2. Consider again the integer square-root problem from example 1. To prove
∃y y2≤x ∧ x<(y+1)2 ! ∃y y2≤x+1 ∧ x+1<(y+1)2 the induction hypothesis and
the conclusion are decomposed, which also unfolds the abbreviation y2≤x to ¬(x<y2).
The existentially quantified variable in the conclusion is replaced by a meta-variable Yc.
This results in two subgoals:

¬(x<y2
h), x < (yh+1)2 ! ¬(|x+1|<Y 2

c ) (1)

¬(x<y2
h), x < (yh+1)2 ! |x+1| < (Yc+1)2 (2)

Next the conclusion is annotated such that its skeleton matches the corresponding
part in the induction hypothesis. Corresponding parts are underlined. In the induction
hypothesis yh is marked as a sink variable because its mirror image in the conclusion
is the meta-variable that we want to instantiate. The following wave rules are derived
from the definitions of functions used in the specification:

|U + W )| < |V + W )| R"−→ U < V (3)

|s(U)|+ V
R"−→ |s(U + V )| (4)

(|s(A)|)2 R"−→ |A2 + 2A + 1| (5)

Starting with subgoal (2) the method then tries to match C = |x+1|<(Yc+1)2

and the induction hypothesis H = x<(yh+1)2. The latter represents the final formula
in the rippling sequence. As no wave rule is applicable, rippling leaves the subgoal
unchanged and reverse rippling reasons backwards from H to C. To determine which
formula may precede H, the right hand sides of the wave rules are inspected. Rule (3)
suggests that the predecessor of H has the form |x+W | < |(yh+1)2+W )|. This formula

can then be rippled by wave rule (5), which instantiates W with 2(yh+1)+1.
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Rippling towards the sink variable yh is now straightforward. By rule (4) the wave
front |. . . +1| is moved to a position where it surrounds yh, which leads to C0 =
|x+2(yh+1)+1| < (

⌊
|yh+1|

⌋
+1)2. As rippling has terminated successfully, Yc can be

instantiated by the sink value, which results in σ1 := {Yc\yh+1}. To prove that C0

implies σ1(C) a decision procedure for induction-free arithmetic [11] is used.
As subgoal (1) is not valid under σ1, its instantiated conclusion ¬(x+1<(yh+1)2)

is added as constraint. Next both subgoals must be proved for the case x+1<(yh+1)2.
Normal matching x+1<(Yc+1)2 from subgoal (2) and x+1<(yh+1)2 yields the substi-
tution σ2 := {Yc\yh}, which also makes the subgoal (1) true under the given constraint.

Thus the step case of the induction is provable under the set of conditional substi-
tutions {[¬(x+1<(yh+1)2), {Yc\yh+1}], [x+1<(yh+1)2, {Yc\yh}]}.

In a final step the conditional substitutions and rippling sequences that prove
the induction step are translated into a sequent proof. Following the proofs-as-
programs principle [3] one can then extract a proof expression that describes an
algorithm for the given specification.

The extended rippling technique, which is described in detail in [24], has been
implemented as NuPRL-tactic and applied to several program specifications such
as quotient remainder, append, last, log2, and unification. It has also been used
for the instantiation of universally quantified variables in the hypothesis list,
which is necessary for dealing with non-standard induction schemes that enable
a synthesis of more efficient while loops. However, as the sequent proof tactic
underlying this approach is neither complete nor very efficient, because it is
driven only by a top-down decomposition of formulae. In the rest of this paper
we will show how to integrate extended rippling into a complete, and more
efficient proof procedure for constructive first-order logic.

3 Matrix-Based Constructive Theorem Proving

Matrix-based proof search procedures [4,6] can be understood as compact repre-
sentations of tableaux or sequent proof techniques. They avoid the usual redun-
dancies contained in these calculi and are driven by complementary connections,
i.e. pairs of atomic formulae that may become leaves in a sequent proof, instead
of the logical connectives of a proof goal. Although originally developed for clas-
sical logic, the connection method has been extended to a variety of non-classical
logics such as intuitionistic logic [22], modal logics [20], and fragments of linear
logic [18]. In this section we will briefly summarize its essential concepts.

A formula tree is the tree-representation of a formula F . Each position u in
the tree is marked with a unique name and a label that denotes the connective
of the corresponding subformula or the subformula itself, if it is atomic. In the
latter case, u is called an atom. The tree ordering < of F is the partial ordering
on the positions in the formula tree. As in the tableaux calculus each position is
associated with a polarity (F or T) and a principal type (α, β, γ, or δ). Formulae
of type γ can be used in a proof several times in different ways. A quantifier
multiplicity μ encodes the number of distinct instances of γ-subformulae that
need to be considered during the proof search. By Fμ we denote an indexed
formula, i.e. a formula and its multiplicity. The formula tree for
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F0 ≡ ∃y ¬(x<y2) ∧ x<(y+1)2 ⇒ ∃y ¬(x+1<y2) ∧ x+1<(y+1)2

from the example 1 (after unfolding ≤), together with polarities and principal
types is presented below. As usual we denote γ-variables by capital letters.1

∧T α
a2

Label Polarity

Type
Position

� �
�
�

⇒ F α
a0

∃Tyh

δ
a1

∧T α
a2

¬T α
a3

x<Fy2
h a4

x<T(yh+1)2 a5

∃FYc

γ
a6

∧F β
a7

¬F α
a8

x+1<TY 2
c a9

x+1<F(Yc+1)2 a10

The matrix(-representation) of a formula F is a two-dimensional representa-
tion of its atomic formulae without connectives and quantifiers. In it α-related
positions appear side by side and β-related positions appear on top of each other,
where two positions u and v are α-related (β-related) if the greatest common
ancestor of u and v wrt. < is of principal type α (β). The matrix-representation
of F0 is shown in Figure 1.

Fig. 1. Matrix of the formula F0

The matrix-characterization of logical validity depends on the concepts of
paths, connections, and complementarity. A path through a formula F is a hori-
zontal path through its matrix-representation, i.e. a maximal set of mutually α-
related atomic positions. A connection is a pair of atomic positions labelled with
the same predicate symbol but with different polarities. In a matrix we indicate
connections by arcs between two atoms. A connection is complementary if the
connected atoms can be made equal by applying some admissible substitution
σ to γ-variables, where admissibility encodes the eigenvariable condition on the
substituted terms. With these definitions the following matrix-characterization
of logical validity has been shown.

Theorem 1. A formula F is valid iff there is a multiplicity μ, an admissible
substitution σ, and a set of complementary connections such that every path
through Fμ contains a connection from this set.

Example 3. The formula F0 from example 1 can be proven in first-order logic if we
add to it the crucial lemmata ∀z∀t t+1<z ⇒ t<z and ∀s∀r s<r2 ⇒ s+1<(r+1)2 as
well as the case analysis ∀u∀v v<u ∨ ¬(v<u), as the following matrix proof with μ=2
in the conclusion shows.
1 Note that extended rippling considers γ-variables to be meta-variables.
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There are 32 paths through the extended formula, each containing one of the six connec-
tions depicted above. The terms of these connections can be unified by the substitution
σ = {Z\y2

h, T\x, Yc1\yh, V \x+1, U\(yh+1)2, Yc2\yh+1, S\x, R\yh+1}. Thus the for-
mula F0 has become valid after being extended by the three arithmetical lemmata.

So far we have only characterized validity in classical logic. In constructive
logic one not only has to check whether the terms of connected atoms can be
unified by a quantifier substitution σQ but also that both atoms be reached by
applying the same sequence of sequent rules, since only then they can form a
leaf in a sequent proof. Technically, this can be done by computing an additional
intuitionistic substitution σJ , which unifies the prefixes of the connected atoms.
A prefix is a string of positions between the root and the atom that are labelled
with ∀, ⇒ , ¬, or atomic formulae, where positions of polarity F are considered
as constants and the others as variables. Thus, a connection is constructively
complementary if there is an admissible combined substitution σ:=(σQ, σJ) that
unifies both the terms and the prefixes of the connected atoms. Admissibility
now involves a few additional conditions (see [29]). With these modifications
theorem 1 holds accordingly for constructive logic.

The connection method for constructive first-order logic describes an effi-
cient, connection-driven technique for checking the complementarity of all paths
through a formula F . Starting with all possible paths through F it eliminates
step by step all paths that contain a given connection, provided it can be shown
to be complementary. A detailed description of the algorithms for checking paths
and unifying prefixes as well as their justifications can be found in [23,20].

4 Extending the Matrix-Characterization

In order to integrate our extended rippling techniques described in Section 2 into
matrix-based proof procedures we have to modify the matrix-characterization of
logical validity in several ways.

A first extension comes from the observation that a pair {AT, ĀF} of connec-
ted atoms does not necessarily have to be equal under a substitution σ. As com-
plementary connections correspond to leaves in a sequent proof we only have to
require that the left side of the leaf sequent, i.e. A, implies the right side Ā under
σ, where the implication can be proven logically, by decision procedures, or by
rewriting Ā into A. The corresponding extension of the matrix-characterization
requires us to consider directed connections (uT, vF) and a notion of implication
with respect to a given theory T , written as ⇒ T . In principle, ⇒ T denotes any
implication that can be proven within the theory T . Usually, however, we restrict
ourselves to implications that can be proven by standard decision procedures or
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by rippling sequences generated by extended matching. In particular, we con-
sider arithmetical implication A ⇒A Ā to denote that either A⇒ Ā is provable
by a decision procedure for some sub-theory of arithmetic2 or that there is a
rippling sequence Ā

R$−→. . .
R$−→ A that rewrites Ā into A using arithmetical wave

rules. With these notions the concept of complementarity is extended as follows:

Definition 1. A directed connection (uT, vF) is σ-complementary with respect to
a theory T iff σ(A)=σ(Ā) or σ(A)⇒T σ(Ā), where A=label(u) and Ā=label(v).

Within a theory T equality and implication are not the only means to close a
branch in a sequent proof. Sequents like · � Ā and A � · are provable if Ā can
be proven in T and A can be proven to be false in T . For the sake of uniformity
of notation we call the corresponding atomic positions unary connections.

Definition 2. Let uT and vF be unary connections, A=label(u), and Ā=label(v).
uT is σ-complementary with respect to a theory T iff σ(A)⇒T False.
vF is σ-complementary with respect to T iff True ⇒T σ(Ā).

In a similar way the concept of complementary with respect to a theory T ,
which resembles Bibel’s theory-connections [6], could also be extended to n-
ary connections w.r.t some theory T . It enables us to formulate an extended
matrix-characterization of logical validity exactly like Theorem 1 and to use
the same general proof technique as for constructive first-order logic. The only
modification is the test for complementarity: we can now use decision procedures
to prove a negative literal A to be false or a positive literal Ā to be true in
T , unify two connected literals A and Ā via standard unification, prove the
implication A⇒ Ā with a decision procedure, or find a substitution σ and a
rippling sequence σ(Ā) R$−→ . . .

R$−→ σ(A) with our rippling / reverse rippling
heuristic. Decision procedures can even be used to close the gap between forward
and reverse rippling (c.f. example 2), which makes our method more flexible and
enables it to find more proofs.

A second modification comes from the insight that there is a strong relation
between individual subformulae of the induction hypothesis H and the conclu-
sion C. As C is usually identical to H[x\ρ(x)], where x is the induction va-
riable and ρ an inductive constructor like s = λx.x+1 or a destructor like the
p = λx.x−1, a rippling proof usually links a subformula of H to the correspon-
ding subformula of C, which means that proof-relevant connections run between
corresponding subformulae of H and C. By checking such orthogonal connections
first, we can drastically reduce the search space of an inductive matrix-proof.

Definition 3. A formula F is orthogonal (with respect to a variable x) if
F ≡H⇒C and C = H[x\ρ(x)] for some substitution ρ. A connection (uT, vF)
(or (vT, uF) ) where u ∈H and v ∈C is orthogonal in F if the relative position of
u in H is identical to the relative position of v in C.
2 A common decidable sub-theory of arithmetic is elementary arithmetic as defined in

[11], which includes the common axioms of +, -, *, /, =, < but no induction.
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Orthogonal connections are easy to identify, as they connect literals with the
same relative positions in the two major subtrees of F . In an inductive proof it
is sufficient to consider only orthogonal connections.

Theorem 2. An orthogonal formula F is constructively valid if all orthogonal
connections in F are complementary under some substitution σ.
Proof. Using theorem 1 we show by induction on the structure of H that every path
through an orthogonal formula F ≡H⇒C contains an orthogonal connection.
If H is atomic the statement is trivially true. If H has the form H1 op H2 where op is
of type α in F then C = C1 ōp C2 where ōp has type β in F . Consequently each path
P through F goes through both H1 and H2 and either C1 or C2. By the induction
hypothesis P must contain an orthogonal connection. The argument is the same if op
is of type β in F , while γ- and δ-quantifiers do not affect the set of paths. ��

In an orthogonal formula it is not necessary to check the unifiability of the pre-
fixes of orthogonal connections, as a classical proof implies constructive validity.

Lemma 1. In an orthogonal formula F the prefixes of all orthogonal connec-
tions are simultaneously unifiable.
Proof. Let (u, v) be an orthogonal connection in F and a0a1...an be the prefix of u.
Then the prefix of v is a0b1...bn where bi is a variable iff ai is a constant. Substituting the
variables by the corresponding constant unifies the two prefixes. Since this construction
is the same for all orthogonal connections, it leads to a common unifier.

Checking the complementarity of orthogonal connections, which resembles
Bibel’s linear connection method [5] although used for a different purpose, is
sufficient but not necessary for validity. If a proof attempt with orthogonal
connections fails, the formula may be valid for reasons that have nothing to
do with induction and a conventional (constructive!) matrix proof has to be
tried.

A third extension of the matrix-characterization comes from the need for
conditional substitutions in some inductive proofs. In a sequent proof the condi-
tions generated by our extended matching procedure will lead to a case analysis
as a first step, while each case can be proven by the proof techniques discussed
so far. A justification of this case distinction is the observation that a formula
F is valid if and only if there is a complete set {c1,..,cn} of logical constraints
(usually decidable formulae) such that each Fi = ci⇒F is logically valid. This
observation, which in the context of sequent calculi can be proven easily by
applying the cut rule, leads to the following extended version of theorem 1.

Theorem 3. A formula F is valid iff there is a set {c1,..,cn} of constraints such
that C = c1 ∨ .. ∨cn is valid and for all i there is a multiplicity μi, a substitution
σi, and a set Ci of σi-complementary connections such that every path through
ci⇒Fμi contains a connection from Ci.

Conditional substitutions also lead to an extension of theorem 2, as our
proof method in [24] synthesizes constraints for orthogonal formulas whenever a
connection cannot be shown to be complementary. In this case, all paths through
the formula are closed either by an orthogonal connection or a connection bet-
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ween a constraint and one literal of an orthogonal connection. To formulate this
insight, we call a connection (u, v) complementary under the constraint c if c and
either u or v form a complementary connection.

Theorem 4. A formula (c1 ∧ . . . ∧ ck)⇒F , where F is orthogonal, is valid if all
orthogonal connections (u, v) are σ-complementary or σ-complementary under
one of the ci for some substitution σ.

Again, we do not have to check the unifiability of prefixes to prove σ-complemen-
tarity under ci, since the prefixes always unify. Thus a classical proof is sufficient.

The above extensions of the matrix-characterization of logical validity enable
us to prove inductive specification theorems with existential quantifiers without
having to provide domain lemmata and case-splits beforehand. Instead we extend
the notion of unification by rippling and other theory-based reasoning techniques,
consider orthogonal connections first, and generate conditional substitutions if
necessary. The following example shows the advantages of such a proof method.

Example 4. Consider F0 ≡ ∃y ¬(x<y2) ∧ x<(y+1)2 ⇒ ∃y ¬(x+1<y2) ∧ x+1<(y+1)2

and its matrix-representation in Figure 1. The matrix contains two orthogonal connec-
tions (x<T(yh+1)2, x+1<F(Yc+1)2) and (Y 2

c <Tx+1, y2
h<Fx). Applying extended

matching to the first leads to the substitution σ1={Yc\yh+1}, as described in ex-
ample 2. Because the instantiated second connection is not complementary, we add
x+1<(yh+1)2 as condition c1 (i.e. with opposite polarity F) to the matrix. According
to theorem 4 we have thus established the validity of F0 under c1, which completes the
first subproof (marked by 1 )

To complete the proof we now try to establish the validity of F0 under the negated
condition c2 = x+1<T(yh+1)2, which we also add to the matrix. By connecting it to
x+1<F(Yc+1)2 we get σ2={Yc\yh} through conventional unification. As the instantia-
ted second connection (y2

h<Tx+1, y2
h<Fx) is complementary in the sense of definition 1,

we have completed the second subproof 2 . F0 is valid because of theorem 3.

5 A Matrix-Based Inductive Proof Method

Based on the concepts and characterizations introduced in the previous section
we will now describe an inductive proof method that combines both matrix-based
logical proof search and rippling techniques and is summarized in Figure 2. It
uses the same basic steps as [24] but in a more refined and goal-directed way
due to the use of a matrix-representation and an emphasis on connections.

In the first step we decompose the step case formula F by constructing its
matrix-representation. This means that δ-quantified variables will become con-
stants and γ-variables will become meta-variables. Since all existential quantifier
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1. Logical Decomposition of F by constructing its orthogonal matrix-representation.
2. Simultaneously check the complementarity of orthogonal connections and gene-

rate a substitution σ for all γ-variables by (1) unifying the connected terms, (2)
applying a decision procedure, or (3) applying the rippling / reverse rippling
heuristic. If all orthogonal connections are complementary the formula is valid.

3. If the complementarity test fails, synthesize a condition c for the validity of F .
4. Prove the validity of ¬c⇒F with the standard connection method.

If the proof fails generate more constraints by continuing with step 2.

Fig. 2. Matrix-based proof method for an inductive step case formula F

in the conclusion and universal quantifiers in the induction hypothesis are re-
presented by γ-variables, our proof method can be applied to inductive proof
problems with arbitrarily nested quantifiers.

In the second step we try to prove the complementarity of all orthogonal
connections and generate a substitution σ for all γ-variables in the process. As
in the usual connection method [20] we investigate the connections in an order
given by active subgoals, i.e. a set of β-related atoms that must be covered by
complementary connections, and construct σ incrementally. Given a partial sub-
stitution σ′ and a connection (uT, vF) with A=label(u) and Ā=label(v) we (1) try
to unify σ′(A) and σ′(Ā), (2) apply a decision procedure to prove σ′(A)⇒T σ′(Ā),
or (3) apply the rippling / reverse rippling heuristic to generate a substitution
σ′′ and a rippling sequence σ′′(σ′(Ā)) R$−→ . . .

R$−→ σ′′(σ′(A)). The complemen-
tarity of unary connections must be provable with a decision procedure. If all
orthogonal connections are complementary, the formula F is valid according to
Theorem 2 and the proof is complete.

Otherwise, we synthesize a condition c for the validity of F . For each connec-
tion that fails the complementarity test, we add the negation ci of the current
active subgoal to a set of constraints in order to create a complementary connec-
tion that covers this subgoal. As a result we get a condition c≡ c1 ∧ ... ∧ ck, a
substitution σ1, and a matrix-proof for the validity of c⇒F according to Theo-
rem 4. Note that c is usually decidable as it is composed of atomic literals.

Using Theorem 3 we now have to prove the validity of ¬c⇒F to complete
the proof. We extend the matrix into a representation of (c ∨¬c)⇒F while in-
creasing the multiplicity of F . This allows us to generate different substitutions
for each condition and to reuse the matrix-proof for c⇒F . Only paths through
¬c still need to be tested for complementarity. Since the condition ¬c very li-
kely characterizes a special case not to be proved by induction, we start with
investigating ¬c and use the standard connection method [20] with unification
enhanced by decision procedures. No constraints will be introduced in this step.

If the conventional matrix proof for ¬c⇒F fails, we attempt another in-
ductive proof based on orthogonal connections, extended rippling, and possibly
additional constraints by continuing with the second step again. In inductive pro-
ofs of program specifications each constraint will correspond to a case split in
the program. The examples we tested so far required at most one such case split.
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Fig. 3. Matrix of F1 with orthogonal connections

Example 5. To illustrate our technique, we prove the integer square root specification
∀x∃y y2≤x ∧ x<(y+1)2 with a different induction scheme, which will result in a
more efficient program. In each iteration we increment y instead of x and do so until
(y+1)2>x. The (destructor) induction has to proceed over an auxiliary variable k and
yields the following step case formula.

F 1 ≡ ∀x, y. x−y<k−1 ∧ y2≤x ∧ 0≤y ⇒ ∃n. y≤n ∧ n2≤x ∧ x<(n+1)2

⇒ ∀x, y. x−y<k ∧ y2≤x ∧ 0≤y ⇒ ∃n. y≤n ∧ n2≤x ∧ x<(n+1)2

After unfolding ≤ we generate the matrix-representation of F1 and the six orthogonal
connections, as depicted in Figure 3. We separate the two orthogonal submatrices by a
dashed line and denote γ-variables by capital letters. We select the induction hypothesis
as starting point and try to prove the complementarity of the connections 1a . . . 1f

using a decision procedure Arith for arithmetic, unification, and the rippling / reverse
rippling heuristic.
1a To prove the complementarity of the connection our extended matching proce-

dure has to find a substitution σ and a rippling sequence from σ(X−Y <k−1) to
σ(x−y<k). Using wave rules derived from monotonicity laws and the definition of
−, reverse rippling succeeds and generates the substitution σ = {X\x, Y \y+1}

1b As x<(y+1)2 ⇒A x<y2 is not valid in arithmetic, we add the inverse of the instan-
tiated active subgoal, i.e. c1≡x <F(y+1)2 as condition to the matrix.

1c The instantiated third connection requires us to prove y+1<0 ⇒A y<0, which is
shown by Arith.

1d The instantiated fourth connection can be solved by unifying x<(n+1)2 and
x<(N+1)2. This extends the substitution to σ = {X\x, Y \y+1, N\n}.

1e The terms in the instantiated fifth connection are now equal.
1f The sixth connection requires us to prove n<y ⇒A n<y+1, which again is shown

by Arith.
This concludes the first subproof. We now have to prove the validity of F under the
negation of c1, i.e. c2≡x <T(y+1)2. We add c2 to the matrix and select this literal as
starting point for the second sub-proof.

X−Y <Fk−1

X<TY 2

Y <T0

n<FY X<Fn2 X<T(n+1)2

x−y<Tk x<Fy2 y<F0

N<Ty

x<TN2

x<F(N+1)2 x<T(y+1)2

•

2a

2b

2c
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There are several <F-literals in the matrix that could be connected to c2. Among
those, all but x <T (N+1)2 are immediately ruled out because of a constant mismatch.
Thus we connect c2 to x <F (N+1)2 2a and get the substitution σ = {N\y}. This
leaves x<Ty2 and y<Ty as active subgoals. To solve the first, we connect to x<Fy2

2b ,
which is already a complementary connection. The second open subgoal is solved by
applying a decision procedure, which proves y < y to be false. We indicate this unary
connection by an arc to a bullet 2c .

This concludes the second subproof as well. F1 is valid under the set of conditional
substitutions {[x<(y+1)2, {X\x, Y \y+1, N\n}], [¬(x<(y+1)2), {N\y}]}.

After a matrix-proof has been generated, it has to be converted into a sequent
proof, which enables us to extract a verifiably correct algorithm if the proven
formula represents a program specification. For this purpose one can combine the
algorithms for transforming logical matrix proof into sequent proofs developed in
[26,27] with the methods for transforming rippling sequences into sequent proofs
described in [21,7].

Depending on the chosen induction and the matrix proof we will get dif-
ferent algorithms for the same specification. The matrix proof for the integer
square root specification in Example 4, for instance, will result in an linear al-
gorithm that iterates the input x, while the algorithm extracted from the proof
in Example 5 will iterate the output y, which is much more efficient.

6 Conclusion

We have presented a method for integrating rippling-based rewriting into matrix-
based constructive theorem proving as a means for generating inductive specifi-
cation proofs. The proof search is guided by a connection-driven path-checking
algorithm that gives preference to connections between the induction hypothesis
and the induction conclusion. The complementarity of the connected atoms is
checked by unification, decision procedures, and an extended matching proce-
dure based on a rippling / reverse rippling heuristic. Constrained substitutions
are generated if there is no unique substitution for the quantified variables. The
resulting proof can be converted into a verifiably correct algorithm for a given
inductive program specification.

There have been other approaches to automate the instantiation of quan-
tified variables in inductive proofs. Biundo [8] replaces existentially quantified
variables by Skolem functions, which represent programs to be synthesized, and
proceeds by clause-set translations like rewriting and case splitting. The work of
Kraan et al. [17] refines this idea by using rippling and middle-out reasoning [14]
to control the search space. However, as both approaches are not integrated into
a logical proof environment, they cannot guarantee that the synthesized program
is correct and have to verify it afterwards.

Hutter [15] introduces a technique to synthesize induction orderings that is
related to our reverse rippling heuristic [24]. To find an appropriate induction
scheme, it looks at the function symbols surrounding existentially quantified va-
riable and consults the applicable wave rules to guess an instantiation of this
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variable. This localized approach, however, causes difficulties when function sym-
bols are defined by two-step or even more complex recursions.

The inka [16] and SPASS [30] provers integrate induction techniques into
resolution-based theorem proving. However, they cannot synthesize case distin-
ctions and resolution is generally non-constructive, which makes it difficult to
use these tools for handling inductive program specifications.

The advantage of our approach is that it combines the strengths of inductive
reasoning and constructive logical theorem proving in an elegant way. Matrix
methods provide a uniform foundation for instantiating existentially and univer-
sally quantified variables, as they abstract from the notational peculiarities and
focus on their type (i.e. γ or δ). Decision procedures and rippling-based rewriting
are used on the level of the connections and thus extend the usual unification,
while the systematic generation of case distinctions adds flexibility to the proof
search procedure. The combination of these features allows us to deal with com-
plex induction schemes, like the one used in example 5, which cannot be handled
by either first-order and inductive proof methods individually.

Our approach is only a first step towards a full integration of first-order and
inductive theorem proving. But most of the individual components used in our
method, i.e. matrix-based proof search for constructive logic [20], the rippling /
reverse rippling heuristic [24], and decision procedures for arithmetic [11] have
already been implemented independently. We intend to combine these compo-
nents as described in Section 5 but also aim at preserving the uniformity of the
existing matrix-based theorem prover. We also intend to integrate transforma-
tion algorithms for converting matrix proofs and rippling sequences into sequent
proofs [26,27,21,7] and use them to guide the development of proofs in interactive
proof assistants and for the synthesis of conditional recursive programs.
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Abstract. In this paper, we integrate monotonic preorders in tableaux
using a simultaneous rigid unification calculus. For the case where mo-
notonicity is not considered, we have defined a sound, complete and ter-
minating calculus which has been improved by using rewrite techniques.
Moreover we present a sound, complete but not terminating calculus to
solve simultaneous rigid monotonic preordered problems.

1 Introduction

Rewrite techniques have been successfully applied to equational theorem provers
as a way of improving their efficiency [11], [2], [9], [4]. When we study arbitrary
(e.g. non-symmetric) relations, most of the notions of rewriting developed for
the equational case can be extended to the so-called bi-rewrite systems [8]. That
is, guided by well-founded syntactic orderings, we orient the inequalities of a
set I to build two sets of rewrite rules: R≤ which allows the replacement of
terms by bigger ones, and R≥, similarly by smaller ones. As for equality, we can
use the pair 〈R≤, R≥〉 as a decision algorithm whenever certain commutation
properties between R≤ and R≥ are satisfied. On the contrary, if R≤ and R≥ do
not commute, we complete them by adding new rewrite rules until both rewrite
systems capture all the information of I.

In the context of automatic deduction systems, these rewrite techniques have
been incorporated into resolution using the notion of ordering chaining [1]; but
for free variable tableaux they only have been applied to equality [4]. If we inte-
grate transitive relations into tableaux by means of a (simultaneous) unification
calculus instead of introducing new inference rules, tableau systems present two
advantages over resolution: we can build decision procedures that separate the
difficulty of transitive relations away from first order logic and, second, free va-
riables behave rigidly, so variable chaining is a not a critical problem.

In this paper, we incorporate rewrite techniques into preorders (transitive
and reflexive relations) and define unification calculi for free variable tableaux.
Section 3 presents a unification calculus for preorders that is extended to a
simultaneous version and integrated into tableaux in Section 4. Although these
calculi are already terminating, we improve them by means of rewrite techniques
in Section 5.

More difficulties appear when dealing with monotonic preorders (cfr. [1], [8]
for comments). Monotonicity introduces a new problem when non-linear varia-
bles are allowed because contexts have to be guessed. For example, f(g(b), x, x) ≤
�� Research supported by the Spanish Project TIC98-00445-C03-02 “TREND”.

Roy Dyckhoff (Ed.): TABLEAUX 2000, LNAI 1847, pp. 309–323, 2000.
c© Springer-Verlag Berlin Heidelberg 2000



310 P.J. Mart́ın and A. Gavilanes

f(y, y, g(a)) is unifiable w.r.t. the theory {a ≤ b} if we use the substitution
σ = [g(a)/x, g(b)/y]; nevertheless we cannot use standard unification nor a sub-
term chaining to solve the problem (apart from using any syntactic ordering,
the unique possibilities —instancing x to a or y to b— do not build the proper
context). In this case we need to design special rules for dealing with monoto-
nicity. Section 6 presents a complete and sound unification calculus that lacks
termination. This calculus is extended to a simultaneous version and integrated
into tableaux in Section 7.

2 Preliminaries

Let Σ be a signature and X be a set of variables. T (Σ,X) denotes the set of
terms over the signature Σ with variables from X, while T (Σ) stands for ground
terms.

An inequality is an atomic formula s � t where s, t ∈ T (Σ,X); the set
F (Σ,X) of Σ-formulas with variables from X is built from inequalities using
¬,∧,∨,∀ and ∃ as usual. F (Σ) denotes the set of sentences and we use dis-
inequalities s �� t, as shorthand of ¬s � t. For simplicity, we assume that � is
the only predicate symbol of our language; in first-order logic with equality 4,
arbitrary predicate symbols P can be represented by introducing a sort bool and
replacing P (t) by true 4 P (t) (see e.g. [3], for details). The same idea applies
to first-order logic with preorder �, replacing P (t) by true � P (t) ∧ P (t) �
true; anyway this is out of the scope of this paper. Given a Σ-expression e (term
or formula), var(e) denotes the set of unbounded variables of e. An inequality-
theory, or simply a theory, consists of a set of inequalities.

A Σ-structure D is composed of a pair 〈D,�D〉, where �D is a preorder
(i.e., a reflexive and transitive binary relation) over the non-empty domain D,
and interpretations for any function symbol of Σ. A Σ-structure is monoto-
nic if �D behaves monotonically, that is, if every function symbol f satisfies
fD(. . . , d, . . .)�DfD(. . . , d′, . . .), whenever d�Dd′. A D-valuation is a mapping
ρ : X → D. A (monotonic) Σ-interpretation is a pair 〈D, ρ〉 where D is a (mono-
tonic) Σ-structure and ρ is a D-valuation. Terms and formulas are interpreted
in a (monotonic) Σ-interpretation as usual for first-order logic, but using �D as
the semantic related to �.

A substitution θ whose domain is dom(θ) = {x1, . . . , xn} is represented by
[x1θ/x1, . . . , xnθ/xn]. Positions, subterms and replacements in terms are defined
as usual, that is t|p denotes the subterm of t at position p, and t[s]p is the result
of substituting s for t|p in t.

Rewrite techniques will be integrated by using reduction orderings, denoted
by 1, which are supposed to be total on ground terms.

Free variables behave rigidly in tableaux, that is they represent a unique
element. In this sense, given the theory I = {s1 � t1, . . . , sn � tn} and the
inequality s � t, the expression I |=p s � t (resp. I |=m s � t) expresses that
the formula (s1 � t1 ∧ . . . ∧ sn � tn)→ s � t is true in every (resp. monotonic)
Σ-interpretation.
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In order to present unification calculi, we introduce the notion of ordering
constraints (cfr. [9] [4]) which captures standard unification and orderings in a
single framework.

Definition 1 A (ordering) constraint is a set of equality constraints s 4 t and
ordering constraints s 1 t. A substitution θ is a solution to a constraint s 4 t
(resp. s 1 t) if θ is ground for var(s) ∪ var(t) and sθ coincides with tθ (resp.
sθ 1 tθ). A substitution θ is a solution to a constraint C if θ is a solution to
every element of C. A constraint C is satisfiable if it has a solution.

In this paper, we assume the existence of effective procedures for checking
constraint satisfiability: this assumption depends on the choice of the term or-
dering. For example, effective methods for lexicographic path orderings can be
found in [9], [10].

3 Rigid Preordered Unification

In this section we present how to solve unification problems arising when closing
a single branch of a tableau.

Definition 2 A Rigid Preordered Unification (shortly RPU-)problem is an ex-
pression of the form I � s � t, where I, s � t are a finite theory and an inequality
respectively. A ground substitution θ solves I � s � t if Iθ |=p (s � t)θ.

Constraints are added to RPU -problems to build constraint RPU -problems;
hence solving I � s � t plus the constraint C involves searching a substitution
that solves both of them.

Definition 3 A constraint RPU-problem is a pair composed of a RPU-problem
Γ and a constraint C, and it is written Γ · C.

For solving RPU -problems, we present the following calculus P that trans-
forms constraint RPU -problems by using the following two rules:

(left↓) Left Root Chaining
{l � r} ∪ I � s � t · C
I � r � t · C ∪ {l 4 s}

(end) Reflexive Closure
I � s � t · C

I � s � s · C ∪ {s 4 t}

Extra conditions restrict their application: a) the constraint at the conclusion
of the rule has to be satisfiable, b) the inequality s � t at the premise is not
trivial (s �= t), and c) in rule left↓, l �= r. The first condition will assure soundness
of the calculus, the second one states that trivial inequalities represent the end of
the search, while the third one is added as a form of optimization. Note also that
only equality constraints are introduced, and that inequalities are removed from
the theory once they have been used. This last remark plays an important role
when proving termination. In the sequel, we represent P-steps of the calculus by
Γ · C �P Γ ′ · C ′; �P

∗ denotes its reflexive and transitive closure.
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Definition 4 The substitution θ is a P-unifier for the RPU -problem I � s � t
if there exists a constraint C such that:

– I � s � t · ∅�P
∗I ′ � r � r · C, where I ′ is a theory and r ∈ T (Σ,X)

– θ is a solution to C.

Given a RPU -problem Γ , we can see the computation of P-unifiers as a se-
arch in the P-derivation tree with Γ ·∅ in the root. Observe that successful leaves
contain a trivial inequality and a constraint that possibly represents several P-
unifiers.

3.1 Properties of the Calculus P
The unification calculus P is terminating because it consumes inequalities from
the theory.

Theorem 5 (Termination) The P-derivation tree for every RPU-problem is
finite.

The calculus P is also sound in the sense that every P-unifier solves the
RPU -problem for which it is obtained.

Theorem 6 (Soundness) Let Γ = I � s � t be a RPU-problem and θ a
P-unifier for Γ , then θ is a solution to Γ .

Reciprocally, P is complete in the sense that every solution to a given RPU -
problem can be obtained as a P-unifier by applying the calculus to the problem.
Before proving completeness, we characterize syntactically a solvable RPU -
problem; we use the concept of Rigid Preordered Theory and prove an inequa-
tional variant of Birkhoff’s Theorem.

Definition 7 Let I be a theory, the Rigid Preordered Theory induced by I,
written Thp(I), is the minimum set of inequalities satisfying:

1. I ⊆ Thp(I).
2. s � s ∈ Thp(I), for every s ∈ T (Σ,X).
3. If t1 � t2, t2 � t3 ∈ Thp(I) then t1 � t3 ∈ Thp(I).

Theorem 8 (Birkhoff’s Theorem) I |=p s � t iff s � t ∈ Thp(I).

We use proofs to deduce that an inequality belongs to a Rigid Preordered
Theory. Inside these proofs we can avoid redundancies —such as trivial chainings
or cycles— as the following lemma shows.

Lemma 9 Let I be a theory and s � t ∈ Thp(I) such that s �= t. Then there
exists a finite sequence of inequalities from I, l1 � r1, . . . , ln � rn, that satisfies:
(a) l1 = s, rn = t, (b) ri = li+1, for every 1 ≤ i ≤ n−1, (c) (li � ri) �= (lj � rj),
for every 1 ≤ i < j ≤ n, (d) li �= ri, for every 1 ≤ i ≤ n.
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The completeness of P means that a P-unifier for a RPU -problem Γ must
exist whenever there is a substitution θ solving Γ ; in fact, P can compute θ
itself. The idea is to lift the proof related to (s � t)θ ∈ Thp(Iθ), whose existence
is ensured by Lemma 9.

Theorem 10 (Completeness) Let θ be a solution to the RPU-problem Γ =
I � s � t, then θ is a P-unifier for Γ .

Observe that P can be used as a decision procedure for RPU -problems thanks
to Theorems 5, 6 and 10.

Corollary 11 The RPU-problem is decidable.

4 Integrating Simultaneous Rigid Preordered Unification
into Free Variable Tableaux

The closure of a tableau T involves the closure of every branch of T . For this
reason, we extend RPU -problems to simultaneous problems.

Definition 12 A Simultaneous Rigid Preordered Unification (shortly SRPU-)
problem consists of a finite sequence Γ1, . . . , Γn of RPU-problems.

In this section, we present the calculus SP as the natural extension of the
calculus P for dealing with simultaneity. SP transforms sequences of RPU -
problems by (local) applications of left↓ or end rules to some of its single RPU -
problems. As variables behave rigidly, we gather the related constraint of each
RPU -problem into a unique set. With a single (global) constraint, we avoid the
construction of independent and (locally) satisfiable constraints that could not
be globally compatible. Dealing with tableaux, we prune more effectively the
search space if we close a tableau by simultaneously closing its branches, using
a global constraint, instead of closing each branch separately. The rules of SP
are:

(sleft↓) Simultaneous Left Root Chaining
Γ1, ..., {l � r} ∪ Ii � si � ti, ..., Γn · C
Γ1, ..., Ii � r � ti, ..., Γn · C ∪ {l 4 si}

(send) Reflexive Closure
Γ1, . . . ,Ii � si � ti, . . . , Γn · C

Γ1, . . . ,Ii � si � si, . . . , Γn · C ∪ {si 4 ti}
The extra conditions for the applicability of these rules coincide with those

required for P above. We define the relation �SP and the concept of SP-unifier
as for P, so the computation of SP-unifiers is the search in the SP-derivation
tree with Γ1, . . . , Γn · ∅ in the root.

The SRPU -problem is also decidable because the calculus SP satisfies the
same properties as P.

Theorem 13 (Termination, Soundness and Completeness) Let Γ1, . . . ,
Γn be a SRPU-problem. Then:

1. The SP-derivation tree for Γ1, . . . , Γn is finite.
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2. If θ is a SP-unifier for Γ1, . . . , Γn then θ is a solution to Γi, 1 ≤ i ≤ n.
3. If θ is a solution for the RPU-problem Γi (1 ≤ i ≤ n) then θ is a SP-unifier

for Γ1, . . . , Γn.

We integrate simultaneous rigid preordered unification into free variable ta-
bleaux using the calculus SP as a closure rule. Let SPT be the free variable
tableau system composed of the rules α, β, γ′ and δ′ [5] and the following closure
rule:

(SRPU-Closure Rule) Let T be a free variable tableau with branches B1, . . . , Bn.
Let Ii be the theory occurring in Bi and si �� ti be a dis-inequality appearing
in Bi, 1 ≤ i ≤ n. Then T is closed if there exists a SP-unifier for the SRPU-
problem I1 � s1 � t1, . . . ,In � sn � tn.

We use the tableau system SPT as follows:

1. Expand non-deterministically the tableau applying rules α, β, γ′ and δ′.
2. Select a dis-inequality from every branch and look for a SP-unifier for the

related SRPU -problem. If such a unifier exists then finish; otherwise, choose
a different dis-inequality in some branch. Go back to 1 if no SRPU -problem
admits a SP-unifier.

Observe that preorders are only taken into account in step 2, which always
finishes. Hence we have separated the complexity of preorders away from the
undecidability of first-order logic.

The soundness of the tableau system SPT follows from Theorem 13. For
proving completeness, we assume that the ground tableau system composed of
α, β, γ and δ [5], the rules for preorders Ref and Tran below, and the atomic
ground closure, is complete (see [6] for details).

Ref)
t � t

Tran)
t1 � t2
t2 � t3
t1 � t3

Then we lift every ground closed tableau, by using Theorem 13, and we
conclude that SPT is also complete.

Theorem 14 A set of sentences Φ is not satisfiable iff there exists a closed
SPT -tableau for Φ.

Example 15 Let a, b, c, d constants. Then we can conclude b � c ∨ d � b in
every total preorder satisfying a � c and d � a. In effect, we can firstly build a
SPT -tableau as sketched in Figure 1 and then close it using the calculus SP as
in Figure 2 (we have simplified the constraints).
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Fig. 1. Sketch of SPT -tableau

Fig. 2. SP-derivation

5 Rewrite Techniques for Preorders

We introduce rewrite strategies in order to reduce the P-search space. When
we solve a ground RPU -problem I � s � t, the calculus P could compute the
transitive closure of I with s as the minimum element, that is P could find
every ground term t′ such that I |=p s � t′. For example, if Γ = {a � b, a �
c, a � d � a � b} we can apply the rule left↓ in three different ways to cover
the terms b, c, d that are greater or equal than a. Then we prune drastically the
search space if we restrict the application of rule left↓ to those cases where the
inequality l � r ∈ I satisfies l 1 r. If c 1 d 1 a 1 b in the example above, the
three previous choices are reduced to the one corresponding to a � b.

When using orderings, extra rules are needed in order to assure completeness.
For example, if b 1 a then we cannot solve the satisfiable RPU -problem {a �
b} � a � b because a �1 b. So we must allow to rewrite b into a in the right hand
side of the inequality a � b. Even so, a symmetric version of the restricted rule
left↓ is still insufficient because peaks are not solved: if b 1 a and b 1 c then
we cannot solve the satisfiable RPU -problem {a � b, b � c} � a � c. To solve
this kind of problems we need to rewrite into the inequalities of the theory. With
these ideas in mind, we define P1 as the calculus composed of the following rules:
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(left� ↓) Left Root Chaining
{l � r} ∪ I � s � t · C

I � r � t · C ∪ {l 4 s, l 1 r}

(right� ↓) Right Root Chaining
{l � r} ∪ I � s � t · C

I � s � l · C ∪ {t 4 r, r 1 l}

(peaks�) Peak Root Chaining
{l1 � r1, l2 � r2} ∪ I � s � t · C

{l1�r2} ∪ I �s � t·C ∪ {r14 l2 r11 l1, l21r2}

(end) Reflexive Closure
I � s � t · C

I � s � s · C ∪ {s 4 t}
The extra conditions for the applicability of these rules coincides with those

required for P previously. We define the relation �P1 and the concept of P1-
unifier as for P. Observe that P1 can be seen as a suitable restriction of P,
where ordering constraints are involved, because every P1-unifier is a P-unifier.
In this sense, P1 is also terminating and sound.

Theorem 16 (Termination) The P1-derivation tree for every RPU-problem
is finite.

Theorem 17 (Soundness) Let Γ be a RPU-problem and θ a P1-unifier for
Γ , then θ is a solution to Γ .

We use Theorem 8 and Lemma 9 to prove that P1 is also complete when
asking for solutions that groundly instance var(Γ ). Note that 1 is total on
ground terms, then we can orient every step of a ground proof of the form:

sθ = l1θ � r1θ = . . . lnθ � rnθ = tθ

Theorem 18 (Completeness) Let θ be a solution to the RPU-problem Γ
which grounds var(Γ ), then θ is a P1-unifier for Γ .

As for the calculus P, we extend P1 to a simultaneous calculus SP1 in order
to incorporate it into tableaux. SP1 transforms SRPU -problems by the local
application of left� ↓, right� ↓, peaks� and end to any of its related RPU -
problems. As for SP, SP1 only uses a unique constraint. SP1 is terminating,
sound and complete as consequence of Theorems 16, 17 and 18.

Let SPT 1 be a tableau system like SPT , but using the simultaneous unifi-
cation calculus SP1 instead of SP in its closure rule. Then SPT 1 is sound and
complete.

Theorem 19 A set of sentences Φ is not satisfiable iff there exists a closed
SPT 1-tableau for Φ.

6 Rigid Monotonic Preordered Unification

In the sequel we only consider monotonic preorders. Then the unification pro-
blems closing single branches are RPU -problems but their solutions must con-
sider monotonicity.
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Definition 20 A Rigid Monotonic Preordered Unification (RMPU-)problem is
an expression of the form I � s � t where I, s � t are a finite theory and an
inequality respectively. A ground substitution θ solves I � s � t if Iθ |=m (s �
t)θ.

In order to solve RMPU -problems, one wonders if the natural generaliza-
tion of the rule left↓ that allows replacements into internal positions —what
we call subterm chaining— is enough to ensure completeness and termination.
However monotonicity introduces new problems which are also present in rigid
E-unification:

1. Termination versus completeness:
When monotonicity is not considered, the finite set of successful P-constraints
were enough to characterize all the solutions to a RPU -problem (Theorem 10).
In contrast, we need an infinite set, and so a non-terminating calculus, if we
are interested in every solution to a RMPU -problem. For example, we need an
infinite number of sets of constraints ({x 4 fn(a)}, with n ≥ 0) to obtain the
complete set of solutions to the RMPU -problem {a � f(a)} � a � x.

Two approaches have been followed to fix the incompatibility between ter-
mination and completeness when dealing with rigid E-unification:

– designing terminating unification calculus that are existentially complete
(e.g. [7]), which means that they are able to find at least one unifier when
the problem has a solution. This research line presents two problems in the
case of monotonic preorders. On one hand, symmetry plays an important role
here because it allows the comparison between solutions through the concept
of E-generality (≤E). In fact the whole set of solutions can be captured with
a finite set of E-unifiers (what is usually called complete set of E-unifiers).
For example, in the equality version of the previous problem {a 4 f(a)} �
a 4 x, {[a/x]} is a complete set of unifiers that covers all the solutions
({[fn(a)/x]/n ≥ 0}).
On the other hand, it has been proved that simultaneous rigid E-unification
is undecidable [4], hence this approach cannot be naturally extended to ta-
bleaux with equality. Therefore the simultaneous version of the RMPU -
problem must be undecidable, because simultaneous rigid E-unification can
be reduced to it.

– designing incomplete but terminating calculi that can be integrated into
tableaux to build complete deduction systems [4]. The key for this approach
involves restricting the ground solutions that can be lifted.

2. Ensuring termination:
The inequalities of the theory cannot be erased once they have been used. For
example, when solving the RMPU -problem {a � b} � f(a, a) � f(b, b), we need
the inequality a � b twice. Then the reason why the calculus SP is terminating
is not available when monotonicity is considered. In this case rewrite techniques
seem to be a useful tool to achieve termination, as for equality.
3. Guessing contexts:
Let θ be a ground substitution that solves the RMPU -problem Γ = I � s � t.
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Then it is obvious that the related ground RMPU -problem Γθ = Iθ � (s � t)θ
is also satisfiable. However the subterm chainings used to solve Γθ that are
placed in positions introduced by θ itself are not applicable to the problem Γ .
For example, if Γ = {a � b} � x � y and θ = [f(a)/x, f(b)/y], we cannot lift
the subterm chaining f(a) � f(b) used to solve Γθ. Even so, in this case we can
solve Γ following other ways: using end to obtain the constraint {x 4 y} or using
left↓ and end to obtain {x 4 a, y 4 b}, but none of these successful constraints
covers θ because they do not build the proper context.

In the case of rigid E-unification, the solution to this problem has gradually
developed. Initially contexts were explicitly built by using the function reflexivity
axioms [5]. Latter such reconstruction was avoided by restricting the study to the
so called irreducible substitutions (e.g. [7]) —those whose introduced terms do
not admit any subterm rewriting. Nevertheless symmetry is still needed to define
this concept, so this idea turns out to be useless for monotonic preorders in the
presence of non-linear variables1. For example, the substitution [g(a)/x, g(b)/y]
solves the RMPU -problem {a � b} � f(g(b), x, x) � f(y, y, g(a)) but surpri-
singly the calculus cannot solve it: end is not applicable and the possible subterm
chainings —instancing x to a or y to b— do not succeed because they do not
build the proper context. Therefore end and subterm chaining are not enough
to ensure (existential) completeness. Observe that the same problem but using
equality {a 4 b} � f(g(b), x, x) 4 f(y, y, g(a)) can be easily overcome using a
subterm replacement (a instead b —available because of symmetry) and then
end to obtain the solution [g(a)/x, g(a)/y].

In this section we define the unification calculus MP that is existentially
complete for solving RMPU -problems. Then MP represents the basis for the
integration of rewrite techniques that are needed for termination.

In order to present MP, we deduce the rules that are needed for ensuring
completeness. Then we firstly characterize syntactically when a RMPU -problem
has a solution by using the concept of Rigid Monotonic Preordered Theory and
proving a new variant of Birkhoff’s Theorem.

Definition 21 Let I be a theory, the Rigid Monotonic Preordered Theory indu-
ced by I, written Thm(I), is the minimum set of inequalities that holds:

1. I ⊆ Thm(I).
2. s � s ∈ Thm(I), for every s ∈ T (Σ,X).
3. t1 � t2, t2 � t3 ∈ Thm(I) then t1 � t3 ∈ Thm(I).
4. s � t ∈ Thm(I) then c[s]p � c[t]p ∈ Thm(I), for every c ∈ T (Σ,X).

Theorem 22 (Birkhoff’s Theorem) I |=m s � t iff s � t ∈ Thm(I).

As in Section 3, we use proofs to show that an inequality belongs to a Rigid
Monotonic Preordered Theory. In this case, we chain inequalities from I after
they have been included in arbitrary contexts. Note that we cannot avoid the
repeated use of an inequality in a proof.
1 Variables occurring more than once in a term.
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Lemma 23 Let I be a theory and s � t ∈ Thm(I) such that s �= t. Then there
exists a finite sequence, l1 � r1, . . . , ln � rn, of inequalities from I and contexts
ci ∈ T (Σ,X) with positions pi, 1 ≤ i ≤ n, holding: (a) s = c1[l1]p1 , cn[rn]pn = t,
(b) ci[ri]pi

= ci+1[li+1]pi+1 , for every 1 ≤ i ≤ n − 1, (c) li �= ri, for every
1 ≤ i ≤ n− 1.

Let us suppose that the substitution θ solves the RMPU -problem Γ = I �
s � t, that is Iθ |=m (s � t)θ. By Theorem 22 and Lemma 23, there exists a
proof of the form:

sθ = c1[l1θ]p1 � c1[r1θ]p1 = c2[l2θ]p2 � . . . � cn[rnθ]pn
= tθ

where (li � ri) ∈ I, liθ �= riθ and ci are certain contexts with positions pi,
1 ≤ i ≤ n. The calculus MP has to be able to lift any such proof when solving
Γ . Let us study the different cases in order to deduce the required rules:

1. If n = 0 then sθ = tθ, so we can apply reflexive closure (end).
2. If n > 0 and there are some steps occurring at the root. Let i be the smallest

index with pi = ε, then we can split the proof into two parts in such a way
that the first one does not use root positions (sθ = c1[l1θ]p1 . . . � liθ). Then
we need some kind of root chaining to solve this case.

3. If n > 0 and there are no steps occurring at the root.
a) If neither s nor t are variables, then they have the same functional symbol

at the root, that is s = f(s1, . . . , sq) and t = f(t1, . . . , tq). For this case
we can use decomposition and split the proof into q proofs for siθ � tiθ,
1 ≤ i ≤ q.

b) If s = x and t = f(t1, . . . , tq), then xθ = f(s1, . . . , sq) and we can split
the proof into q proofs for si � tiθ. In this case we need some kind of root
imitation in the sense that x must be replaced by f(y1, . . . , yq), where
the variables yi are new.

c) If s, t are variables and sθ = f(s1, . . . , sq), tθ = f(t1, . . . , tq), then we
can split the proof into q proofs for si � ti. We need some kind of root
imitation to solve this case as in b).

Let us do some reflections about the previous analysis. First notice that a
single RMPU -problem can be split into several ones; for example, in case 2 we
would transform the initial RMPU -problem I � s � t into two new problems
I � s � l and I � r � t. In this sense we face several RMPU -problems
simultaneously although we are considering a single branch. In order to use a
suitable notation which does not duplicate theories, we extend the definition of
RMPU -problem to deal with a sequence of inequalities to be proved. Then the
expression I � s1 � t1, . . . , sn � tn simplifies n RMPU -problems of the form
I � si � ti. Constraints are also added to RMPU -problems to build constraint
RMPU -problems as in Definition 3.

Observe that the required root imitation rules for cases 3 b) and 3 c) would
work differently from an implementation point of view, in the sense that in case
c) the function symbol has to be guessed. In fact, in case 3 c) such a rule seems to
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operate like the inefficient function reflexivity axioms because it builds arbitrary
contexts, instead of case b) where contexts are destroyed. For this reason the
calculus MP does not cover case 3 c) explicitly, although it must build the
contexts of such case in order to ensure completeness. This is achieved if we
apply the mgu that is obtained in cases 1 and 3 b). This is the idea: first we
can lift the other cases till all the inequalities to be proved are trivial or have
the form x � y, and second we finish applying a general reflexive closure (end).
Note that the latter can always be done because the remaining variables in the
RMPU -problem (e.g. x, y) do not belong to the domain of the mgu of its related
constraint, whenever we apply the mgu in cases 1 and 3 b).

As consequence of the previous analysis, the unification calculusMP trans-
forms constraint RMPU -problems by the application of the following five rules:

(root) Root Chaining
{l � r} ∪ I � s1 � t1, . . . , si � ti, . . . , sn � tn · C

{l � r} ∪ I � s1 � t1, . . . , si � l, r � ti, . . . , sn � tn · C

(dec) Decomposition
I �s1 � t1, . . . , f(u1, ..., uq)�f(v1, ..., vq), . . . , sn � tn ·C
I � s1 � t1, . . . , u1 � v1, . . . , uq � vq, . . . , sn � tn · C

(imit1) Root Imit 1
I � . . . , x � f(v1, ..., vq), . . . · C

Iτ �(. . . , y1�v1, . . . , yq�vq, . . .)τ · C ∪ {x 4 f(y1, ..., yq)}
where yi are new variables and τ = [f(y1, ..., yq)/x].
(imit2) Root Imit 2: similar to imit1 but applied to f(v1, . . . , vq) � x.

(end) Reflexive Closure
I � s1 � t1, . . . , si � ti, . . . , sn � tn · C

Iτ � (s1 � t1, . . . , si � si, . . . , sn � tn)τ · C ∪ {si 4 ti}
where τ is a most general unifier of si and ti.

As for previous calculi, the extra conditions are: a) the constraint at the
conclusion has to be satisfiable, b) the inequality s � t used at the premise is
not trivial, and c) l �= r in root. Note also that only equality constraints are
introduced and that constraints are only used to keep the solution because sub-
stitutions are applied to the current RMPU -problem in rules end and imit1/2.
In the sequel, we write MP-steps as Γ · C �MP Γ ′ · C ′.

Definition 24 The substitution θ is a MP-unifier for the RMPU-problem I �
s � t if there exists a constraint C such that:

– I � s � t · ∅�MP
∗I � r1 � r1, . . . , rn � rn · C, where ri ∈ T (Σ,X).

– θ is a solution to C.

Given a RMPU -problem Γ , we can see the computation ofMP-unifiers as a
search in theMP-derivation tree with Γ · ∅ in the root. Observe that successful
leaves contain a sequence of trivial inequalities and a constraint that possibly
represents several MP-unifiers.

6.1 Properties of the Calculus MP
The calculus MP is sound and existentially complete in the following sense.

Theorem 25 (Soundness) If θ is aMP-unifier for a RMPU-problem Γ , then
θ solves Γ .
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Theorem 26 (Completeness) Let θ be a solution to the RMPU-problem Γ
then there exists a MP-unifier for Γ .
Sketch of proof. The previous analysis states the different cases and how to
prevent case 3 c). Then we have to prove that we can finitely apply the rules till
all the inequalities to be proved are trivial or have the form x � y. This is so
because the complexity of the related RMPU -problem decreases when applying
the rules: root decreases the length of the ground proofs, decomposition and
imit1/2 decrease its depth and end increases the number of trivial inequalities
to be proved.

The calculus MP is efficient because it does not lift the naive solutions
concerning case 3 c). Therefore we have stated the basis needed when requiring
termination in the sense of the approach followed in [4] for rigid E-unification,
where the set of solutions to be lifted is suitably restricted (see the previous
comments on termination versus completeness). For example, the calculus MP
cannot build the solution [f(a)/x, f(b)/y] to the RMPU -problem {a � b} � x �
y. Note that we can solve it in other non-naive ways: using end to obtain the
constraint {x 4 y} or using root and end to obtain {x 4 a, y 4 b}.

Nevertheless the calculusMP lacks of termination due to the rule root with-
out control. For example, the following infinite sequence ofMP-steps is available:

{b � c} � a � b · ∅�MP {b � c} � a � b, c � b · ∅�MP
{b � c} � a � b, c � b, c � b · ∅�MP . . .

In fact imit1/2 can be also used to build infinite sequences ofMP-steps because
we apply the related mgu:

∅ � x � f(x) · ∅�MP ∅ � x1 � f(x1) · {x 4 f(x1)}�MP
∅ � x2 � f(x2) · {x 4 f(x1), x1 4 f(x2)}�MP . . .

7 Integrating Rigid Monotonic Preordered Unification
into Free Variable Tableaux

We extend RMPU -problems to simultaneous problems in order to close every
branch of a tableau at once.

Definition 27 A Simultaneous Rigid Monotonic Preordered Unification
(SRMPU-)problem consists of a finite sequence of RMPU-problems.

We present the calculus SMP as the natural extension ofMP dealing with
simultaneity. Then SMP transforms sequences of RMPU -problems by the (lo-
cal) application of root, dec, imit1, imit2 or end to any of its single RMPU -
problems. Variables behave rigidly, hence we join all the constraint sets into a
unique set and we globally apply the related mgu in rules end and imit1/2. For
example for the simultaneous version of imit1 we would have:

Γ1, . . . ,I � s1 � t1 . . . , x � f(v1, ..., vq), . . . sn � tn, . . . , Γp · C
(..., I �s1� t1 . . . , y1�v1, . . . , yq�vq, . . . sn� tn, ...)τ · C ∪ {x 4 f(y1, ..., yq)}
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where yi are new variables and τ = [f(y1, ..., yq)/x].
The extra conditions for the applicability of these rules coincides with those

required for MP previously. We define the relation �SMP and the concept of
SMP-unifier as for MP, that is we search in the SMP-derivation tree with
Γ1, . . . , Γn · ∅ in the root.

The calculus SMP satisfies the same properties thanMP, then it is sound,
existentially complete and non-terminating.

Theorem 28 (Soundness) Let θ be a SMP-unifier for the SRMPU-problem
Γ1, . . . , Γn, then θ is a solution to Γi, 1 ≤ i ≤ n.

Theorem 29 (Completeness) Let θ be a solution to every RMPU-problem
Γi, 1 ≤ i ≤ n, then there exists a SMP-unifier for Γ1, . . . , Γn.

We integrate the calculus SMP into free variable tableaux through the fol-
lowing closure rule:

(SRMPU-Closure Rule) Let T be a free variable with branches B1, . . . , Bn. Let
Ii be the theory occurring in Bi and si �� ti be a dis-inequality from Bi, 1 ≤
i ≤ n. Then T is closed if there exists a SMP-unifier for the SRMPU-problem
I1 � s1 � t1, . . . ,In � sn � tn.

Let SMPT be the tableau system composed of the rules α, β, γ′, δ′ [5] and
the previous SRMPU-Closure rule. As when monotonicity was not considered,
we use this system expanding the tableau till the SRMPU-Closure rule closes it.

The soundness of SMPT follows from Theorem 28. For proving completen-
ess, we assume that the ground tableau system composed of a) α, β, γ and δ [5],
b) the preordered rules Tr, Ref and Mon below, and c) atomic ground closure is
complete (see [6] for details). In Mon, c[]p denotes any ground context.

Ref)
t � t

Tr)
t1 � t2
t2 � t3
t1 � t3

Mon)
t1 � t2

c[t1]p � c[t2]p

Then we use any ground closed tableau and Theorem 29 to conclude that
SMPT is also complete.

Theorem 30 A set of sentences Φ is not satisfiable in monotonic structures iff
there exists a closed SMPT -tableau for Φ.

Notice that the calculus SMP involved in the SRMPU-Closure rule is non-
terminating, so it cannot be used as a decision procedure. Therefore such calculi
may never terminate when solving a not satisfiable SRMPU -problem related to
a certain tableau expansion. In this sense termination is necessary if we want a
suitable integration of rigid monotonic preordered unification into tableaux.
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8 Conclusions and Future Work

We have integrated monotonic preorders in tableaux using a simultaneous rigid
unification calculus. When monotonicity is not considered, we have defined the
sound and complete unification calculus P that is also terminating, because
inequalities can be erased once they have been used. Then rewrite techniques
have been introduced to build the calculus P1 which prunes the search space
efficiently. Such a calculus is complete because it includes new rules in order to
ensure the commutation between the oriented inequalities.

We have discussed at length about the problems that arise when dealing with
monotonicity. Then we have presented the sound and existentially complete cal-
culus SMP to solve simultaneous rigid monotonic preordered problems. As a
consequence of the undecidability of simultaneous rigid E-unification [4], the
calculus SMP is not terminating, however it is efficient because it avoids cer-
tain naive solutions. In this sense we have stated the basis required to achieve
termination which seems to be essential to obtain a suitable integration of any
unification calculus into tableau methods.

At present we are searching for a terminating calculus. Moreover we are
studying a) how to reduce the ground solutions that are necessary to be lifted
and b) how to introduce rewrite techniques.

Acknowledgements. We are greatly indebted to Susana Nieva and Javier
Leach for helpful discussions and comments.
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Abstract. The aim of this paper is to apply the mosaic method for
proving complexity, Hilbert-style and tableau completeness results for
Prior’s temporal logic over linear flows of time. We also show how to
implement the mosaic idea for automated theorem-proving. Finally we
indicate the modifications required to achieve similar results for special
linear flows of time and for the more expressive logic of until and since.

1 Introduction

The aim of this paper is to apply the mosaic method for proving decidability,
Hilbert-style (strong) completeness and tableau (weak) completeness of temporal
logics over linear flows of time. We also consider implications for automated
theorem-proving with temporal logics. Most of these results are known, but we
feel that the mosaic approach serves as a general method and slight modifications
should enable us to prove important new results for many different logics of linear
flows of time. So the idea here is to illustrate the general method on the basic
logics avoiding the detail needed for any specific new results.

The origin of the mosaic method is in algebraic logic to prove decidability of
the equational theories of certain classes of algebras of relations, cf. [13], [14]. The
main idea is to show that the existence of a model is equivalent to the existence
of a finite set of partial models, called mosaics, satisfying certain coherency
conditions. This gives us a decision procedure, and, intuitively, a systematic
procedure to check the theoremhood of a certain formula. Recently the mosaic
method has been applied to prove decidability, Hilbert-style axiomatizability and
complexity results for various modal logics, cf., e.g., [9], [12], and [21].

The paper is organized as follows. First we give the definition of mosaics and
saturated sets of mosaics, SSMs, for temporal logic with future and past opera-
tors for linear flows of time. We will prove a key lemma stating that satisfiability
� Research supported by EPSRC grants No. GR/L82441 and No. GR/L26872.
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is equivalent to the existence of an SSM. Then we show how to achieve Hilbert-
style and tableau completeness, decidability and complexity results using the
key lemma. Section 6 is devoted to an automated theorem-prover: we will see
that the mosaic approach gives a reasonably efficient standard method for au-
tomated theorem-proving in which only minor modifications need be made to
move from one temporal logic to another. Next we will sketch how to modify the
basic definitions to cope with special linear flows of time. Finally, we indicate
the necessary modification for the more expressive temporal language of until
and since.

2 Mosaics for Temporal Logic

In this section we show how to define mosaics and saturated sets of mosaics,
SSMs, for temporal logic with future F and past P over linear flows of time.
We will show that the existence of an SSM for a formula ϕ is equivalent to the
existence of a model for ϕ.

Let us start with the basic definitions for temporal logic. The language con-
sists of (countably many) propositional variables (also called atoms), proposi-
tional connectives (the primitives ¬ and ∧ and the usual defined connectives ∨,
→ and ↔) and the temporal connectives F (future) and P (past). We will also
use the propositional constants � (true) and ⊥ (false); they can be defined as
p ∨ ¬p and p ∧ ¬p, respectively, for an arbitrary atom p. A frame T is a non-
empty set T equipped with a strict linear ordering1 <: T = (T,<). A model is a
frame together with an evaluation v of the propositional variables: v(p) ⊆ T for
every propositional variable p. Truth of formulas in a model (T,<, v) is defined
as follows: for t ∈ T , propositional variable p and formulas ϕ and ψ,

t � p⇐⇒ t ∈ v(p)
t � ¬ϕ⇐⇒ not t � ϕ

t � ϕ ∧ ψ ⇐⇒ t � ϕ and t � ψ
t � Fϕ⇐⇒ t′ � ϕ for some t′ > t
t � Pϕ⇐⇒ t′ � ϕ for some t′ < t.

We will use the defined temporal connectives G (always in the future) and H
(always in the past) as well. Here are their definitions:

Gϕ ≡ ¬F¬ϕ Hϕ ≡ ¬P¬ϕ.

Note that we assumed that the linear order is irreflexive (t �< t for every t ∈ T );
the “weak” version of future (using ≤ instead of <) can be expressed as ϕ∨ Fϕ.

We assume familiarity with the basic notions of (temporal) logic such as
subformulas, consistency, satisfiability, validity, maximal consistent sets, etc. Let
X be a fixed set of formulas closed under subformulas and single negation, in
the language of F and P containing at most countably many atoms.
1 an irreflexive, transitive and connected ordering
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Definition 1. By a mosaic μ we mean a structure (〈m0,m1〉, �) satisfying the
following. The labelling function � associates a subset of X to each element of
the base {m0,m1} of μ such that, for every formula in X and index i < 2,

1. ϕ ∈ �(mi)⇐⇒ ¬ϕ /∈ �(mi);
2. ϕ ∧ ψ ∈ �(mi)⇐⇒ {ϕ,ψ} ⊆ �(mi);
3. Gϕ ∈ �(m0)⇒ Gϕ ∈ �(m1);
4. Gϕ ∈ �(m0)⇒ ϕ ∈ �(m1);
5. Hϕ ∈ �(m1)⇒ Hϕ ∈ �(m0);
6. Hϕ ∈ �(m1)⇒ ϕ ∈ �(m0).

We also allow mosaics with a singleton base (m0 = m1), but then we require
conditions 1 and 2 only.

An isomorphism between mosaics is a label-preserving bijection between the
two bases.

We say that conditions 5 and 6 are the mirror images of conditions 3 and 4,
respectively. In general, mirror images are defined by swapping future operators
with the corresponding past operators and reversing the order.

In the Hilbert-style completeness proof, the labelling set X will be the set of
all formulas and we will label with maximally consistent sets of formulas, while
in the decidability and tableau completeness proofs, X can be chosen as the set
of subformulas and their single negations of the formula ξ that we are interested
in.

Definition 2. A set M of mosaics is a saturated set of mosaics, an SSM for
short, if it satisfies the following saturation conditions.
For every μ = (〈m0,m1〉, �) ∈M ,

1. if Fϕ ∈ �(m1), then there is a mosaic μ′ = (〈m′
0,m

′
1〉, �′) ∈ M such that

�(m1) = �′(m′
0) and ϕ ∈ �′(m′

1);
2. if Fϕ ∈ �(m0), then either Fϕ ∈ �(m1) or there are mosaics μ′ =(〈m′

0,m
′
1〉, �′)

and μ′′ = (〈m′′
0 ,m

′′
1〉, �′′) in M such that �(m0) = �′(m′

0), �(m1) = �′′(m′′
1)

and ϕ ∈ �′(m′
1) = �′′(m′′

0);
3. if Pϕ ∈ �(m0), then there is a mosaic μ′ = (〈m′

0,m
′
1〉, �′) ∈ M such that

�(m0) = �′(m′
1) and ϕ ∈ �′(m′

0);
4. if Pϕ ∈ �(m1), then either Pϕ ∈ �(m0) or there are mosaics μ′ =(〈m′

0,m
′
1〉, �′)

and μ′′ = (〈m′′
0 ,m

′′
1〉, �′′) in M such that �(m0) = �′(m′

0), �(m1) = �′′(m′′
1)

and ϕ ∈ �′(m′
1) = �′′(m′′

0).

Given a set Γ of formulas we say that there exists an SSM for Γ if there is an
SSM such that Γ is contained in the label of one of the points of a mosaic. If Γ
is a singleton set {γ}, then we will talk about γ-SSM.

Again, 3 an 4 are the mirror images of 1 and 2, respectively. Later we will not
bother with formulating the mirror images of conditions if no confusion is likely
to occur.

We are ready to formulate our main lemma.
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Lemma 1. For any set Γ of formulas, Γ is satisfiable iff there exists an SSM
for Γ .

Proof. First we show the easy direction, viz., that for any satisfiable set Γ of
formulas, there is an SSM for Γ . Let (T,<, v) be a model and t ∈ T such that Γ
holds at t: t � Γ . Let X be a set containing Γ which is closed under subformulas
and single negations. For any s ∈ T , we let �(s) = {ϕ : s � ϕ} ∩ X. For any
u < v ∈ T , we define the mosaic μ(u, v) = (〈u, v〉, �(u), �(v)). It is easy to check
that μ(u, v) is indeed a mosaic. Furthermore, the set {μ(u, v) : u < v ∈ T} is an
SSM for Γ , since it contains all the mosaics from the same model for Γ .

To prove the other direction, assume that M is an SSM for Γ . We have to
show that there is a model satisfying Γ . We will construct such a model step
by step using the elements of M as building blocks. The idea is to “cure the
defects” of the participating mosaics by “gluing” mosaics together. The model
we are going to build will be a substructure of the rational numbers. Let X be
the labelling set of M (i.e., we label the points with subsets of X).

First we enumerate all the possible defects of labelled structures over subsets
of the rational numbers Q:

D = {〈q,Fϕ〉, 〈q,Pϕ〉 : q ∈ Q and Fϕ,Pϕ ∈ X}.

Note that we assume that the language contains at most countably many atoms,
hence the set of formulas in X is at most countable, also the cardinality of Q is
ω; thus |D| ≤ ω.

Let I = (I,<, �) be a labelled structure such that I ⊆ Q, < is the ordering
of rational numbers according to magnitude restricted to I, and � : I → P(X).
An element 〈q,Fϕ〉 of D is a future defect of I if

1. q ∈ I
2. Fϕ ∈ �(q) and
3. for every p ∈ I such that q < p, we have ϕ /∈ �(p).

That is, a future defect is an “unfulfilled eventuality”. Past defects are defined
analogously.

We say that a labelled structure I = (I,<, �) is coherent if it satisfies the
coherency conditions as in Definition 1: the labels are propositionally consistent,
Gϕ ∈ �(i) implies Gϕ,ϕ ∈ �(j) for every j > i, and Hϕ ∈ �(i) implies Hϕ,ϕ ∈ �(j)
for every j < i. Note that a coherent structure may contain defects.

Below, we will define coherent labelled substructures In = (In, <, �n) of the
rational numbers. Let σ : ω → ω be a map such that, for every j ∈ ω, there are
infinitely many k ∈ ω such that σ(k) = j. We will use σ as a scheduling function
that tells us which defect D(σ(n)) to cure in the nth step of the construction.

0th step. Take a mosaic μ ∈ M such that Γ ⊆ �(mi) for some i < 2. If
m0 �= m1, we define I0 = ({0, 1}, 〈0, 1〉, �0), where �0(j) = �(mj) for j < 2.
Otherwise, if the base of μ is a singleton, we define I0 = ({0}, ∅, �(m0)). Clearly,
I0 is coherent.
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n + 1st step. Assume that we have already constructed a finite linear order of
rational numbers 〈i0 < i1 < . . . < ik〉 with a coherent labelling �n such that,
for every j, (〈ij , ij+1〉, �(ij), �(ij+1)) is (isomorphic to) an element of M . Let us
denote this structure by In = (In, <, �n). Let σ(n + 1) = l. Consider the list D
of potential defects and take its lth element D(l). We assume that D(l) has the
form 〈i,Fϕ〉; for past defects a straightforward modification of the construction
below works. Next we check if D(l) is an actual defect of In. If it is not (e.g.,
i /∈ In or there is j > i in In such that ϕ ∈ �n(j)), we define In+1 = In.

So assume that D(l) is in fact a defect of In. Let ij be the greatest element
of the order i0 < . . . < ik such that Fϕ ∈ �n(ij); since D(l) is a defect of In,
such ij exists.

If ij is the last point of In in the order (j = k), then there is a mosaic
(〈m′

0,m
′
1〉, �′(m′

0), �
′(m′

1)) in M that we can glue to (〈ik−1, ik〉, �n(ik−1), �n(ik))
witnessing Fϕ ∈ �n(ik); that is, the two mosaics satisfy Definition 2.1, and
�′(m′

0) = �n(ik) and ϕ ∈ �′(m′
1). We add a new point ik+1 at the end of the

linear order with label �′(m′
1) to our structure: we define In+1 as the order

〈i0 < . . . < ik < ik+1〉 with labelling �n+1(ik+1) = �′(m′
1) and �n+1(ip) = �n(ip)

for 0 ≤ p ≤ k.
Now assume that ij < ik. Let us consider the mosaic (〈ij , ij+1〉, �n(ij),

�n(ij+1)). By the maximality condition on ij , we have that ¬Fϕ ∈ �n(ij+1).
Then we can find two mosaics (〈m′

0,m
′
1〉, �′(m′

0), �
′(m′

1)) and (〈m′′
0 ,m

′′
1〉, �′′(m′′

0),
�′′(m′′

1)) such that �′(m′
0) = �n(ij), ϕ ∈ �′(m′

1) = �′′(m′′
0) and �′′(m′′

1) = �n(ij+1),
see Definition 2.2. Then we insert a new point i′ between ij and ij+1 with a label
�′(m′

1): we define In+1 as the order 〈i0 < . . . < ij < i′ < ij+1 < . . . < ik〉 with
labelling �n+1(i′) = �′(m′

1) and �n+1(ip) = �n(ip) for 0 ≤ p ≤ k.
Thus, we can define a structure In+1 = (In+1, <, �n+1) where D(l) is not a

defect anymore.2 Clearly In+1 is a union of copies of elements of M and it is
coherent. Furthermore, for every j ∈ In, we have that �n(j) = �n+1(j); that is
the new labelling �n+1 is compatible with the old one �n. Also note that once
we cured a defect by providing a witness, the same defect cannot occur in any
expansion of the structure.

ωth step. Take the union I = (I,<, �) of the labelled structures defined so far
(the compatibility of the labellings makes this well defined). It is easy to see
that we get a coherent linear structure that does not contain any defect — every
potential defect has been dealt with infinitely many times, hence we can be sure
that if it is an actual defect in some stage, then we repair it in a later step.

Let the valuation v be defined as i ∈ v(p)⇐⇒ p ∈ �(i), for every point i ∈ I and
atom p (if p is not in our labelling set X, then let v(p) be arbitrary).

Consider the model (I,<, v). We claim that i � ϕ ⇐⇒ ϕ ∈ �(i), for every
i ∈ I and ϕ ∈ X. We proceed by induction on the complexity of ϕ. The case of
atoms and the propositional connectives are easy. Now assume that Fϕ ∈ �(i).
Since (I,<, �) does not contain any defect, there is j > i such that ϕ ∈ �(j).
By the induction hypothesis, j � ϕ, whence i � Fϕ. If i � Fϕ, then there is
2 If D(l) is a past defect 〈i, Pϕ〉, then use conditions 3 and 4 in Definition 2.



The Mosaic Method for Temporal Logics 329

j > i such that j � ϕ. Then ϕ ∈ �(j) by the induction hypothesis. Hence, by
coherency, Fϕ ∈ �(i). The proof for Pϕ is completely analogous.

Since the mosaic in the 0th step was labelled by Γ , we get that (I,<, v)
satisfies Γ .

3 Hilbert-Style Completeness

In this section, we show how to prove strong Hilbert-style completeness (that
is, we will prove that derivability in a Hilbert-style axiom system coincides with
semantical consequence) using mosaics and Lemma 1. This has the advantage
that we do not have to create a model for a consistent formula set, an SSM will
do.

First let us recall from [5] that the minimal temporal logic Kt is the normal
logic with conjugate modalities F and P interpreted over transitive frames. We
define the calculus � as follows: its axioms include enough propositional axioms,
the axioms for Kt

(KF ) G(ϕ→ ψ)→ (Gϕ→ Gψ)
(KP ) H(ϕ→ ψ)→ (Hϕ→ Hψ)
(CF ) ϕ→ GPϕ
(CP ) ϕ→ HFϕ
(4F ) Gϕ→ GGϕ
(4P ) Hϕ→ HHϕ

plus the following linearity axioms

(Lin.1) �ϕ→ HGϕ

and
(Lin.2) �ϕ→ GHϕ

where �ϕ stands for Hϕ ∧ ϕ ∧ Gϕ; the derivation rules are Modus Ponens and
Universal Generalization (or Necessitation):

from ϕ infer Gϕ and Hϕ.

Our next aim is to show that � is a strongly complete inference system for
linear temporal logic, i.e., for every set Γ of formulas,

Γ is consistent iff Γ is satisfiable3.

In the light of Lemma 1, the strong completeness theorem is equivalent to the
following.

Lemma 2. For any set Γ of formulas, Γ is consistent iff there exists an SSM
for Γ .
3 Recall that consistency of Γ means that it is impossible to derive contradictions

from Γ by using the inference system, while Γ is satisfiable if it has a model.
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Proof. By Lemma 1, if there exists an SSM for Γ , then Γ is satisfiable, and
hence consistent by the soundness of � (we leave the easy task to check this to
the reader).

For the other direction, let us assume that Γ is consistent. We have to show
that there is an SSM for Γ .

Let our labelling set be the set of all formulas4 (in the language of Γ ). We
define a set of mosaics as the collection of all (〈0〉, �(0)) and (〈0, 1〉, �(0), �(1))
where �(0) and �(1) are maximal consistent sets, MCSs for short, satisfying

{ϕ,Gϕ : Gϕ ∈ �(0)} ⊆ �(1). (1)

We will say that 〈�(0), �(1)〉 satisfies (1). Using the axioms for transitivity (4F

and 4P ) and for the connection between F and P (CF and CP ), one can easily
show that the conditions of Definition 1 are met. Also, (1) is equivalent to

{ϕ,Hϕ : Hϕ ∈ �(1)} ⊆ �(0). (2)

Since we can extend Γ to a MCS, we have a mosaic witnessing Γ .
Let X,Y, Z denote MCSs. It suffices to show 1 and 2 below (and their mirror

images) to prove that we have a saturated set of mosaics.

1. For every X and Fϕ ∈ X, there is a Y such that ϕ ∈ Y and 〈X,Y 〉 satisfies
(1).

2. Let X, Y and ψ be such that 〈X,Y 〉 satisfies (1), Fψ ∈ X and both ¬Fψ
and ¬ψ are in Y . Then there is a Z such that ψ ∈ Z and both 〈X,Z〉 and
〈Z, Y 〉 satisfy (1).

1 holds by general K4-consideration (as in [5]).
2 holds because of the following. By 1, the set {ϕ,Gϕ : Gϕ ∈ X} ∪ {ψ} is

consistent. Let Z be a MCS containing it. We show that Z satisfies the claim. It
suffices to show that 〈Z, Y 〉 satisfies (1), i.e., 〈Y, Z〉 satisfies (2). Let us assume
that Hϕ ∈ Y . Then we have HHϕ ∈ Y by (4P ). Hence H(ϕ ∧ Hϕ) ∈ Y and thus
H(ψ → (ϕ ∧ Hϕ)) ∈ Y . Recall that ¬ψ ∈ Y , whence ψ → (ϕ ∧ Hϕ) ∈ Y . As Y
contains ¬Fψ, we have that G(ψ → (ϕ ∧ Hϕ)) as well. Putting these together
we see that Y contains �(ψ → (ϕ ∧ Hϕ)). By (Lin.1) we can conclude that
HG(ψ → (ϕ ∧ Hϕ)) is in Y , whence G(ψ → (ϕ ∧ Hϕ)) is in X (by (1)). Since
〈X,Z〉 satisfies (1) and ψ ∈ Z, we have that ϕ ∧ Hϕ is in Z as required.

The proof of the mirror images is similar.
Thus the set of all mosaics defined above forms an SSM.

4 Decidability and Complexity

By Lemma 1, the decidability proof amounts to proving that the existence of an
SSM for a given formula is decidable.
4 In this case, the labelling sets may be infinite sets of formulas. We allowed this in the

definition of mosaics and SSM. For decidability, complexity and weak completeness
purposes we will restrict the labelling sets to finite ones.
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Lemma 3. For any formula ξ, it is decidable whether there is an SSM for ξ.

Proof. Use the set of subformulas of ξ and their negations as the labelling set.
Then the usual argument works: given the complexity of ξ, we can compute
the number of mosaics; since checking the saturation conditions is decidable, we
can decide whether any subset of the set of all mosaics form a saturated set of
mosaics for ξ.

Below we show how to use the above idea to prove complexity results. One can
prove np-completeness of linear temporal logic (due to Ono and Nakamura [15])
by considering non-standard models for ξ of size |ξ|. However, using the mosaic
idea, we can avoid non-standard (not linear) models. Below we will show that if
there is an SSM for a formula ξ with complexity n, then there is an SSM with
at most n2 + 2n + 1 elements. Given a set of mosaics checking the saturation
conditions can be done in polynomial time. Thus we get a proof for the np-
completeness5 of linear temporal logic by guessing an SSM of size O(n2) and
checking in polynomial time whether it is indeed an SSM.

Lemma 4. Let ξ be a formula with complexity n. If ξ is satisfiable, then there
is an SSM for ξ with size O(n2).

Proof. Let (W,<, v) be a (linear) model such that w0 � ξ for some w0 ∈ W .
Let X be the set of subformulas and their negations of ξ and put Y = {Fϕ ∈
X : there exists w ∈ W such that w � ϕ} ∪ {Pϕ ∈ X : there exists w ∈
W such that w � ϕ}. For every w,w′ ∈ W , let �(w) = {ϕ ∈ X : w � ϕ} and let
w ≡ w′ iff �(w) = �(w′). Note that there are finitely many equivalence classes,
since X is finite. For every formula Fϕ ∈ Y , let W (ϕ) = {w ∈ W : w � ϕ}. Let
w(ϕ) be a maximal element of W (ϕ) in the following sense:

(∀w′ ∈W (ϕ))(∃w′′ ∈W (ϕ))w′ ≤ w′′ & w′′ ≡ w(ϕ).

The existence of a maximal element can be shown by an easy induction on the
number of equivalence classes.

For every Fϕ ∈ Y choose a maximal element from W (ϕ). Similarly, for every
Pϕ ∈ Y , choose a minimal element w(ϕ) from W (ϕ) (we leave the details to the
reader).

Let
W ′ = {w0} ∪ {w(ϕ) : Fϕ ∈ Y } ∪ {w(ϕ) : Pϕ ∈ Y }.

Note that |W ′| is O(n). Let M be

{(〈x, y〉, �(x), �(y)) : x, y ∈W ′, (∃x′ ∈W )(∃y′ ∈W )x ≡ x′ & y ≡ y′ & x′ < y′}.

We claim that M is the desired SSM for ξ. Clearly, |M | is O(n2), and M consists
of mosaics.

It remains to show the saturation conditions. Let (〈x, y〉, �(x), �(y)) ∈M .
5 The problem is np-hard as the logic embeds classical propositional logic.
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First assume that Fϕ ∈ �(y). Let y′ ∈ W such that y ≡ y′. Since y′ � Fϕ,
there is z ∈ W such that z � ϕ and y′ < z. Let w(ϕ) be the maximal
element in W (ϕ) that we put in W ′. By the maximality of w(ϕ), there is
z′ ∈ W such that z ≤ z′ and z′ ≡ w(ϕ). By this observation, we get that
(〈y, w(ϕ)〉, �(y), �(w(ϕ))) ∈M .

Now assume that Fϕ ∈ �(x) and ¬Fϕ,¬ϕ ∈ �(y). Let x′, y′ ∈ W such that
x ≡ x′, y ≡ y′ and x′ < y′. Then there is z ∈ W such that x′ < z < y′ and
z � ϕ. Let w(ϕ) be the maximal element of W (ϕ) that we put in W ′. Then there
is z′ ∈W such that z ≤ z′ and z′ ≡ w(ϕ). Hence (〈x,w(ϕ)〉, �(x), �(w(ϕ))) ∈M .
Since y′ � ¬Fϕ, y′ � ¬ϕ, and z � ϕ we cannot have y′ ≤ z′. Thus z′ < y′ and
(〈w(ϕ), y), �(w(ϕ)〉, �(y)) ∈M as well. Thus we can insert the appropriate point
between x and y.

Checking the saturation conditions for past formulas is completely analogous.

5 Tableau Completeness

Now we show how to use the mosaic idea to give a complete tableau axioma-
tization for linear temporal logic. The tableau system below follows the mosaic
idea and it shows that, in theory, the mosaic approach is suitable for achieving
tableau completeness. We are aware that the tableau system below is not very
attractive from the implementational point of view. In Section 6, we show how
to design an automated theorem-prover directly from the mosaic idea without
relying on the tableau formalism below.

Semantic tableaux are used in temporal logics, cf. [6,7,8,10,19,22,23]. [6] con-
centrates on the restricted language with future as the only temporal connective,
and gives cut-free tableau systems for discrete and dense linear and branching
time logics. Goré’s systems are cut-free, but use formulas that are not sub-
formulas of the original formula (though there is a bound on these formulas).
Our system below uses a weak version of the cut rule, where the application
of the rule is restricted to (perhaps negated) subformulas.6 [10] introduces a
cut-free sequent calculus for various temporal logics including linear (transitive
and connected) temporal logic. A difference between Kashima’s calculus and our
system below is the way how linearity is handled. Intuitively, when one wants to
build a model for a temporal formula, and in particular to create a witness for a
future formula Fϕ, one has to find out where to put the required ϕ-world into the
linear order (e.g., it cannot come after a time point satisfying ¬Fϕ). Kashima
introduces a rule (called TrCo) with branching according to the possibilities of
the location of the witnessing point. Our strategy below is firstly to decide if a
future point satisfies Fϕ or ¬Fϕ and secondly to apply the corresponding rule
to create a ϕ-witness with a suitable location. [19] gives another tableau system
for linear temporal logic. Their main aim is to define a system which does not
require loop-checking (cf. [22]). Their calculus uses formulas labelled with time
6 We are currently working on a tableau system based on the mosaic idea in which

the cut can be eliminated.
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intervals. We also use labelled tableau, but our labels are time points reflecting
the mosaic idea.7 Finally we note that Zimmerman’s tableau system [23,8] for
minimal temporal logic might be extended to cover the linear case.

We will use labelled tableaux. In general, a tableau rule in our system has
the form

l : A; m : B; r : C
l : A′; m : B′; r : C ′ | l : A′′; m : B′′; r : C ′′

where A,. . . ,C ′′ are finite sets of formulas and l, m and r stand for left, middle
and r ight, respectively. We will also allow rules where some of the formula sets
are empty, e.g., the numerator may be l : A; m : ∅; r : C that we will abbreviate
as l : A; r : C. A model (N,<, v) satisfies the labelled triple l : Al; m : Am;
r : Ar if for every non-empty Ai (i ∈ {l,m, r}), there is ni ∈ N such that
ni � Ai and nl < nm, nm < nr and nl < nr. The intuition for a rule is that if
the numerator l : A; m : B; r : C is satisfiable in a model, then so is one of
the denominators l : A′; m : B′; r : C ′ or l : A′′; m : B′′; r : C ′′.

Now we recall the basic definitions for tableau systems, cf. [3]. A tableau for
a set X of formulas is a finite tree with a root containing m : X. If a node carries
l : X; m : Y ; r : Z and we apply the rule

l : A; m : B; r : C
l : A′; m : B′; r : C ′ | l : A′′; m : B′′; r : C ′′

then it has two successor nodes carrying l : A′; m : B′; r : C ′ and l : A′′; m :
B′′; r : C ′′. A branch is finished at a node if there is no applicable rule for this
node or the node already occurred in the same branch. A branch is closed if its
end node carries m : ⊥. A tableau is closed if each of its branches is closed. A
set X of formulas is consistent if there is no closed tableau with root m : X.
Similarly, we will say that l : X; m : Y ; r : Z is consistent, if it cannot occur
at the root of a closed tableau.

Let X be a given set of formulas and Sf(X) be the smallest set containing
the subformulas of the elements of X and their negations. Let Y ⊆ Sf(X).
Y is maximal in Sf(X) if each element of Sf(X) or its negation is in Y . We
will need maximal sets in our tableau proofs, but note that we will work inside
Sf({ξ}), where ξ is the formula that we want to prove. Thus, although one may
consider the need for maximal consistent sets an undesirable feature, our tableau
system has the ±subformula property: every formula occurring in the tableau is
a (perhaps negated) subformula of ξ.

So let us fix a formula ξ and define Ξ = Sf({ξ}). We will assume that Ξ
contains ⊥; e.g., we might start with the equivalent formula ξ ∨ ⊥ instead of
ξ. We have four types of rules. The first type of rules describes mosaics. These
contain rules for propositional logic:

l : X; m : Y ∪ {ϕ,¬ϕ}; r : Z
m : ⊥

7 It is not necessary to use labelled formulas in the tableau system below, but using
labels makes the connection with the mosaic decidability proof more transparent.
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l : X; m : Y ∪ {ϕ ∧ ψ}; r : Z
l : X; m : Y ∪ {ϕ,ψ}; r : Z

l : X; m : Y ∪ {¬(ϕ ∧ ψ)}; r : Z
l : X; m : Y ∪ {¬ϕ}; r : Z | l : X; m : Y ∪ {¬ψ}; r : Z

l : X; m : Y ∪ {¬¬ϕ}; r : Z
l : X; m : Y ∪ {ϕ}; r : Z

.

We have similar rules with l : X and r : Z instead of m : Y . By the coherency
conditions 3 and 4 in Definition 1, if we have l : X ∪ {Gϕ}; r : Y , then Y must
not contain ¬Gϕ or ¬ϕ. The corresponding rules are

(C3)
l : X ∪ {Gϕ}; r : Y ∪ {¬ϕ}

m : ⊥ (C4)
l : X ∪ {Gϕ}; r : Y ∪ {¬Gϕ}

m : ⊥
We also have the “mirror” rules (C5) and (C6) corresponding to conditions 5
and 6 of Definition 1.

More interesting are the rules corresponding to the saturation conditions. We
use the abbreviations GG−1X = {Gϕ : Gϕ ∈ X} and G−1X = {ϕ : Gϕ ∈ X}
and similarly for HH−1 and H−1. Rules for saturation conditions 1 and 3 of
Definition 2 are

(S1)
m : X ∪ {Fϕ}

l : X ∪ {Fϕ}; r : GG−1X ∪ G−1X ∪ {ϕ}

and its mirror rule

(S3)
m : X ∪ {Pϕ}

l : HH−1X ∪ H−1X ∪ {ϕ}; r : X ∪ {Pϕ}

and those corresponding to 2 and 4 of Definition 2 are (S2)

l : X ∪ {Fϕ}; r : Y ∪ {¬Fϕ,¬ϕ}
l : X ∪ {Fϕ}; m : GG−1X ∪ G−1X ∪ {ϕ} ∪ HH−1Y ∪ H−1Y ; r : Y ∪ {¬Fϕ,¬ϕ}

and its mirror rule (S4)

l :Y ∪ {¬Pϕ,¬ϕ}; r : X ∪ {Pϕ}
l :Y ∪ {¬Pϕ,¬ϕ}; m :GG−1Y ∪ G−1Y ∪ {ϕ} ∪ HH−1X ∪ H−1X; r :X ∪ {Pϕ} .

The third type of rules are used to extend consistent sets of formulas to
maximal ones in Ξ. The rules to construct maximal sets are: for every ϕ ∈ Ξ,

(Mm)
l : X; m : Y ; r : Z

l : X; m : Y ∪ {ϕ}; r : Z | l : X; m : Y ∪ {¬ϕ}; r : Z

and the similar rules (Ml) and (Mr) for l : X and r : Z instead of m : Y .
Finally, we have rules that allow us to discard some of the assumptions. The

intuition is that if a triple of labelled formulas is satisfiable, then so is any subset
of the triple.

l : X; m : Y ; r : Z
m : X

l : X; m : Y ; r : Z
m : Y

l : X; m : Y ; r : Z
m : Z
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l : X; m : Y ; r : Z
l : X; r : Y

l : X; m : Y ; r : Z
l : X; r : Z

l : X; m : Y ; r : Z
l : Y ; r : Z

For establishing the soundness one has to check that consistent sets are sa-
tisfiable. This amounts to proving that if the numerator of a rule is satisfiable,
then so is one of the denominators — we leave this easy task to the reader.
Completeness is guaranteed by the following lemma.

Lemma 5. Every consistent formula is satisfiable.

Proof. Let ξ be a consistent formula, i.e., assume that no tableau closes for
m : {ξ}. As before, let Ξ = Sf({ξ}).

Using the propositional rules and (Mm) (with empty left and right formula
sets), let us extend {ξ} to a consistent maximal set A in Ξ. If A does not contain
any formula of the form Fϕ or Pϕ, then the one element model with the obvious
evaluation will do.

The interesting case is when A contains some defect. Instead of directly
constructing a model, we will show that there is a saturated set of mosaics for
A, where the labels of the mosaics are maximally consistent sets in Ξ.

We define M as the set of labelled pairs (〈0, 1〉, X, Y ) such that X and Y are
maximal in Ξ and no tableau closes for l : X; r : Y .

Using the rules for the mosaic conditions, we get that (〈0, 1〉, X, Y ) is in fact
a mosaic. Indeed, if one of the coherency conditions of Definition 1 were violated,
then the rule corresponding to this condition would close the tableau.

By assumption, A contains some defect, say Fϕ ∈ A. Then the application of
(S1) gives us a node carrying l : A∪{Fϕ}; r : GG−1A∪G−1A∪{ϕ}. Then using
the rule (Mr) (with empty middle formula set) for creating maximal sets, we
can extend GG−1A∪G−1A∪ {ϕ} to a maximal B such that l : A∪ {Fϕ}; r : B
is consistent. Thus, ξ occurs in the label A of an element of M .

It remains to show that M is saturated. Let (〈0, 1〉, X, Y ) be any element of
M .

If Fϕ ∈ Y , then using (S1) we have l : Y ∪ {Fϕ}; r : GG−1Y ∪ G−1Y ∪ {ϕ}.
Again, we can extend the set on the right to a maximal Z such that l : Y ∪
{Fϕ}; r : Z is consistent. This provides the necessary mosaic curing the defect
as in 1 of Definition 2.

If Fϕ ∈ X but ¬ϕ,¬Fϕ ∈ Y , then we apply (S3). Thus we get that

l : X ∪ {Fϕ}; m : GG−1X ∪ G−1X ∪ {ϕ} ∪ HH−1Y ∪ H−1Y ; r : Y ∪ {¬Fϕ,¬ϕ}

is consistent. Next we extend the set in the middle to a maximal Z. Thus we
have a consistent l : X; m : Z; r : Y . Then, by the last type of rules, we
get that l : X; r : Z and l : Z; r : Y are consistent, i.e., (〈0, 1〉, X, Z) and
(〈0, 1〉, Z, Y ) are in M . Then we have the required two mosaics to insert into
(〈0, 1〉, X, Y ), cf. 2 of Definition 2.

Checking conditions 2 and 4 of Definition 2 is the same, just use (S2) and
(S4) instead of (S1) and (S3).
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6 Automated Theorem-Proving

A draft version of a mosaic-based theorem-prover for the temporal logic with
F and P over linear flows of time is available [18]. This Java applet checks the
formula typed in by the user for satisfiability. The theorem-prover only considers
mosaics with a non-singleton base and so first checks whether the formula has
a one point model. If there is no one point model, the theorem-prover finds all
non-singleton mosaics using the closure as in Lemma 3. Then it tries to find
an SSM within the set of all mosaics; by Lemma 1, this procedure gives the
correct answer. If it succeeds, then the SSM is displayed, otherwise the formula
is unsatisfiable.

By systematically exploring all ways to complete a propositionally consistent
subset of the labelling set, for a formula ϕ, it finds all MPCs, maximally propo-
sitionally consistent subsets of the labelling set. When the length of the formula
is less than about 27, there usually is enough memory to store an array detailing
the contents of each MPC. In any mosaic the labels at each end are MPCs. So
we can easily (by checking coherency conditions, i.e., the conditions 1 to 6 of
Definition 1) find and store an array of all mosaics indicating which MPC is at
each end. To decide whether there is an SSM we consider a set M of mosaics
which starts off as the set of all mosaics and is whittled down by the following
iterative process. In each iteration check whether the formula ϕ appears in one
end or the other of some mosaic in M : if not then we can stop and conclude that
there is no SSM for ϕ. Then go through each mosaic in M and check that the
conditions of Definition 2 are satisfied: if not then remove the mosaic from M .
If we go through an iteration without removing any mosaics then we can stop
and conclude that we have an SSM.

Note that the current implementation can, despite the worst case exponential
time behaviour, quite quickly decide formulas to a length of about 27. There
may be quicker ways of deciding formulas in this particular logic but the general
mosaic-based approach of this theorem-prover can, as we will see, be used for
many other temporal logics with only minor modifications.

7 Other Linear Flows of Time

In this section, we will describe how to modify the definition of SSM for special
linear flows of time. We will concentrate on decidability and weak completeness,
thus we can assume that the labelling set Sf(χ) is the set of subformulas of χ
and their negations, where χ is the formula to be satisfied. It should be clear
that the modifications below does not effect the decidability of the existence of
an SSM.

Substructures of the whole numbers. We require that in item 2 of Definition 2
we have the additional condition that ¬Fϕ ∈ �′(m′

1) (and the corresponding
condition in its mirror image 4).
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It is easy to check that the proof of Lemma 1 goes through without any non-
trivial modification (of course, we assume that in this case the model satisfying
χ is based on a substructure of whole numbers).

We claim that the structure defined using the χ-SSM is in fact a substructure
of the whole numbers. The key observation is that only once we can insert a ϕ-
point to provide a witness for a future formula Fϕ. Indeed, let us assume that
we inserted a point k, say in step n + 1, such that ϕ,¬Fϕ ∈ �n+1(k) between
two points i < j because we had Fϕ ∈ �n(i) and ¬Fϕ,¬ϕ ∈ �n(j) (recall that
according to the construction, if we can avoid inserting a point, then we create
the witness at the end of the finite linear order). Towards a contradiction let us
assume that in a later stage m+ 1 we have to insert another ϕ-point because of
a a future defect 〈l,Fϕ〉 in Im. Where can this point l be compared to k in the
linear order? First assume that l < k: if Fϕ ∈ �m(l), then ϕ ∈ �m(k) is a good
witness. On the other hand, if l ≥ k, then ¬Fϕ ∈ �m(l), since ¬Fϕ ∈ �m(k) and
Im is coherent. (Note that we might have to insert another ϕ-witness because
of a past defect 〈i′,Pϕ〉, but the same argument shows that it can happen only
once.)

Since we are using a finite label set Sf(χ), there are only finitely many Fϕ
and Pϕ formulas in Sf(χ). Hence we are inserting only finitely many points into
the linear order that we are constructing, and all the other points that we have to
add, we glue to the beginning (for past defects) or to the end (for future defects)
of the linear order we constructed so far. That is, for any two points i and j, we
insert only finitely many points between i and j during the construction. Thus
every non-startpoint in the linear order has an immediate predecessor and every
non-endpoint has an immediate successor. As the construction terminates in at
most ω steps, the linear order must be a substructure of the whole numbers.

Without endpoint(s). Add the formula GF� ∧ F� (and HP� ∧ P�) to the label
containing χ. Then, during the construction, we have to add points at the end
of the linear orders infinitely often, since in each step we have a future defect
F� at the end of the linear order (or the past defect P� at the start).

With endpoint(s). Add the formula FG⊥ ∨ G⊥ (and PH⊥ ∨ H⊥) to the label
containing χ — this has the effect that we cannot add new points at the end of
the structure once we created the witness for FG⊥.

Dense. Require in the definition of SSM that, for every mosaic, there exist
mosaics that can be inserted, like in Definition 2.2. Then, in the construction
of the model from the SSM, in each step insert the provided points between
all neighbouring points. Then, in the limit step, there will not be immediate
successors and predecessors.

Natural numbers. Use the combination of the strategies for substructures of the
whole numbers, linear flow with starting point and without (future) endpoint.
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8 Mosaics for Until and Since

Many of the actual decidability and axiomatic completeness results above are
well known. What is new is the method of establishing them.

However, we claim that the mosaic method is a powerful general method for
establishing such results for many temporal logics. To justify this claim we need
to move beyond Prior’s language of F and P. Some important new results have
already been gained by using the mosaic methods as demonstrated above on
more expressive logics with the connectives until, U, and since, S, of [11].

The language, as seen in [4], for example, has two-place connectives U and
S along with the classical ¬ and ∧. The formula U(α, β) is supposed to capture
the idea of α being true at some time in the future and β holding at all points
strictly in between now and that time. So the semantic clause for until over a
linear flow of time (T,<) is:

x � U(α, β) iff there is y > x in T such that y � α
and for all z ∈ T such that x < z < y, we have z � β.

The definition of since is the mirror image. Note that there are slightly different
versions of these connectives which are sometimes used for discrete flows of time.

There has long been interest in the expressive temporal logics using U and
S over general linear time or over specific dense flows such as the rationals and
the real numbers. For example ([2] or [1]), these logics are useful for reasoning
about concurrency and the behaviour of analogue devices. Despite this interest
the problems of the complexity of decision procedures have remained open. (In
contrast, in the case of discrete natural-numbers flows of time, it was shown in
[20] that the decision problem is pspace-complete.)

The mosaic methods as described above are now being used to answer these
questions and provide a basis for automated theorem-proving techniques in this
important area. Recent work using mosaics establishes a pspace-complete com-
plexity for the decision procedures for (1) the logic of U over general linear time
[17] and (2) the logic of U and S over the reals [16].

The general idea of the mosaics and the decision procedures are slight modi-
fications of the ideas for F and P. However, the details get quite complicated in
specific ways when we try to fix tight complexity bounds.

In future work we will be trying to extend these results to logics such as the
logic of U and S over general linear time. Here, for example, is our proposal for
mosaics for this logic.

Given a formula ϕ, as the labelling set we use the set Sf(ϕ) of all subformulas
of ϕ and their negation. We will define a mosaic to be a triple (A,B,C) of sets of
formulas. The intuition is that this corresponds to two points from a structure:
A is the set of formulas (from Sf(ϕ)) true at the earlier point, C is the set true
at the later point and B is the set of formulas which hold at all points strictly
in between.

Definition 3. Fix a formula ϕ. A ϕ-mosaic is a triple (A,B,C) of subsets of
Sf(ϕ) such that:
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0.1. A and C are maximally propositionally consistent, and
0.2. for all β ∈ Sf(ϕ) with ¬¬β ∈ Sf(ϕ) we have ¬¬β ∈ B iff β ∈ B
and the following four coherency conditions hold:
C1. if ¬U(α, β) ∈ A and β ∈ B then we have both:

C1.1. ¬α ∈ C and either ¬β ∈ C or ¬U(α, β) ∈ C; and
C1.2. ¬α ∈ B and ¬U(α, β) ∈ B;

C2. if U(α, β) ∈ A and ¬α ∈ B then we have both:
C2.1 either α ∈ C or both β ∈ C and U(α, β) ∈ C; and
C2.2. β ∈ B and U(α, β) ∈ B;

C3-4. mirror images of C1-C2.

In order fit two mosaics together end-to-end to decompose another mosaic we
need a notion of composition:

Definition 4. We say that ϕ-mosaics (A′, B′, C ′) and (A′′, B′′, C ′′) compose iff
C ′ = A′′. In that case, their composition is (A′, B′ ∩ C ′ ∩B′′, C ′′).

It is straightforward to prove that this is a mosaic and that composition of
mosaics is associative.

Now we have our analogue to Definition 2:

Definition 5. A set M of mosaics is an SSM if it satisfies the following condi-
tion. For every (A,B,C) ∈M ,

1. for all U(α, β) ∈ A we have
1.1. β ∈ B and either (β ∈ C and U(α, β) ∈ C) or α ∈ C,
1.2. or there is some (A′, B′, C ′) ∈M and some (A′′, B′′, C ′′) ∈M , compo-
sing to (A,B,C) such that α ∈ C ′ and β ∈ B′;

2. the mirror image of 1.; and
3. for each ¬β ∈ Sf(ϕ) such that β �∈ B there is some (A′, B′, C ′) ∈ M and

some (A′′, B′′, C ′′) ∈M , composing to (A,B,C) such that ¬β ∈ C ′.

Immediate future work for the mosaic-theorists will be establishing that a for-
mula in the language of U and S is satisfiable over general linear time iff there is
an SSM which contains a mosaic (A,B,C) with the formula contained in A or
C. Further work should be able to show that this gives a pspace procedure for
satisfiability/validity.

As we have mentioned, these logics are useful and it should be practical to
modify the mosaic-based automated theorem-proving approach to handle them.
Indeed, the modification required will be minor: we keep the overall procedure
the same but we make a straightforward substitution of the coherency (cf. Defi-
nition 1) and saturation (cf. Definition 2) conditions. There is even a possibility
that a general temporal logic theorem-prover generator could be implemented
to accept user specification of particular coherency and saturation conditions.
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Abstract. We give complete sequent-like tableau systems for the modal
logics KB , KDB , K5, and KD5. Analytic cut rules are used to obtain
the completeness. The systems have the analytic superformula property
and can thus give a decision procedure.

1 Introduction

Tableau methods have been widely applied for modal logics: some of the best
accounts of this are the works by Fitting [2] and Goré [3]. There are two kinds
of tableau systems for modal logics: sequent-like, and labeled systems. In [8],
Massacci successfully gives labeled tableau systems for all the basic normal mo-
dal logics obtainable from the logic K by the addition of any combination of
the axioms T, D, 4, 5, and B in a modular way. There is a difficulty in develo-
ping sequent-like systems for symmetric modal logics (i.e. the ones containing
the axiom B or/and 5) as in such logics “the future can affect the past”, whe-
reas in sequent-like systems “the past” cannot be changed. In [2], Fitting gives
semi-analytic sequent-like tableau systems for the logics KB , KDB , B , and S5,
but they do not have the analytic superformula property and thus cannot give
a decision procedure. There are known sequent-like tableau systems with the
analytic superformula property for the logics B , KB4, K45, KD45, and S5 (see
[3] for the history), but such systems for the logics KB , KDB , K5, and KD5
are, as raised by Goré [3], open problems.

In this work, we present complete sequent-like tableau systems for the latter
logics. These systems use analytic cuts and have the analytic superformula pro-
perty. Our systems for the logics KB and KDB are based on the system CB of
Rautenberg [10]. For the logics K5 and KD5, we use a special symbol to distin-
guish the “actual” world from the others. To obtain the analytic superformula
property we use an extra connective as a “blocked” version of the modality �.

Our tableau formulation is based on the work by Goré [3]. We use a similar
technique to prove completeness of the systems. To show completeness of CL we
give an algorithm that, given a finite CL-consistent formula set X, constructs
a L-model graph that satisfies every one of its formulae at the corresponding
world.

Roy Dyckhoff (Ed.): TABLEAUX 2000, LNAI 1847, pp. 341 351, 2000.
© Springer Verlag Berlin Heidelberg 2000
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2 Preliminaries

2.1 Syntax and Semantics Definition for Modal Logics

A modal formula, hereafter simply called a formula, is defined by the following
rules: any primitive proposition p is a formula, and if φ and ψ are formulae then
so are ¬φ, φ ∧ ψ, and �φ. We write φ ∨ ψ, φ→ ψ, and �φ to denote shortened
forms of ¬(¬φ ∧ ¬ψ), ¬(φ ∧ ¬ψ), and ¬�¬φ, respectively.

We use small letters p, q to denote primitive propositions, Greek letters like
φ, ψ to denote formulae, and block letters like X, Y , Z to denote formula sets.
By P we denote the set of primitive propositions.

A Kripke frame is a triple 〈W, τ,R〉, where W is a nonempty set of possible
worlds, τ ∈ W is the actual world, and R is a binary relation on W called the
accessibility relation. If R(w, u) holds, then we say that the world u is accessible
from the world w, or that u is reachable from w.

A Kripke model is a tuple 〈W, τ,R, h〉, where 〈W, τ,R〉 is a Kripke frame,
h : W → P (P), and h(w) is the set of primitive propositions which are “true”
at the world w.

Given some Kripke model M = 〈W, τ,R, h〉, and some w ∈ W , the satisfac-
tion relation M,w 	 φ is defined recursively as follows.

M,w 	 p iff p ∈ h(w);
M,w 	 ¬φ iff M,w � φ;
M,w 	 φ ∧ ψ iff M,w 	 φ and M,w 	 ψ;
M,w 	 �φ iff for all v ∈W such that R(w, v),M, v 	 φ.

We say that M satisfies φ at w iff M,w 	 φ, and that M satisfies φ, or φ is
satisfied in M , iff M, τ 	 φ. If M satisfies φ then we also call M a model of φ.

2.2 Modal Logic Correspondences

The simplest normal modal logic, called K , is axiomatized by the standard
axioms for the classical propositional logic, the modus ponens inference rule, the
K-axiom �(φ→ ψ)→ (�φ→ �ψ), plus the necessitation rule

� φ

� �φ

It can be shown that a modal formula is provable in this axiomatization iff it is
satisfied in every Kripke model (i.e. without any special R-properties) [7]. It is
known that certain axiom schemata added to this axiomatization are mirrored
by certain properties of the accessibility relation (see also [6,1]).

Different modal logics are distinguished by their respective additional axiom
schemata. The modal logics KB , KDB , K5, KD5 together with their axiom
schemata are listed in Tables 1 and 2. We refer to properties of the accessibility
relation of a modal logic L as L-frame restrictions.

We call a model M a L-model if the accessibility relation of M satisfies all
L-frame restrictions. We say that φ is L-satisfiable if there exists a L-model of
φ. A formula φ is called tautology in a logic L if it is satisfied in every L-model.
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Table 1. Axioms and corresponding first-order conditions on R

Axiom Schemata First-Order Formula

D �Φ → �Φ ∀x ∃y R(x, y)
B Φ → ��Φ ∀x, y R(x, y) → R(y, x)
5 �Φ → ��Φ ∀x, y, z R(x, y) ∧R(x, z)→ R(y, z)

Table 2. Modal logics and frame restriction

Logic Axiom Frame Restriction

KB KB symmetric
KDB KDB serial and symmetric
K5 K5 euclidean
KD5 KD5 serial and euclidean

2.3 Syntax, Soundness, and Completeness of Modal Tableau
Systems

Our tableau formulation is adopted from the work by Goré [3], which in turn is
related to the ones by Hintikka [4] and Rautenberg [10]. A number of terms and
notations used in this work are borrowed from Goré [3].

A tableau rule δ consists of a numerator N above the line and a (finite) list
of denominators D1, D2, . . . , Dk (below the line) separated by vertical bars.

N

D1 | D2 | . . . | Dk

The numerator is either a finite formula set or the special symbol ⊥, and so is
each denominator. As we shall see later, each rule is read downwards as “if the
numerator is L-satisfiable, then so is one of the denominators”. The numerator of
each tableau rule contains one or more distinguished formulae called the principal
formulae.

A tableau system (or calculus) CL is a finite set of tableau rules.
A CL-tableau for X is a tree with root X whose nodes carry finite formula

sets. A tableau rule with numerator N is applicable to a node carrying a set Y
if Y is an instance of N . The steps for extending a tableau are:

– choose a leaf node n carrying Y where n is not an end node (defined below),
and choose a rule δ which is applicable to n;

– if δ has k denominators then create k successors nodes for n, with successor
i carrying an appropriate instance of denominator Di;

– all with the proviso that if a successor s carries a set Z and Z has already
appeared on the branch from the root to s then s is an end node.

Let Δ be a set of tableau rules. We say that Y is obtainable from X by
applications of rules from Δ if there exists a tableau for X which uses only rules
from Δ and has a node that carries Y .
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A branch in a tableau is closed if it ends with ⊥. A tableau is closed if every
its branch is closed. A tableau is open if it is not closed. A finite formula set X
is said to be CL-consistent if every CL-tableau for X is open. If there is a closed
CL-tableau for X then we say that X is CL-inconsistent.

A tableau system CL is said to be sound if for any finite formula set X, if X is
L-satisfiable then X is CL-consistent. A tableau system CL is said to be complete
if for any finite formula set X, if X is CL-consistent then X is L-satisfiable.

Let δ be one of the rules of CL. We say that δ is sound wrt. L if for any
instance δ′ of δ, if the numerator of δ′ is L-satisfiable then so is one of the
denominators of δ′. It is clear that if CL contains only rules sound wrt. L then
CL is sound.

3 Tableau Systems for the Modal Logics KB , KDB , K5,
and KD5

Tables 3 and 4 represent tableau rules and calculi for the modal logics KB , KDB ,
K5, and KD5. We write X;Y for X

⋃
Y , and X;φ for X

⋃
{φ}. The connective 


has the same semantics as �, i.e. M,w 	 
φ iff M,w 	 �φ. Syntactically, formu-
lae starting with 
 are blocked from being principal formulae. This “blocking”
technique has previously been used in the work by Hudelmaier [5]. The symbol
∗ is a special formula with the following semantics: M,w 	 ∗ iff there exists a
world u such that R(u,w) holds. By �X we denote the set {�φ | φ ∈ X}. The
sets 
X and ¬X are defined similarly.

Thinning is built into the rules of our systems, whereas in [3] Goré uses an
explicit thinning rule. An explicit thinning rule is not desirable for our systems
since the rule (5∗) is applicable only when the numerator contains ∗, and an
explicit thinning rule would allow us to remove the ∗, leading to blocked proofs
and wasted search.

Following Goré [3], we categorize each rule as either a static rule or as a
transitional rule. The intuition behind this sorting is that in the static rules, the
numerator and denominator represent the same world (in the same model), whe-
reas in the transitional rules, the numerator and denominator represent different
worlds (in the same model).

We write Sf(φ) to denote the set of all subformulae of φ and their negations.
By Sf(X) we denote the set

⋃

φ∈X Sf(φ). We say that X is subformula-complete
if Sf(X) = X.

The rules (B�), (B�), (sfc�), (sfc�), (sfc∨) are usually called analytic
cut rules. They make CL-saturations (defined in the next section) subformula-
complete, which will be exploited to prove completeness of the given calculi.

A tableau system CL has the analytic superformula property iff to every finite
set X we can assign a finite set X∗

CL such that X∗
CL contains all formulae that

may appear in any tableau for X. Our systems have the analytic superformula
property, with X∗

CL = Sf(
Sf(X))
⋃
{⊥}.

Lemma 1. The calculi CKB, CKDB, CK5, and CKD5 are sound.
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Table 3. Tableau rules for KB , KDB , K5, and KD5

(⊥) X; φ;¬φ
⊥ (¬) X;¬¬φ

X; φ (∧) X; φ ∧ ψ
X; φ; ψ

(K) X; �Y ;
Z;¬�φ
Y ; Z;¬φ

(KD) X; �Y ;
Z
Y ; Z

(B�) X; �φ
X; �φ; φ | X; �φ;¬φ;
¬�φ

(B�) X;¬�φ
X;¬�φ; φ | X;¬�φ;¬φ;
¬�φ

(5) X; �Y ;
Z;¬�U ;¬�φ
Y ; Z;¬�U ;¬�φ;¬φ; ∗ (KD∗)

X; �Y ;
Z
Y ; Z; ∗

(5∗)
X; �φ; ∗

X; �φ;
�φ; ∗ (5�) X; �φ
X; �φ;
�φ | X; �φ;
¬�φ

where ∗ /∈ X

(sfc�) X; �φ
X; �φ; φ | X; �φ;¬φ

(sfc�) X;¬�φ
X;¬�φ; φ | X;¬�φ;¬φ

(sfc∨) X;¬(φ ∧ ψ)
X;¬φ;¬ψ | X;¬φ; ψ | X; φ;¬ψ

(sfc) = {(sfc�), (sfc�), (sfc∨)}

Table 4. Tableau systems for KB , KDB , K5, and KD5

CL Static Rules Transitional Rules

CKB (⊥), (¬), (∧), (sfc∨), (B�), (B�) (K)
CKDB (⊥), (¬), (∧), (sfc∨), (B�), (B�) (K), (KD)
CK5 (⊥), (¬), (∧), (sfc), (5∗), (5�) (5)
CKD5 (⊥), (¬), (∧), (sfc), (5∗), (5�) (5), (KD∗)

Proof. We show that CL contains only rules sound wrt. L, where L is KB , KDB ,
K5, or KD5. If the considered rule is static, then we show that if the numerator is
satisfied at a world w, then so is one of the denominators. If the rule is transitional
and its numerator is satisfied at w, then we show that the denominator is satisfied
at some world reachable from w. Nontrivial cases are when the considered rule
is one of (B�), (B�), (5), (5∗), (5�).

For (B�) and (B�), just note that ¬φ→ �¬�φ is a tautology in KB .
For (5), suppose that M,w 	 X; �Y ; 
Z;¬�U ;¬�φ, where M = 〈W, τ,R, h〉

is a K5-model and w ∈W . There exists u such that R(w, u) holds and M,u 	 ¬φ.
Since ¬�ψ → �¬�ψ is a tautology in K5, we have M,u	Y ;Z;¬�U ;¬�φ;¬φ; ∗.
Therefore (5) is sound wrt. K5.

For (5∗), suppose that M,w 	 X; �φ; ∗, where M = 〈W, τ,R, h〉 is a K5-
model and w ∈ W . We show that M,w 	 
�φ. It suffices to show that for
any u, v ∈ W such that R(w, u) and R(u, v) hold, R(w, v) also holds. Since
M,w 	 ∗, there exists w0 such that R(w0, w) holds. From the frame restriction
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∀x, y, z R(x, y)∧R(x, z)→ R(y, z), we derive that R(w,w), R(u,w), and R(w, v)
hold.

To show that (5�) is sound wrt. K5 and KD5, it suffices to show that
¬(�¬�φ)→ ��φ is a tautology in K5. This assertion holds because ¬�¬�φ ≡
��φ, and �(�φ)→ ��(�φ), ��φ→ �φ, and �(��φ)→ �(�φ) are tautolo-
gies in K5.

4 Completeness of the Calculi

In this section, we use L to denote one of the logics KB , KDB , K5, KD5, and
CL to denote the corresponding calculus. In order to prove completeness of the
given calculi we first need some technical machinery.

4.1 Saturation

In the rules (¬), (∧), (sfc∨), the principal formula does not occur in the deno-
minators. For δ being one of these rules, let δ′ denote the rule obtained from δ
by adding the principal formula to each of the denominators. Let SCL denote
the set of static rules of CL with (¬), (∧), (sfc∨) replaced by (¬′), (∧′), (sfc′

∨).
Note that for any rule of SCL except (⊥), the numerator is included in each of
the denominators.

For X being a finite CL-consistent formula set, a formula set Y is called a
CL-saturation of X if Y is a maximal CL-consistent set obtainable from X by
applications of the rules of SCL.

A set X is closed wrt. a tableau rule if, whenever the rule is applicable to X,
one of the corresponding instances of the denominators is equal to X.

As stated by the following lemma, CL-saturations have the same nature as
“downward saturated sets” defined in the works by Hintikka [4] and Goré [3].

Lemma 2. Let X be a finite CL-consistent formula set, and Y a CL-saturation
of X. Then X ⊆ Y ⊆ X∗

CL, Y is closed wrt. the rules of SCL, and Y is
subformula-complete.

Proof. It is easily seen that the first assertion holds.
If a rule of SCL is applicable to Y , then one of the corresponding instances

of the denominators is CL-consistent. Since Y is a CL-saturation (of X), Y is
closed wrt. the rules of SCL.

It is straightforward to prove by induction on the construction of φ that if φ
belongs to Y , then for any subformula ψ of φ not starting with ¬, either ψ or
¬ψ belongs to Y . Therefore Y is subformula-complete.

Lemma 3. There is an effective procedure that, given a finite CL-consistent
formula set X, constructs some CL-saturation of X.
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Proof. We construct a CL-saturation of X as follows: Let Y = X. While there is
some rule δ of SCL applicable to Y with the property that one of the correspon-
ding instances of the denominators, denoted by Z, is CL-consistent and strictly
contains Y , set Y = Z.

At each iteration, Y ⊂ Z ⊆ X∗
CL. Hence the above process always terminates.

It is clear that the resulting set Y is a CL-saturation of X.

4.2 Proving Completeness Via Model Graphs

We prove completeness of our calculi via model graphs in a similar way as Rau-
tenberg [10] and Goré [3] do for their systems.

By F we denote the set of formulae. A model graph is a tuple 〈W, τ,R,H〉,
where 〈W, τ,R〉 is a Kripke frame, and H : W → P (F) (H(w) is the set of
formulae which should be “true” at the world w). We sometimes treat model
graphs as models with h being H restricted to the set of primitive propositions.
A model graph that satisfies all L-frame restrictions is called L-model graph.

Our definition of model graphs is not adequate with respect to Rautenberg’s.
A model graph M = 〈W, τ,R,H〉 by his definition is accompanied by certain
properties which guarantee that for any φ ∈ H(w), where w ∈ W , M,w 	 φ.
Denote this condition by (*). We use the term “model graph” merely to denote
a data structure, and leave the condition (*) as a criterion of good model graphs.

Given a finite CL-consistent set X, as a L-model for X we construct a L-
model graph M = 〈W, τ,R,H〉 that satisfies the condition (*) and X ⊆ H(τ).
We prove (*) for M by induction on the number of connectives occurring in φ. If
for every w ∈W , H(w) is a CL-saturation of some set, then (*) obviously holds
(under inductive assumption) for the cases when φ is of the form p, ¬p, ¬¬ψ,
ψ ∧ ζ, or ¬(ψ ∧ ζ). For the case when φ is of the form ¬�ψ, we show that there
exists a world u reachable from w such that ¬ψ ∈ H(u). For the case when φ is
of the form �ψ or 
ψ, in most of cases we show that for any world u reachable
from w, ψ ∈ H(u).

4.3 Completeness of CKB and CKDB

In this subsection, let L denote one of the logics KB , KDB .

Algorithm 1
Input: A finite CL-consistent set X of formulae not containing 
, ∗.
Output: A L-model graph M = 〈W, τ,R,H〉 such that the corresponding model
satisfies X.
(In this algorithm, we will mark the worlds of M either as unresolved or as
resolved.)

1. Let W = {τ}, R0 = ∅, and H(τ) be a CL-saturation of X. Mark τ as
unresolved.

2. While there are unresolved worlds, take one, denoted by w, and do the
following:
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a) For every formula ¬�φ in H(w):
i. Let Y be the result of the application of the rule (K) to H(w), i.e.

Y = {¬φ}
⋃
{ψ | �ψ ∈ H(w) or 
 ψ ∈ H(w)},

and let Z be a CL-saturation of Y .
ii. If there exists a world v ∈W such that H(v) = Z, then add the edge

(w, v) to R0. Otherwise, add a new world wφ with content Z to W ,
mark it as unresolved, and add the edge (w,wφ) to R0.

b) If L = KDB and there is no x such that R(w, x) holds, then
i. Let Y be the result of the application of the rule (KD) to H(w), i.e.

Y = {ψ | �ψ ∈ H(w) or 
 ψ ∈ H(w)},
and let Z be a CL-saturation of Y .

ii. Do the same thing as the step 2(a)ii.
c) Mark w as resolved.

3. Let R be the symmetric closure of R0.

This algorithm always terminates because H is one-to-one, and for any w ∈W ,
H(w) ⊆ Sf(
Sf(X)).

Lemma 4. Let X be a finite CL-consistent set of formulae not containing 
, ∗.
Let M = 〈W, τ,R,H〉 be the model graph constructed by the above algorithm for
X. Then for any w ∈W and any φ ∈ H(w), M,w 	 φ.

Proof. We prove this lemma by induction on the number of connectives occurring
in φ. The only nontrivial case is when φ is of the form �ψ or 
ψ. For this case
it suffices to show that if R0(u,w) holds, and �ψ ∈ H(w) or 
ψ ∈ H(w), then
M,u 	 ψ. Assume that R0(u,w) holds.

Suppose that 
ψ ∈ H(w). The formula 
ψ can be introduced only by the
rule (B�) or (B�), hence ψ is of the form ¬�ζ, and we have ¬ζ ∈ H(w). By
inductive assumption, M,w 	 ¬ζ. Hence M,u 	 ¬�ζ, and M,u 	 ψ. (Note that
it is not necessary that ψ ∈ H(u).)

Now assume that �ψ ∈ H(w). We show that ψ ∈ H(u). Suppose oppo-
sitely that ψ /∈ H(u). Note that w is created from u, and for any formula
ζ, if �ζ ∈ Sf(H(w)) then �ζ ∈ Sf(H(u)). Since �ψ ∈ H(w), it follows
that �ψ ∈ Sf(H(u)). Hence �ψ ∈ H(u) or ¬�ψ ∈ H(u), since H(u) is
subformula-complete. By the rules (B�) and (B�), from ψ /∈ H(u) we derive
that 
¬�ψ ∈ H(u). It follows that ¬�ψ ∈ H(w), which contradicts the as-
sumption that �ψ ∈ H(w). Therefore ψ ∈ H(u), and by inductive assumption,
we have M,u 	 ψ. This completes our proof.

Corollary 1. Let X be a finite CL-consistent set of formulae not containing 
,
∗. Then X is L-satisfiable.

Proof. Let M = 〈W, τ,R,H〉 be a model graph constructed by the above algo-
rithm for X. It is clear that R satisfies all L-frame restrictions. By the above
lemma, we have M, τ 	 H(τ). Since H(τ) is a CL-saturation of X, we also have
M, τ 	 X. Therefore X is L-satisfiable.

The following theorem immediately follows from the above corollary and
Lemma 1.

Theorem 2. The calculi CKB and CKDB are sound and complete.
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4.4 Completeness of CK5 and CKD5

In this subsection, let L denote one of the logics K5, KD5.

Algorithm 3
Input: A finite CL-consistent set X of formulae not containing 
, ∗.
Output: A L-model graph M = 〈W, τ,R,H〉 such that the corresponding model
satisfies X.

1. Let W1 = W2 = ∅, and H(τ) be a CL-saturation of X.
2. For every formula ¬�φ ∈ H(τ):

– Let Y be the result of the application of the rule (5) to H(τ), i.e.

Y = {¬φ, ∗}
⋃
{ψ | �ψ ∈ H(τ) or 
 ψ ∈ H(τ)}

⋃
{¬�ψ | ¬�ψ ∈ H(τ)}.

– Add a new world w with H(w) being a CL-saturation of Y to W1.
3. If L = KD5 and there is no ¬�φ ∈ H(τ), then:

– Let Y be the result of the application of the rule (KD∗) to H(τ), i.e.
Y = {∗}

⋃
{ψ | �ψ ∈ H(τ) or 
 ψ ∈ H(τ)}.

– Add a new world w with H(w) being a CL-saturation of Y to W1.
4. Let R0 = {τ} ×W1.
5. For every w ∈W1, and for every formula ¬�φ ∈ H(w):

– Let Y be the result of the application of the rule (5) to H(w), i.e.

Y = {¬φ, ∗}
⋃
{ψ | �ψ ∈ H(w) or 
 ψ ∈ H(w)}

⋃
{¬�ψ | ¬�ψ ∈ H(w)}.

– Add a new world wφ with H(wφ) being a CL-saturation of Y to W2, and
add the edge (w,wφ) to R0.

6. Let W = {τ}
⋃

W1
⋃

W2, and R be the euclidean closure of R0.

It is clear that this algorithm always terminates. The following lemma has the
same content as Lemma 4, but L now refers to K5, KD5.

Lemma 5. Let X be a finite CL-consistent set of formulae not containing 
, ∗.
Let M = 〈W, τ,R,H〉 be the model graph constructed by the above algorithm for
X. Then for any w ∈W and any φ ∈ H(w), M,w 	 φ.

Proof. We prove this lemma by induction on the number of connectives occurring
in φ. It suffices to show that

1. For any x ∈ W2 and any ¬�φ ∈ H(x), there exists y ∈ W2 such that
¬φ ∈ H(y).

2. For any x, y ∈ W1
⋃

W2 and any formula φ, if �φ or 
φ belongs to H(x),
then φ ∈ H(y).
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Proof of 1:
Suppose that x ∈ W2 and ¬�φ ∈ H(x). There exists u ∈ W1 such that

R0(u, x) holds. We have ∗ ∈ H(u). Since x is created from u and ¬�φ ∈ H(x),
it follows that �φ ∈ Sf(H(u)). Hence either �φ ∈ H(u) or ¬�φ ∈ H(u), since
H(u) is subformula-complete. If �φ ∈ H(u), then, by the rule (5∗), 
�φ ∈ H(u),
and hence �φ ∈ H(x), which contradicts the fact that ¬�φ ∈ H(x). Therefore
¬�φ ∈ H(u), and there exists y ∈W2 such that ¬φ ∈ H(y).
Proof of 2:

Suppose that x ∈ W1 and �φ ∈ H(x). Since x is created from τ and �φ ∈
H(x), we have �φ ∈ Sf(H(τ)). Hence either �φ ∈ H(τ) or ¬�φ ∈ H(τ). Since
�φ ∈ H(x), ¬�φ and 
¬�φ cannot belong to H(τ), otherwise, by the rule (5),
we would have ¬�φ ∈ H(x) (a contradiction). Hence �φ ∈ H(τ), and by the
rule (5�), 
�φ ∈ H(τ). It follows that for every y ∈W1

⋃
W2 we have φ ∈ H(y).

Now suppose that x ∈ W2 and �φ ∈ H(x). Let u ∈ W1 be the world such
that R0(u, x) holds. Since x is created from u and �φ ∈ H(x), it follows that
�φ ∈ Sf(H(u)). Hence either �φ ∈ H(u) or ¬�φ ∈ H(u). If ¬�φ ∈ H(u), then,
by the rule (5), ¬�φ ∈ H(x), which contradicts the assumption that �φ ∈ H(x).
Hence �φ ∈ H(u). Reasoning similarly as for the above case, we derive that for
every y ∈W1

⋃
W2 it holds that φ ∈ H(y).

For the last case, assume that x ∈W1
⋃

W2 and 
φ ∈ H(x). Since ∗ ∈ H(x),
the formula 
φ in H(x) must be introduced by the rule (5∗). Hence φ is of the
form �ψ and �ψ ∈ H(x). Reasoning similarly as for the above cases, we derive
that 
�ψ ∈ H(τ). It is clear that for every y ∈ W1, �ψ ∈ H(y). Suppose that
y ∈ W2. There exists z ∈ W1 such that R0(z, y) holds. Since {�ψ, ∗} ⊆ H(z),
by the rule (5∗), it follows that 
�ψ ∈ H(z), and hence �ψ ∈ H(y). Therefore,
for every y ∈W1

⋃
W2, φ ∈ H(y).

Corollary 2. Let X be a finite CL-consistent set of formulae not containing 
,
∗. Then X is L-satisfiable.

The proof of this corollary is similar to the proof of Corollary 1. The following
theorem immediately follows from this corollary and Lemma 1.

Theorem 4. The calculi CK5 and CKD5 are sound and complete.

Our proofs give refined L-models for these logics, as done in Goré’s article
[3]. That is, for any L-satisfiable formula φ, there exists a finite L-model of φ
with a frame 〈W, τ,R〉 such that:

– if L = KD5, then, for U = W − {τ}, there exists V ⊆ U such that R =
{τ} × V

⋃
U × U ;

– if L = K5, then W = {τ} and R = ∅, or the frame is a KD5-frame.

5 Conclusions

We have given complete sequent-like tableau systems for the modal logics KB ,
KDB , K5, and KD5. Our systems have the analytic superformula property
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and can thus give a decision procedure. Our presentation fulfills the picture
of sequent-like tableau systems for the basic normal modal logics (i.e. the ones
obtainable from the logic K by the addition of any combination of the axioms
T, D, 4, 5, and B).

As suggested by one of the reviewers, as a further work we will study whether
our tableau systems can be used to obtain interpolation theorems for the consi-
dered logics as done by Rautenberg.

Our systems are not efficient since they use cuts. In our recent work [9], effi-
cient clausal tableau systems for the modal logic KB , KDB , B , among others, are
presented. The systems are sequent-like, cut-free, and give a decision procedure
that runs in O(n2)-space. They require, however, inputs in clausal form.
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Abstract. We apply tableau methods to the problem of computing ent-
ailment in the nonmonotonic system of equilibrium logic, a generalisation
of the inference relation associated with the stable model and answer set
semantics for logic programs. We describe tableau calculi for the non-
classical logics underlying equilibrium entailment, namely here-and-there
with strong negation and its strengthening classical logic with strong ne-
gation. A further tableau calculus is then presented for computing equi-
librium entailment. This makes use of a new method for reducing the
complexity of the tableau expansion rules, which we call signing-up.

1 Introduction

Equilibrium logic is a formal system of nonmonotonic reasoning proposed and di-
scussed by the first-named author in [28,29]. It is currently defined for propositio-
nal logic and can therefore be applied also to grounded (quantifier-free) theories
in a first-order predicate language. One of the interesting features of equilibrium
logic is that it generalises the stable model and answer set semantics for logic
programs, as developed in [6,7,8].1 In fact the equilibrium models of a theory
coincide with its stable models or answer sets if the theory in question has the
syntactic form of a logic program (for which the latter models are defined). It the-
refore offers a means to extend the reasoning mechanism associated with stable
model semantics beyond the syntactic limitations of logic programs. The basic
notions and properties of equilibrium logic are discussed in [28,29]; the present
paper is devoted to developing a tableau calculus for the generation of equili-
brium models and for checking entailment in equilibrium logic. Tableau methods
seem to be the most promising here. In particular, since arbitrary formulas can-
not in general be reduced to the syntactic form of logic programs, the algorithms
developed for computing stable models cannot be applied in the general case.

Equilibrium logic is based on a 5-valued logic called here-and-there with
strong negation and denoted here by N5. This logic can be viewed both as an
axiomatic extension of Nelson’s constructive logic with strong negation, N [21],
and as a conservative extension of the Smetanich logic of here-and-there [32],
obtained by adding the strong negation operator together with the well-known
1 To our knowledge it is the first such generalisation that is defined for an arbitrary

propositional language.
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axioms of Vorob’ev, [35,36]. Although tableau systems for strong negation logics
can be found in the literature, [31], there has been relatively little work on the
proof theory of logics extending N (for an algebraic treatment of N5 and related
logics, see [16]). Similarly, although tableau calculi have been developed in the
past for systems of nonmonotonic logic (eg. [26,22]), these have mainly been
based on classical logic.

We are going to introduce three tableau systems: one to prove validity in N5,
one to generate total models and lastly one to check the equilibrium property of
a total model. All these systems use the technique introduce by R. Hähnle [13]
for many-valued logics and take truth-value sets as signs, that is, as labels in
the tableau nodes. However, in developing the tableau calculus for checking the
equilibrium property, one novelty in our approach is introduced, the method of
signing-up. The expansion rules in a many-valued tableau system can be regarded
as a propagation of signs from the formula to its innermost subformulas, ie
as a signing-down process. As a counterpart, the signing-up process evaluates
partially the formula from its innermost subformulas; the objective is to reduce
the complexity of the expansion rules.

Since equilibrium entailment is a conservative extension of the inference
relation associated with stable model semantics, the techniques and results of this
paper apply a fortiori to stable models for logic programs. However, our main
aim is not that of providing a more efficient implementation of stable model
semantics. The bases for such implementations already exist in the literature,
eg. for normal logic programs in [24] and for disjunctive programs in [17]. These
provide special purpose algorithms that are tailored to the specific syntax of
logic programs and are therefore likely to be more efficient in this restricted
setting. By contrast, the more general theorem proving techniques discussed
here apply to the case of full propositional logic and are therefore likely to be of
interest to those seeking to extend stable model reasoning beyond the language
of logic programs, as for instance the approach of [18] which considers programs
with nested expressions. We hope the methods of this paper may also be of some
interest for the field of automated deduction for nonclassical logics; in particular,
by illustrating the use of tableau methods in a particular nonmonotonic extension
of a many-valued logic.

The remainder of the paper is laid out as follows. In order to describe
equilibrium entailment we first consider the logic on which it is based, here-
and-there with strong negation, N5. We present N5 first in Section 2 as the
least strong negation extension of the logic of linear Kripke frames with two
elements (‘here-and-there’), secondly in Section 3 as a many-valued logic taking
truth-values in the set 5 = {−2,−1, 0, 1, 2}. In Section 4, equilibrium models are
characterised by a simple minimality condition on the Kripke models for N5,
and we then translate this condition into an equivalent one in terms of truth-
assignments. This prepares the way for treating equilibrium entailment using
tableau methods in 4.4. We also describe here a modification, called signing-up,
which reduces the complexity of the tableau rules. The paper concludes with a
discussion of related approaches and future work.
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2 Strong Negation Logics

Although we shall later work in the framework of many-valued logics, it will help
to motivate the logics concerned if we look briefly at the original characterisation
of equilibrium inference and its underlying logic, N5. We assume the reader
has some familiarity with Heyting’s intuitionistic logic, which we denote by H.
Formulas of H are built-up in the usual way using the logical constants: ∧, ∨,→,
¬, standing respectively for conjunction, disjunction, implication and negation.

There are several types of semantics for intuitionistic logic. We mention here
only the method of Kripke models, also known as possible worlds semantics.
Formally, one starts with a so-called Kripke frame F , where F = 〈W,≤〉 W
is a set and ≤ is a partial-ordering on W . The elements of W are sometimes
called possible worlds or stages. At each world or stage w ∈ W some primitive
propositions (atoms) are verified as true, and, once verified at some stage w, an
atom α remains true at every ‘later’ stage, ie. at all w′ such that w ≤ w′. A
Kripke model M can therefore be represented as a frame F together with an
assignment i of sets of atoms to each element of W , such that if w ≤ w′ then
i(w) ⊆ i(w′). An assignment is then extended inductively to all formulas via the
following rules:

ϕ ∧ ψ ∈ i(w) iff ϕ ∈ i(w) and ψ ∈ i(w)
ϕ ∨ ψ ∈ i(w) iff ϕ ∈ i(w) or ψ ∈ i(w)
ϕ→ ψ ∈ i(w) iff for all w′ such that w ≤ w′, ϕ ∈ i(w′) implies ψ ∈ i(w′)
¬ϕ ∈ i(w) iff for all w′ such that w ≤ w′, ϕ �∈ i(w′)

An alternative approach to constructive reasoning was developed by Nelson
[21] in 1949. Nelson’s logic N is known as constructive logic with strong negation.
It adds to Heyting’s logic the insight that primitive propositions may not
only be constructively verified but also constructively falsified. The language
of intuitionistic logic is accordingly extended by adding a new, strong negation
symbol, ‘∼’, with the interpretation that ∼ϕ is true if ϕ is constructively false.

Terms and formulas are built-up using the logical constants of H: ∧,∨,¬,→
and the additional negation ‘∼’. Intuitionistic negation is actually definable in
N by

¬ϕ := ϕ→ ∼ϕ.

A semantics for N can be obtained through a simple modification of the Kripke-
semantics for H. As before a model comprises a Kripke-frame

F = 〈W,≤〉,

together with an assignment i. However i now assigns to each element of W a
set of literals,2 such that as before if w ≤ w′ then i(w) ⊆ i(w′). An assignment is
then extended inductively to all formulas via the previous rules for conjunction,

2 We use the term ‘literal’ to denote an atom, or atom prefixed by strong negation.
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disjunction, implication and (weak) negation together with the following rules
governing strongly negated formulas:

∼(ϕ ∧ ψ) ∈ i(w) iff ∼ϕ ∈ i(w) or ∼ψ ∈ i(w)
∼(ϕ ∨ ψ) ∈ i(w) iff ∼ϕ ∈ i(w) and ∼ψ ∈ i(w)
∼(ϕ→ ψ) ∈ i(w) iff ϕ ∈ i(w) and ∼ψ ∈ i(w)
∼¬ϕ ∈ i(w) iff ∼∼ϕ ∈ i(w) iff ϕ ∈ i(w)

A formula ϕ is true in a Kripke model M = 〈W,≤, i〉 at a world w ∈ W , in
symbols M, w |= ϕ, iff ϕ ∈ i(w). ϕ is true in a Kripke model M, in symbols
M |= ϕ, if it is true at all worlds in M. A formula ϕ is said to be valid, in
symbols, |=N ϕ, if it is true in all Kripke models. Logical consequence for N is
understood as follows: ϕ is said to be an N -consequence of a set Π of formulas,
written Π |=N ϕ, iff for all modelsM and any world w ∈M,M, w |= Π implies
M, w |= ϕ. Equivalently this can be expressed by saying that ϕ is true in all
models of Π. The consequence relation for logics strengthening N is defined in
a similar way. The logic N can also be presented axiomatically. The above set
of valid formulas can be captured via the axioms and rules of H (see eg. [5])
together with the following axiom schemata involving strong negation (where
‘α↔ β’ abbreviates (α→ β) ∧ (β → α):

N1. ∼(α→ β) ⇐⇒ α ∧ ∼β
N2. ∼(α ∧ β) ⇐⇒ ∼α ∨ ∼β
N3. ∼α ∨ β) ⇐⇒ ∼α ∧ ∼β
N4. α ⇐⇒ ∼∼α
N5. ∼¬α ⇐⇒ α
N6. (for atomic α) ∼α→ ¬α

These axioms are taken from the calculus of Vorob’ev [35,36], where N is treated
as an extension of intuitionistic logic. N is in fact a conservative extension of H
in the sense that any formula without strong negation is a theorem of N if and
only if it is a theorem of H. Notice that Nelson’s negation ‘∼’ is termed ‘strong’,
since in N , ∼ϕ → ¬ϕ is a theorem, for all ϕ (not only atomic ϕ). (See eg. [10,
5]). The derivability relation for N is denoted by �N . The Kripke semantics is
sound and complete for N in the sense that for all Π and ϕ

Π �N ϕ iff Π |=N ϕ.

2.1 Intermediate Logics

We now consider intermediate logics, obtained by adding additional axioms to H;
they are complete wrt. a generalised notion of Kripke frame. An intermediate
logic is called proper if it is strictly contained in classical logic. In the lattice
of intermediate propositional logics (extensively investigated in the literature)
classical logic has a unique lower cover which is the supremum of all proper
intermediate logics.3 This greatest proper intermediate logic we denote by J . It is
3 An excellent general source of information on intermediate propositional logics is [4].
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often referred to as the logic of ‘here-and-there’, since it is characterised by
linear Kripke frames having precisely two elements or worlds: ‘here’ and ‘there’.
J is also characterised by the three element Heyting algebra, and is known by a
variety of other names, including the Smetanich logic, and the logic of ‘present
and future’. Truth tables for J were already given by Heyting [14], and the
logic was further used by Gödel in a paper of 1932, [9] (hence it is sometimes
known as Gödel’s 3-valued logic). However, it was apparently first axiomatised
by �Lukasiewicz [19]. He characterised J by adding to H the axiom schema

(¬α→ β)→ (((β → α)→ β)→ β).

He also showed that disjunction is definable in J .4

Strong negation together with the Vorob’ev axioms N1-N6 can be added to
any intermediate logic L, to form a (least) strong negation extension of L (this is
always a conservative extension). Moreover if an intermediate logic L is complete
for a given class of Kripke frames, its least strong negation extension is complete
for the same class of frames under the generalised notion of assignment. Likewise,
many properties of an intermediate logic are inherited by its least strong negation
extension, see [16]. Accordingly, we define the logic of here-and-there with strong
negation to be the smallest logic that extends J by adding the operator ∼
satisfying axioms N1-N6. This logic is tabular and can be characterised using
five truth-values; we denote it by N5. By the above remarks it follows that N5
is complete for the class of here-and-there frames. Since these contain only two
worlds, say h and t with h ≤ t, it is convenient to represent an N5-model as
an ordered pair 〈H,T 〉 of sets of literals, where H = i(h) and T = i(t) under a
suitable assignment i. By h ≤ t, it follows that H ⊆ T . Again, by extending i
inductively we know what it means for an arbitrary formula ϕ to be true in a
model 〈H,T 〉. Logical consequence for N5 is defined as for N , where N -models
are replaced by N5-models. If Π is a set of N5 formulas and ϕ is an N5 formula,
we write simply Π |= ϕ to denote that ϕ is an N5 consequence of Π.

3 Many-Valued Semantics for N5

The Kripke semantics for N5 logic can be easily characterised using a many-
valued approach, specifically with a five-valued logic.5 In this section we define
this interpretation and then describe a five-valued tableau system to check
inference.
4 Smetanich studied the logic J in [32]. Important results about the logic can also be

found in [20].
5 In the case of the (3-valued) logic of here-and-there, if a formula ϕ takes the ’third’

(intermediate) truth value, this corresponds to the idea that ’ϕ cannot be false, but
it is not demonstrably true’. Adding strong negation increases (by two) the number
of truth-values because one now distinguishes between ϕ being strongly false, ie. ∼ϕ
is true, and the weaker notion that ∼ϕ is not false, but not demonstrably true. This
is illustrated in the table in section 3.0.
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We are going to work with the following set of truth values:

5 = {−2,−1, 0, 1, 2}
The subset {−2, 0, 2} will be denoted by 3. Using possible truth values functions
we are going to define a family of logics denoted by Nω. Every logic is defined
over the same language, N , the propositional language over a set of propositional
variables V and connectives ∧, ∨, →, ¬ and ∼. The semantic is defined using
the same matrix, the Nelson algebra

N = ({−2,−1, 0, 1, 2},min,max,→,¬,∼)

where ∼x = −x,

x→ y =

{

2 if either x ≤ 0 or x ≤ y

y otherwise
and ¬x =

{

2 if x ≤ 0
−x otherwise

The truth tables for the connectives →, ¬ and ∼ are as follows:

→ −2 −1 0 1 2
−2 2 2 2 2 2
−1 2 2 2 2 2

0 2 2 2 2 2
1 −2 −1 0 2 2
2 −2 −1 0 1 2

¬
−2 2
−1 2

0 2
1 −1
2 −2

∼
−2 2
−1 1

0 0
1 −1
2 −2

Definition 1. Let ω : V → 25 � ∅ a mapping, called a possible truth values
function. The Nelson logic restricted by ω, denoted by Nω, is a logic defined
over the language N , with the Nelson algebra N as matrix; the assignments
in Nω, called ω-assignments, are the homomorphisms of algebras σ : N → N
defined as the unique extensions of mappings ς : V → 5 verifying ς(p) ∈ ω(p).

Validity in the logics Nω is defined in the standard way. If Π is a set of
formulas in N and ψ is a formula, then Π |=ω ψ if the following property holds:
for every ω-assignment σ, if σ(ϕ) = 2 for all ϕ ∈ Π, then σ(ψ) = 2.

If the function ω is just ω(p) = 5 for all p, the corresponding logic will
be denoted by N5 and is just the standard logic of here-and-there with strong
negation, introduced in the previous section.

If the function ω is in fact ω(p) = 3 for all p, the corresponding logic will
be denoted by N3. This logic is actually a three-valued logic because, in this
case, every function is evaluated in 3 (this property doesn’t hold for all functions
ω). Since it is also obtained by adding the Vorob’ev axioms to classical logic, it
is known as classical logic with strong negation, and in [10] it is shown via an
embedding to be equivalent to the 3-valued logic of �Lukasiewicz, though the →
connective in N3 is not the �Lukasiewicz implication.

Example 1. Let us consider the formula ϕ = (p → ∼q) → (¬p ∨ ¬q) in the
language N and the possible truth values function given by:

ω(p) = {−2, 0, 2}, ω(q) = {0, 1, 2}
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The assignment σ(p) = 1, σ(q) = 0 is an assignment for this formula in N5 but it
is neither an assignment in Nω nor in N3. The assignment τ(p) = −2, τ(q) = 2
is an assignment in N5, Nω and N3; however, the value of the assignments over
ϕ doesn’t depend on the logic, σ(ϕ) = τ(ϕ) = 2. Actually, the formula ϕ is valid
in N5 and thus in every logic Nω.

We will in fact work only in the logic N5; the general logics Nω are
introduced to characterise the total and equilibrium properties of the models.
Reduced logics, specifically reduced signed logics have been used in [11] and [34]
to improve ATPs in many-valued logics.

If ω1 and ω2 are two possible truth values functions and ω1(p) ⊂ ω2(p) for
all variables p, then we say that ω1 is a reduction of ω2 and write ω1 ⊂ ω2. The
relationship between the logics Nω1 and Nω2 in this case is explained in the
following theorem.

Theorem 1. Let ω1 and ω2 be two possible truth-values functions with ω1 ⊂ ω2.
Then:

1. Every ω1-assignment is an ω2-assignment.
2. If σ is a model of ϕ in Nω1 , then it is a model in Nω2 .
3. If ϕ is valid in Nω2 , then it is valid in Nω1 .

Any N5 model σ as a truth-value assignment can trivially be converted into
a Kripke model 〈H,T 〉, and vice versa. For example, if σ is an assignment and p
is a propositional variable, then the corresponding Kripke model is determined
by the equivalences:

σ(p) = 2 iff p ∈ H
σ(p) = 1 iff p ∈ T, p �∈ H
σ(p) = 0 iff p �∈ T,∼p �∈ T
σ(p) = −1 iff ∼p ∈ T,∼p �∈ H
σ(p) = −2 iff ∼p ∈ H

Remark 1. The many-valued semantics and the Kripke semantics for N5 are
equivalent. In other words, if Π is a set of formulas in N5 and ψ is a formula,
then Π |= ψ iff for every assignment σ in N5, if σ(ϕ) = 2 for every ϕ ∈ Π, then
σ(ψ) = 2

3.1 Tableau System for N5

To study the validity of an inference in N5 we are going to use the following
tableau system:

Initial tableau for ({ϕ1, . . . , ϕn}, ψ)

{2}:ϕ1
. . .

{2}:ϕn

{−2,−1,0,1}:ψ
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Tableau expansion rules We show the rules for the connective→ in Figure 1:
the other four connectives, ∧, ∨, ∼ and ¬ are regular connectives, and the
standard expansion rules can be applied (see [13] for details).

{2}:ϕ → ψ
{−2,−1,0}:ϕ {2}:ψ {−2,−1,0,1}:ϕ

{1,2}:ψ

{−2,−1,0,1}:ϕ → ψ
{1,2}:ϕ {2}:ϕ

{−2,−1,0}:ψ {−2,−1,0,1}:ψ

{1,2}:ϕ → ψ
{−2,−1,0}:ϕ {1,2}:ψ

{−2,−1,0}:ϕ → ψ
{1,2}:ϕ

{−2,−1,0}:ψ

{0,1,2}:ϕ → ψ
{−2,−1,0}:ϕ {0,1,2}:ψ

{−2,−1}:ϕ → ψ
{1,2}:ϕ

{−2,−1}:ψ

{−1,0,1,2}:ϕ → ψ
{−2,−1,0}:ϕ {−1,0,1,2}:ψ

{−2}:ϕ → ψ
{1,2}:ϕ
{−2}:ψ

Fig. 1. Tableau expansion rules in N5 for →

Definition 2. Let Π = {ϕ1, . . . , ϕn} be a set of formulas and ψ another
formula:

1. If T is a tableau for (Π,ψ) and T ′ is the tree obtained from T applying
one of the expansion rules, then T ′ is a tableau for (Π,ψ). As usual in
tableau systems for propositional logics, if a formula can be used to expand
the tableau, then the tableau is expanded in every branch below the formula
using the corresponding rule; then the formula used to expand is marked and
is no longer used.

2. A branch B in a tableau T is called closed if it contains a variable p with
two signs, S:p, S′:p, such that S ∩ S′ = ∅.

3. A branch B in a tableau T is called finished if it doesn’t contain non-marked
formulas; it is called open if it is non-closed and finished.

4. A tableau T is called closed if every branch is closed, it is open if it has an
open branch, (ie. if it is non-closed), and it is terminated if every branch is
either closed or open.

The nodes in the tableaux are formulas in N labeled with a set of truth
values, S:ϕ; this construction is called a signed formula; if p is a propositional
variable, S:ϕ is called a signed literal.

The previous definition is common to any tableau system, the differences
between them lie in the construction of the initial tableau and the specific family
of tableau rules. The closed, open and terminated trees can be used in different
ways; in the logic N5 we use closed tableaux to characterise validity.

Theorem 2 (Soundness and completeness of the tableau system). The
inference ϕ1, . . . , ϕn |= ψ is valid if and only if there exists a closed tableau for
({ϕ1, . . . , ϕn}, ψ).
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4 Equilibrium Models and Equilibrium Inferences

For the time being we work in the language of N5 and revert to the earlier
Kripke model semantics in order to give the original definition of equilibrium
model. Equilibrium models are special kinds of minimal N5 Kripke models. We
first define a partial ordering � on N5 models as follows.

Definition 3. Given any two models 〈H,T 〉, 〈H ′, T ′〉, we set 〈H,T 〉� 〈H ′, T ′〉
if T = T ′ and H ⊆ H ′.

This leads to the following notion of equilibrium.

Definition 4. Let Π be a set of N5 formulas and 〈H,T 〉 a model of Π.

1. 〈H,T 〉 is said total if H = T .
2. 〈H,T 〉 is said an equilibrium model if it is minimal under � among models

of Π, and it is total.

As examples, consider the following sets of formulas, where p, q are distinct
atoms: let Π1 = {∼p,¬q → p}; Π2 = {¬p → q}; Π3 = {¬¬p → p}. It is easily
verified that Π1 has no equilibrium models since 〈{∼p}, {q,∼p}〉 is minimal, that
Π2 has a single equilibrium model 〈{q}, {q}〉, and that Π3 has two equilibrium
models: 〈{}, {}〉 and 〈{p}, {p}〉. The above notions are readily characterised using
the many-valued semantics.

Remark 2. Let Π be a set of formulas in N . In N5, the ordering σ1 �σ2 among
models σ1 and σ2 of Π holds iff for every propositional variable p occurring in
Π the following properties hold:

1. σ1(p) = 0 if and only if σ2(p) = 0.
2. If σ1(p) ≥ 1, then σ1(p) ≤ σ2(p)
3. If σ1(p) ≤ −1, then σ1(p) ≥ σ2(p)

This yields characterisations of total model and equilibrium model, clearly
equivalent to the original.

Remark 3. Let Π = {ϕ1, . . . , ϕn} be a set of formulas in N . A model σ of Π in
N5 is a total model if σ(p) ∈ {−2, 0, 2} for every propositional variable p in Π,
that is, if it is a model of Π in N3.

4.1 Tableau System for Total Models

We now turn to a system for generating the total models of a set of formulas

Π = {ϕ1, . . . , ϕn}

Initial tableau for Π
{2}:ϕ1
. . .

{2}:ϕn
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Tableau expansion rules All the connectives in N3 are regular,6 and therefore
their expansion rules are described in the standard way; in Figure 2 we illustrate
the rules for the connectives → an ¬.

{2}:ϕ → ψ
{−2,0}:ϕ {2}:ψ

{−2,0}:ϕ → ψ
{2}:ϕ

{−2,0}:ψ

{0,2}:ϕ → ψ
{−2,0}:ϕ {0,2}:ψ

{−2}:ϕ → ψ
{2}:ϕ

{−2}:ψ

{2}:¬ϕ
{−2,0}:ϕ

{−2,0}:¬ϕ
{2}:ϕ

{0,2}:¬ϕ
{−2,0}:ϕ

{−2}:¬ϕ
{2}:ϕ

Fig. 2. Tableau expansion rules in N3 for the connectives → and ¬

The total models for a set Π are generated from any terminated tableau, as
described in the following theorem.

Theorem 3. Let T be a terminated tableau for Π = {ϕ1, . . . , ϕn}, and let
{S1:p1, . . . , Sn:pn} be the set of signed literals in an open branch. Then every
assignment σ verifying σ(pi) ∈ Si, for all i, is a total model of Π. Moreover, all
the total models of Π are generated from T in this way.

Note that the variables in an open branch are not necessarily all the variables
in Π; if a variable is missing in an open branch, then any value can be taken to
complete the model.

4.2 Equilibrium Logic

Equilibrium logic is the logic determined by the equilibrium models of a theory;
we define it formally below in terms of a nonmonotonic entailment relation. Part
of the interest of equilibrium logic arises from the fact that on a syntactically
restricted class of theories it coincides with a well-known nonmonotonic inference
relation studied in logic programming. Formally, when a consistent theory has
the syntactic shape of a (disjunctive, extended) logic program,7 its equilibrium
models coincide with its answer sets in the sense of [8].

Definition 5 (Equilibrium entailment). Let ϕ1, . . . , ϕn, ϕ be formulas in N .
We define the relation |∼ called equilibrium entailment, as follows

1. If Π = {ϕ1, . . . , ϕn} has equilibrium models, then ϕ1, . . . , ϕn |∼ ϕ if every
equilibrium model of Π is a model of ϕ in N5.

6 Actually, the connective → is not regular, but it is ortho-regular. The ortho-regular
connectives were introduced in [34] to generalise regular connectives.

7 This means that every formula of the theory can be expressed in the form of either a
disjunction of literals, or an implication whose antecedent is a conjunction of literals
and weakly negated literals, and whose consequent is a disjunction of literals.
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2. If either n = 0 or Π has no equilibrium models, then ϕ1, . . . , ϕn |∼ ϕ if
ϕ1, . . . , ϕn |= ϕ.

The process of checking equilibrium entailment, Π |∼ ψ, will be understood
as follows:

Step 1 Generate the total models of Π using the tableau system in section 4.1
Step 2 For every total model of Π, check the equilibrium property (using the

tableau system in the next section). If there are equilibrium models, then go
to step 3, else go to step 4.

Step 3 For every equilibrium model of Π, check if it is a model of ψ.
Step 4 If Π doesn’t have equilibrium models, just check entailment in N5.

Therefore, in the next section we tackle the problem of checking the equili-
brium property using tableau systems.

4.3 The Equilibrium Property

In this section we are going to work with a finite set of formulas Π and a total
model σ of Π. We define the possible truth values function ωσ as follows

ωσ(p) =

⎧
⎪⎨

⎪⎩

{−2,−1} if σ(p) = −2
{0} if σ(p) = 0
{1, 2} if σ(p) = 2

Then, we can characterise the equilibrium property using the logic Nωσ
.

Theorem 4. The total model σ of Π is an equilibrium model iff σ is the unique
model of Π in Nωσ .

In this way, we can use a model generator in tableau style for Nωσ
to check

the equilibrium property in N5.

4.4 A Tableau System for Checking the Equilibrium Property

Although the tableau system for N5 can be used, we shall introduce an improved
system in which we can use restrictions in the logics Nωσ .

Let ϕ be a formula in a logic Nω and S ⊂ 5; we write ϕS if every assignment
in Nω evaluates ϕ on S, ie. if ϕ is a S-tautology. We call signing-up the process
which, applied to a formula ϕ, partially evaluates the function represented by this
formula in N to determine the smallest set S such that ϕ is an S-tautology; the
expansion rule that one applies to a formula is selected according to the principle
connective of the formula and the set that is calculated in the signing-up process.
To introduce the rules we need to observe that (just looking at the truth tables)
in Nωσ every formula is either a {0}-tautology or a {−2,−1}-tautology or a
{1, 2}-tautology.
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Lemma 1. Let ω be a function such that, for every propositional variable p,
either ω(p) = {−2,−1}, or ω(p) = {0}, or ω(p) = {1, 2}. Then, for every
formula ϕ in Nω, just one of the following properties holds.

a) ϕ{−2,−1} b) ϕ{0} c) ϕ{1,2}

Now we can describe the system to check if a total model σ of a set
Π = {ϕ1, . . . , ϕn} is an equilibrium model:

Initial tableau for (Π, σ)
{2}:ϕ1S1

. . .
{2}:ϕnSn

Tableau expansion rules All the expansion rules are shown in Figure 3.

S1:(ϕS2)
⊥ (If S1 ∩ S2 = ∅)

S1:(ϕS2)
� (If S2 ⊂ S1)

S1:(ϕS2)
(S1 ∩ S2):ϕ

(Otherwise)

{2}:(ϕ{1,2} → ψ{1,2})
{1}:ϕ {2}:ψ

{1}:(ϕ{1,2} → ψ{1,2})
{2}:ϕ
{1}:ψ

{−2}:(ϕ{1,2} → ψ{−2,−1})
{−2}:ψ

{−1}:(ϕ{1,2} → ψ{−2,−1,0})
{−1}:ψ

{−2}:¬(ϕ{1,2})
{2}:ϕ

{−1}:¬(ϕ{1,2})
{1}:ϕ

{2}:∼(ϕ{−2,−1})
{−2}:ϕ

{1}:∼(ϕ{−2,−1})
{−1}:ϕ

{−2}:∼(ϕ{1,2})
{2}:ϕ

{−1}:∼(ϕ{1,2})
{1}:ϕ

{2}:(ϕ{1,2} ∨ ψS)
{2}:ϕ {2}:ψS

{1}:(ϕ{1,2} ∨ ψS)
{1}:ϕ

{−2,−1,0,1}:ψS

{−2}:(ϕ{−2,−1} ∨ ψ{−2,−1})
{−2}:ϕ
{−2}:ψ

{−1}:(ϕ{1,2} ∨ ψS)
{−1}:ϕ {−1}:ψS

{2}:(ϕ{1,2} ∧ ψ{1,2})
{2}:ϕ
{2}:ψ

{1}:(ϕ{−2,−1} ∧ ψ{−2,−1})
{1}:ϕ {1}:ψ

{−2}:(ϕ{−2,−1} ∧ ψS)
{−2}:ϕ {−2}:ψS

{−1}:(ϕ{−2,−1} ∧ ψS)
{−1}:ϕ

{−1,0,1,2}:ψS

Fig. 3. tableau expansion rules for Nω
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Some remarks on this may be useful. In the construction of the initial tree
we add the set that is determined by the signing-up process. This set is used to
decide which of the first three expansion rules is to be applied. Then, the same
signing-up process applied to the subformulas allows one to select the subsequent
expansion rule. The meaning of the first three rules is the following:

- The situation S1:(ϕS2) with S1∩S2 = ∅ cannot generate any model because
the formula is always evaluated in S2 and we need to evaluate it in the disjoint
set S1. So in this situation we can close the branch; this is represented by
the ⊥ symbol in the expansion rule.

- The situation S1:(ϕS2) with S2 ⊂ S1 doesn’t give rise to any restriction
because the formula is always evaluated in S2 and then in S1. So in this
situation we just mark the signed formula without expanding the tableau;
this is represented by the � symbol in the expansion rule.

- If we have the formula S1:(ϕS2) and the previous situations don’t hold, then
the sign can be propagated to the subformulas, actually we only need to
propagate the sign S1 ∩ S2.

To characterise the equilibrium property an extension of the closed branch
notion is necessary.
Definition 6. A branch B in a tableau T of Π is called σ-closed if one of the
following conditions holds:

1. It is closed.
2. The logical constant ⊥ appears in B.
3. The set of signed literals in the branch is just {{σ(p1)}:p1, . . . , {σ(pn)}:pn}

where {p1, . . . , pn} is the set of propositional variables in Π with σ(p) �= 0.

A tableau is called σ-closed if every branch in it is σ-closed.

Theorem 5. Let σ be a total model of Π. σ is an equilibrium model of Π if and
only if there exist a σ-closed tableau for (Π,σ).

Example 2. Let us consider the following set Π = {∼q,¬p → q,¬r → p}. First
we generate the total models of Π; using the tableau system for N3 we obtain
the terminated tableau in figure 4. Therefore, the total models are:

p q r
σ1 2 −2 −2

p q r
σ2 2 −2 0

p q r
σ3 2 −2 2

To check the equilibrium property for σ1 we construct a tableau in the logic
Nω where ω1(p) = {1, 2}, ω1(q) = {−2,−1} and ω1(r) = {−2,−1}. This tab-
leau is shown in the figure 5; it is open and therefore the model σ1 is not an
equilibrium model; from this open tableau we also obtain a model below σ1 in
the ordering �, namely: τ(p) = 2, τ(q) = −2 and τ(r) = −1.

We now proceed to check the equilibrium property for σ2; we construct
a tableau in the logic Nω2 where ω2(p) = {1, 2}, ω2(q) = {−2,−1} and
ω2(r) = {0}. This tableau is showed in the figure 5; the left branch is σ2-closed
because it contains the constant ⊥, and the right branch is σ2-closed because it
contains the signed literals {2}:p and {−2}:q and σ2(r) = 0. Therefore the tableau
is σ2-closed and σ2 is an equilibrium model.
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✓

✓

✓

✓

✓

✗

Fig. 4. Tableau for total models of the formula in the example 2.

✓

✓

✓

✓

✗

Fig. 5. Tableau for equilibrium pro-
perty of the model σ1 in example 2.

✓

✓

✓

✓

✗

✗

Fig. 6. Tableau for equilibrium pro-
perty of the model σ2 in example 2.

5 Related Work and Conclusions

There is now a growing body of literature devoted to applying tableau and
related methods for computing entailment in systems of nonmonotonic reasoning.
Recently, for example, Niemelä [22,23] has studied tableau calculi for reasoning
based on minimal models and circumscription, while Bonatti and Olivetti [1,
2] have considered (sequent) calculi for default and autoepistemic logics; for an
overview and additional references for the area, see Olivetti [27]. On the other
hand, we do not know of previous studies of tableaux for nonmonotonic systems
that are, like equilibrium entailment, based on a nonclassical underlying logic.
Nor do we know of implementations of logic programming semantics, such as
stable models, that make use of traditional forms of tableau calculi.8

8 There is an approach of Stuber [33] that uses a series of transformation rules to
simplify programs for computing stable models. And Inoue et al. [15] compute answer
sets for programs with strong negation by applying a model generation theorem
prover to a modal translation of the program.
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We have presented here tableau calculi for the logic N5 of here-and-there
with strong negation and for its strengthening N3, or classical logic with strong
negation. Equilibrium models are special kinds of N3 models defined by a mi-
nimality condition over N5 models. They characterise the nonmonotonic equi-
librium entailment relation. We have presented a tableau calculus for checking
the equilibrium property and hence the nonmonotonic entailment relation. A
novel feature of the calculus is its use of a generalisation of the signing method,
called signing-up, which helps to simplify the complexity of the tableau rules. By
the property that equilibrium logic generalises the answer set semantics of [8], it
follows that our calculus can be used to test entailment in logic programs under
the stable model or answer set semantics; though of course only an appropriate
subset of the tableau rules would be needed in such a case, given the restricted
syntax of logic programs. A topic for future work will be the analysis of the
complexity of equilibrium entailment and model-checking.
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Abstract. We propose a tableau-like decision procedure for deciding
the finite satisfiability of unquantified formulae with (a weak form of)
powerset constructor. Our results apply to a rather large class of non-
well-founded set theories. The decidability result presented can be seen as
a first step towards the decidability of the class of formulae into which the
�-as-P (box-as-powerset) translation maps modal formulae. The analysis
we make clarifies some of the difficulties in deciding this class of formulae
in the case without atoms. The procedure we define can be used as a
subroutine to decide the same class of formulae in Set Theory without
foundation.

1 Introduction

Decidability results for fragments of Set Theory have been studied since the
late seventies [13] with the long-term aim of providing a collection of procedures
capable of computing within the decidable core of Set Theory [9]. As a matter
of fact, many issues are still not clearly stated in this area. Among the most
important ones, in the opinion of the authors, are:

– a precise formulation of the above mentioned decidable core, and
– a sensible definition of the set theoretic assumptions (axioms) assumed to

hold in the underlying theory of sets.

It is still rather unclear what kind of classification (á la Hilbert, cf. [12,15,6]) can
be proposed in order to set the basis for the study of what could be called The
Classical Decision Problem for Set Theory. For example, there are strong signals
that a classification based on the quantificational prefix is neither suitable nor
interesting. However, basing a classification on classes of unquantified formulae
forces on a choice (that needs justification) on which operators to consider.

As for the second of the above two points, instead, it is clear that some non-
standard set-theoretic principles are extremely useful and well-suited for appli-
cations. The most important and popular (especially among computer scientists)
of those principles (cf. [2]) is the so-called Anti-Foundation Axiom (see [1,14]).
In general, as far as the choice of the underlying axioms is concerned, when dea-
ling with decidability problems the safest (and often most reasonable) choice is
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a minimal one. For example, again in the case of the foundation/anti-foundation
principle, the stronger result one can try to obtain in term of decidability is a
decision procedure that works for a set theory without foundation. Once such
a decision procedure is discovered one can usually tune it in order to deal with
(some form of) anti-foundation (cf. [16]). Moreover, the flexibility provided by
the absence of some axioms allows also to play with sets in a rather peculiar way:
in [11,3,4], exploiting the possibilities given by an unrestricted membership rela-
tion, a set-theoretic translation—called �-as-P (box-as-powerset) translation—
rewriting any modal formula into a set-theoretic one, is proposed. Such a method
shows that, with the amount of second order logic introduced by means of the
axiomatic set theory driving the translation, a mild form of the deduction theo-
rem holds for any modal logic specified by any set of Hilbert’s axioms.

In order to provide decision procedures for the set-theoretic languages sup-
porting the above mentioned translation technique, we propose here a tableau-
based decision procedure for an unquantified set-theoretic class of formulae, in
the non-well-founded and non-extensional case. Our decidability result can be
seen as a first step towards the decidability of the class of formulae into which
the �-as-P translation maps modal formulae.

Even though it is not entirely trivial to keep under control the technical
details, the decidability result presented here allows to cope only with a non-
functional form of the powerset operator, together with the usual operators of
MLS, Multi-Level Syllogistic (already treated in conjunction with others in the
well-founded case, with a tableau-based decision procedure in [7,8]), in models
of set theories that are neither well-founded nor extensional. As we said before,
the case in which some form of anti-foundation axiom is assumed should easily
follow from these results. This does not seem to be the case for extensionality.

The paper is organized as follows: in Section 2 we present a tableau-like de-
cision procedure for deciding the basic case of unquantified formulae with Boo-
lean operators and membership with respect to a non-well-founded set theory;
in Section 3 we generalize the previous result to decide formulae with powerset
in presence of atoms (i.e. distinct empty sets). The conclusions are drawn in
Section 4.

2 The Basic Case

2.1 The Language and the Axioms

Consider the set F = {∪,∩, \} of function symbols, the set P = {∈,⊆,=} of
predicate symbols, and a denumerable set V of variables. Let L = 〈F ,P,V〉 be
the first-order language built from these sets of symbols.

In order to introduce the anti-foundation axiom (AFA) (cf. [1,14]), we give
the definition of decoration.
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Definition 1. Given a graph G = 〈G,R〉 and an interpretationM = 〈M, (.)M〉
of L, a decoration of G over M is a function d : G −→M such that:

∀n ∈ G ∀y ∈M(y ∈M d(n)↔ ∃m ∈ G(y = d(m) ∧Rnm)).

The anti-foundation axiom (AFA) states:

Every graph has a unique decoration.

We use the notation Set− to refer to the first-order theory whose axiomatiza-
tion is presented in Figure 1, and Set to refer to Set− together with the anti-
foundation axiom (AFA) (cf. [1,14]). Notice that (E) is the extensionality axiom,
(N) states the existence of the empty set, and (S) the definability of the singleton
operator1. The letters ϕ and ψ will be used to refer to formulae of the language

(∪) ∀x, y, z (x ∈ y ∪ z ↔ x ∈ y ∨ x ∈ z)
(∩) ∀x, y, z (x ∈ y ∩ z ↔ x ∈ y ∧ x ∈ z)
(\) ∀x, y, z (x ∈ y \ z ↔ x ∈ y ∧ x /∈ z)
(⊆) ∀x, y (x ⊆ y ↔ ∀z (z ∈ x → z ∈ y))
(E) ∀x, y (x = y ↔ ∀z (z ∈ x ↔ z ∈ y))
(N) ∃y ∀x (x ∈ y)
(S) ∀x∃y ∀z (z ∈ y ↔ z = x)

Fig. 1. The axiomatization of Set−

L and FV (ϕ) denotes the set of free variables in ϕ.

2.2 The Decision Procedure for the Basic Case

Let ϕi be a conjunction of literals of the form:

x ∈ y, x /∈ y, x1 ◦ x2 = y (1)

where x, x1, x2, y are variables and ◦ ∈ {∪,∩, \}. In this section we use ϕ to
refer to a disjunction ϕ1 ∨ . . . ∨ ϕn of such conjunctions. The class of all the
disjunctions of conjunctions of literals of the form (1) will be called C1.

In Figure 2 we describe a procedure de− Boole which transforms a given
formula ϕ of C1 in order to decide its satisfiability. The procedure makes use

de− Boole(ϕ) :
ϕ := ∈−introduction(Extensionalize(∈−introduction(ϕ))).

Fig. 2. The procedure de− Boole

of the two functions, ∈−introduction,Extensionalize : C1 −→ C1, described in
Figure 3. The function ∈−introduction maps a formula ϕ into a new formula
1 The axioms (N) and (S) are not used in the decision procedure, but in the con-

struction of a solution.
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∈−introduction(ϕ) which is equivalent to ϕ with respect to the theory Set−. The
rules applied to compute ∈−introduction(ϕ) (rules of F ) are presented in Fi-
gure 4. The aim of this function is to spell out the membership relation, according
to the axioms which define the operators. Similarly, the function Extensionalize
maps a formula ψ into an equivalent one, with respect to the theory Set−, ma-
king use of the rule S in Figure 5. The rule applied by the function Extensionalize
to ψ is based on the extensionality axiom (E). This rule is applied only when it
is necessary to check the satisfiability: it introduces a new variable and hence,
if not controlled, it can lead to non-termination. We apply the rule in such a
way that the number of new variables introduced is bounded by the number of
variables of the formula ψ, see (Lemma 1). In the functions, the notation F$→
(respectively S$→ ) means that it is possible to apply a rule2 of F (see Figure 4)
(respectively S, see Figure 5) to literals of the l.h.s.: if this is the case, then
the r.h.s. has to be added as a conjunct in the l.h.s.. In Example 1 we present
some of the rules in tableau style. The function disj form maps a formula to its
disjunctive normal form.

∈−introduction(ϕ1 ∨ . . . ∨ ϕn) :
for i = 1 to n do {

repeat {
ψ := ϕi;
if (ϕi

F"→ θ) then
ϕi := ϕi ∧ θ; }

until (ϕi = ψ)}
ϕ := disj form(ϕ1 ∨ . . . ∨ ϕn);
return ϕ.

Extensionalize(ϕ1 ∨ . . . ∨ ϕn) :
for i = 1 to n do {

ψ := true;
repeat {

σ := ψ;
if (ϕi

S"→ θ) then
ψ := ψ ∧ θ; }

until (ψ = σ);
ϕi := ϕi ∧ ψ}

ϕ := disj form(ϕ1 ∨ . . . ∨ ϕn);
return ϕ.

Fig. 3. The functions ∈−introduction and Extensionalize

Example 1. The first 2 rules of F written in tableau style are:

y ∪ z = w x ∈ y
x ∈ w

y ∪ z = w x ∈ w

x ∈ y | x ∈ z

Lemma 1. The procedure de− Boole(ϕ) always terminates.
The number of steps performed and the number of variables in the output formula
are polynomial in the number of variables of ϕ.

Lemma 2. Let ψ ≡ ψ1 ∨ . . . ∨ ψm be the output of de− Boole(ϕ). The formula
ψ is satisfiable in every modelM of Set if and only if there exists j ∈ {1, . . . ,m}
such that in ψj there are no literals of the form false.

Theorem 1. Let ψ ≡ ψ1 ∨ . . . ∨ ψm be the output formula of de− Boole(ϕ).
Set � ϕ if and only if there exists j ∈ {1, . . . ,m} such that in ψj there are no
literals of the form false.

2 The first, third, fifth, and seventh rules are applied to both y and z.
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y ∪ z = w ∧ x ∈ y "→ x ∈ w

y ∪ z = w ∧ x ∈ w "→
{

x ∈ y ∨
x ∈ z

y ∪ z = w ∧ x /∈ y "→
{

(x /∈ z ∧ x /∈ w) ∨
(x ∈ z ∧ x ∈ w)

y ∪ z = w ∧ x /∈ w "→ x /∈ y ∧ x /∈ z

y ∩ z = w ∧ x ∈ y "→
{

(x ∈ z ∧ x ∈ w) ∨
(x /∈ z ∧ x /∈ w)

y ∩ z = w ∧ x ∈ w "→ x ∈ y ∧ x ∈ z

y ∩ z = w ∧ x /∈ y "→ x /∈ w

y ∩ z = w ∧ x /∈ w "→
{

x /∈ y ∨
x /∈ z

y \ z = w ∧ x ∈ y "→
{

(x /∈ z ∧ x ∈ w) ∨
(x ∈ z ∧ x /∈ w)

y \ z = w ∧ x ∈ z "→ x /∈ w

y \ z = w ∧ x ∈ w "→ x ∈ y ∧ x /∈ z

y \ z = w ∧ x /∈ y "→ x /∈ w

y \ z = w ∧ x /∈ w "→
{

x /∈ y ∨
x ∈ z

x ∈ y ∧ x /∈ y "→ false

Fig. 4. The rules F for the function ∈−introduction

x ∈ y ∧ z /∈ y "→
{

(n ∈ x ∧ n /∈ z) ∨
(n /∈ x ∧ n ∈ z)

Fig. 5. The rule S for the function Extensionalize

It is easy to see that each purely existentially quantified formula θ of L is equi-
valent to a formula θC1 in the class C1. The procedure REDUCTION presented
in Figure 6 allows, given a formula θ of L, to obtain such an equivalent formula
θC1 . Hence the procedure de− Boole, together with the procedure REDUCTION,
can be used to decide the class of purely existentially quantified formulae of L:
given a purely existentially quantified formula θ of L, in order to decide its satis-
fiability first we convert it into a formula θC1 in the class C1 using the procedure
REDUCTION, then we apply de− Boole to θC1 , and we check for a disjunct with-
out occurrences of false. Notice that the empty set ∅, whose existence is stated
from (N), can be expressed using a formula of C1: x = x \ x. It is easy to prove
that Set− � ∀x (x = x \ x↔ ∀y (y /∈ x)).

Example 2. Consider the formula ∃x, y (x = x ∪ y ∧ x �= y). It is satisfied in a
model of Set if and only if y is a proper subset of x. The procedure REDUCTION
maps it into (x = x ∪ y ∧wxy ∈ y ∧wxy /∈ x) ∨ (x = x ∪ y ∧wxy /∈ y ∧wxy ∈ x).
The procedure de− Boole applied to the first disjunct returns false after two
steps. It cannot be the case that there is an element of y which is not an element
of x. The procedure de− Boole applied to the second disjunct returns
x = x ∪ y ∧ wxy /∈ y ∧ wxy ∈ x, which is clearly satisfiable.
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r ⊆ s "→ xr = r ∧ xs = s ∧ xr = xr ∩ xs

r = s ◦ t "→ xr = r ∧ xs = s ∧ xt = t ∧ xr = xs ◦ xt

{r, s, t} ⊆ V and ◦ ∈ {∪,∩, \}

r = s "→ (xr = r ∧ xs = s ∧ wrs ∈ xs ∧ wrs /∈ xr)∨
(xr = r ∧ xs = s ∧ wrs /∈ xs ∧ wrs ∈ xr)

r ∈ s "→ xr = r ∧ xs = s ∧ xr ∈ xs

{r, s} ⊆ V
r /∈ s "→ xr = r ∧ xs = s ∧ xr /∈ xs

{r, s} ⊆ V
REDUCTION(θ) :

repeat {
ψ := θ;
if � is a literal in θ and �

T"→ p then
θ := θ with � replaced from p}

until (ψ = θ)
θ := disj form(θ).

Fig. 6. The rules T and the procedure REDUCTION

We conclude this section by observing that a rather simple way to improve the
procedure presented above consists in using a combinatorial result from [5,17]
in order to reduce the number of variables introduced by Extensionalize.

3 The Case with Powerset

3.1 The Language and the Theory

In this section we refer to the first-order language L = 〈F , C,P,V〉, with F = ∅,
C = {ai | i ∈ N} a denumerable set of constant symbols, P = {∪,∩, \, ℘,∈,⊆,=},
and V a denumerable set of variables. ∪,∩, \ are ternary predicate symbols, while
℘,∈,⊆,= are binary predicate symbols.

In order to facilitate the readability, we introduce the unary predicate symbol
at characterizing atoms, to be interpreted according to the following formula:

∀x (at(x)↔ ∀y (y /∈ x)).

An axiomatization for the first-order theory ASet− (where A stands for ‘atoms’)
is presented in Figure 7. The main differences between the theory ASet− and
the theory Set− are the following:
– the axioms (Na) and (D(a,b)) ensure the existence of infinitely many atoms,

i.e. sets without elements;
– the extensionality criterion for equality (clearly) does not apply to atoms.

As a consequence of these two facts, as it is explained in the following remark,
the operators ∪,∩, \, ℘ are not functional any more.

Remark 1. The predicate symbol ∪ is not functional only in the case where its
arguments are atoms, as follows from:
ASet− � ∀x, y, z, w ((∪(x, y, z) ∧ ∪(x, y, w) ∧ z �= w)→ (at(x) ∧ at(y)));
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(∪) ∀y, z, w (∪(y, z, w) ↔ ∀x (x ∈ w ↔ x ∈ y ∨ x ∈ z))
(∩) ∀y, z, w (∩(y, z, w) ↔ ∀x (x ∈ w ↔ x ∈ y ∧ x ∈ z))
(\) ∀y, z, w (\(y, z, w)↔ ∀x (x ∈ w ↔ x ∈ y ∧ x /∈ z))
(⊆) ∀x, y (x ⊆ y ↔ ∀z (z ∈ x → z ∈ y))
(℘) ∀y z (℘(y, z)↔ ∀x ((x ⊆ y ∧ ¬at(x)→ x ∈ z))∧

(x ∈ z → x ⊆ y))
(E) ∀x, y (¬at(x) → (x = y ↔ ∀z (z ∈ x ↔ z ∈ y)))
(Na) at(a)

for all a ∈ C
(D(a,b)) a = b

for all a, b ∈ C with a ≡ b

(S) ∀x∃y ∀z (z ∈ y ↔ z = x)

Fig. 7. The axiomatization of ASet−

ASet− � ∀x, y, z (at(x) ∧ at(y) ∧ at(z))→ ∪(x, y, z)).
The predicate symbol ∩ is not functional if its first argument does not share any
element with its second argument. The predicate symbol \ is not functional if
its first argument is a subset of its second argument. The predicate symbol ℘
always admits infinitely many solutions, as follows from:
ASet− � ∀x, y, z ((℘(x, y) ∧ ℘(x, z))→ ∀w (w ∈ z ∧ w /∈ y → at(w)));
ASet− � ∀x, y, z((℘(x, y) ∧ y ⊆ z ∧ ∀w (w ∈ z ∧ w /∈ y → at(w)))→ ℘(x, z)).

Definition 2. A system S of L is a finite set of equations of the form

x = {y1, . . . , yn} or x = a

where x, y1, . . . , yn ∈ V, and a ∈ C, such that for each variable x in S, there is
exactly one equation in S in which x occurs as the l.h.s..

In our construction we will also make use of the following adaptation (AFAA)
of the anti-foundation axiom:

Every system of L has a unique solution.

We use ASet to refer to the theory ASet− together with3 the axiom (AFAA).

3.2 A Model of ASet

A rather natural question at this point is whether or not ASet has a model: the
following construction provides one such model.

Let α be an infinite ordinal, let V<α be the set of all well-founded sets of
rank less than α, let V=α the set of all well-founded sets of rank α, and let
U ′

α = U \V<α be the universe of all non-well-founded sets (see [1]) not belonging
to V<α. We use Wα to denote the quotient U ′

α/
∼=, where:

∀x, y ∈ U ′
α(x ∼= y iff x /∈ V=α ∧ y /∈ V=α ∧ ∀z ∈ U ′

α(z ∈ x↔ z ∈ y))
3 (AFAA) is not a generalization of (AFA): each system corresponds to a finite graph.
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We consider the structure Mα for the language L with support Wα and inter-
pretation function ()′ defined as follows:

x ∈′ y iff x ∈ y

∪′(x, y, z) iff
{

z = x ∪ y if ∃w (w ∈′ x ∨ w ∈′ y)
z ∈ V=α otherwise

∩′(x, y, z) iff
{

z = x ∩ y if ∃w (w ∈′ x ∧ w ∈′ y)
z ∈ V=α otherwise

\′(x, y, z) iff
{

z = x \ y if ∃w (w ∈′ x ∧ w /∈′ y)
z ∈ V=α otherwise

x ⊆′ y iff
{

x ⊆ y if ∃w (w ∈′ x)
x ∈ V=α otherwise

℘′(x, y) iff ∀w (w ∈′ y → w ∈ ℘(x) ∨ w ∈ V=α)∧
∀w ((w ∈ ℘(x) ∧ w /∈ V=α)→ w ∈′ y)

a′
i = wi for all ai ∈ C, with wi ∈ V=α, wi ≡ wj

Theorem 2. If α is an infinite ordinal, then Mα is a model of ASet.

3.3 A Decision Procedure for C2

In the following we present a decision procedure for the satisfiability problem
for the class of purely existentially quantified formulae of the language L, with
respect to the theory ASet. First we show how to deal with a restricted class C2
and then we prove that the whole class of purely existentially quantified formulae
can be reduced to disjunctions of formulae in the class C2. While in Section 2.2
we have presented a deterministic procedure, here, for the sake of simplicity,
we define a non-deterministic procedure: instead of considering all the possible
disjuncts, each time we make a choice and we add only one of them.

Let ϕ be a conjunction of literals of the form:

x ∈ y, x /∈ y, ◦(x1, x2, y), ℘(x, y) (2)

where x, x1, x2, y are variables and ◦ ∈ {∪,∩, \}. The class C2 is the class of
all conjunctions of literals of the form (2).

The procedure de− ℘Boole (Figure 8), allows to decide the finite satisfia-
bility of a formula ϕ of the class C2. Two procedures, ∈−℘introduction and

de− ℘Boole(ϕ) :
S := FV (ϕ);
∈−℘introduction(ϕ);
℘Extensionalize(ϕ, S);
∈−℘introduction(ϕ).

Fig. 8. The procedure de− ℘Boole

℘Extensionalize, are used in de− ℘Boole; these procedures take a formula as glo-
bal variable, hence, for instance, the formula ϕ in the third line is not necessarily
the same as the one which occurs in the second line.
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The main differences between the function ∈−introduction and the procedure
∈−℘introduction are the eight new rules in ∈−℘introduction to deal with the ℘
relation symbol and the fact that the rules of ∈−℘introduction have been split
into 1P and 2P in order to control the termination.

The procedure ∈−℘introduction calls, inside a repeat-loop, two auxiliary pro-
cedures, ∈−Boolean and ∈−Powerset, which transform the formula ϕ into a for-
mula ϕ′ equivalent to ϕ with respect to the theory ASet−. At the end of each
iteration of this loop three sets of variables are taken into consideration to en-
force termination. The purpose of the procedures ∈−Boolean and ∈−Powerset

∈−℘introduction(ϕ) :
FV := FV (ϕ);
B := false;
r := 0;
repeat {

ψ := ϕ;
r := r + 1;
∈−Boolean(ϕ);
∈−Powerset(ϕ);
New := {(x, y) |x, y ∈ S and (x ◦ y) in ϕ \ ψ with ◦ =∈, /∈};
New := New ∪ {kxy | kxy ∈ FV (ϕ) \ FV (ψ)};
if New = ∅ then r := 0;
Nn[r] := {Vn |n ∈ FV (ϕ) \ FV (ψ)};
Nh[r] := {Vhxn |hxn ∈ FV (ϕ) \ FV (ψ)};
Inc[r] := {(x, y) |x, y ∈ S and if(z ∈ x) in ϕ, then (z ∈ y) in ϕ};
Pict[r] := 〈Nn[r], Nh[r], Inc[r]〉;
if (∃s < r Pict[s] = Pict[r]) then

B := true;
until (ϕ = ψ ∨B});
if B then ϕ := false.

Fig. 9. The procedure ∈−℘introduction

is to apply the rules presented in Figures 11 and 12. The rules applied by the
procedure ∈−Boolean are almost the same as the ones applied by the function4

∈−introduction presented in Section 2.2. Two new rules have been introduced to
deal with literals of the form y = {x1, . . . , xh} which, even though not literals of
the language, are useful to explain the procedures. Moreover here the first, third,
fifth, and seventh rules of 1P (see Figure 11) need to be applied to both y and z.
The rules 2P applied by ∈−Powerset deal with literals of the form ℘(x, y). These
rules cannot be applied without control, since they can lead to non-termination.
The sets Nn[r], Nh[r], and Inc[r] in the procedure ∈−℘introduction are used to
check that there are no loops in the rules applied by ∈−Powerset: the set Nn[r]
collects the sets of variables into which a new variable n (a variable introduced
by the second rule of 2P ) has been added; the set Nh[r] has the same purpose
as Nr[n] w.r.t. the variables h introduced by the sixth rule of 2P ; the set Inc[r]

4 Here we use procedures instead of functions because of non-determinism.
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collects the pairs (x, y) such that, at step r, x is still a subset of y. As follows
from Lemma 3 the condition we impose over these sets ensures the termina-
tion, while Lemma 4 proves that ∃s < r Pict[s] = Pict[r] leads only to infinite
solutions. The second rule of 2P , see Figure 12, must be applied once for each
subset of literals zi ∈ y of the formula. For each new variable � introduced by the
second or the sixth rule of 2P , the last two rules of 2P decide to which variables
of ϕ the variable � belongs. The procedure ℘Extensionalize is the analogue of

∈−Boolean(ϕ) :
repeat {

ψ := ϕ;
if (ϕ 1P"→ θ) then

ϕ := ϕ ∧ θ; }
until (ϕ = ψ)

∈−Powerset(ϕ) :
V := FV (ϕ);
repeat {

ψ := ϕ;
if (ϕ(x, y, z, zi, w, t) 2P"→ θ ∧ x, y, z, zi, w, t ∈ V ) then

ϕ := ϕ ∧ θ; }
until (ϕ = ψ)

Fig. 10. The procedures ∈−Boolean and ∈−Powerset

the function Extensionalize of Section 2.2. The new variables introduced by this
procedure can always be instantiated to atoms.

Example 3. Each atom ai ∈ C is a solution of the formula ℘(x, x). Also the
formula ℘(x, x) ∧ y ∈ x admits finite solutions. In this case one of the output
formulae of our procedure is ℘(x, x) ∧ y ∈ x ∧ y = {y}, which is satisfied by
the solution of the system x = {y} ∧ y = {y}. The fact that ℘(x, x) admits
solutions is a consequence of the fact that it can be the case that some atom
belongs to the second argument of a ℘-literal. On the other hand, if we consider
the formula ℘(x, x) ∧ y ∈ x ∧ y /∈ y, there are no models of ASet in which this
formula has finite solutions: {y}i belongs to x, for all i ∈ N, and {y}i �= {y}j , if
i �= j. If we consider the set of rules 1P ∪ 2P and we apply them to the formula
without concern for the newly introduced variables, then we obtain: y ∈ x, hence
n1 = {y} ∧ n1 ∈ x, hence n2 = {n1} ∧ n2 ∈ x, and so on. Our procedure detects
such loops and it terminates with output false.

Lemma 3. The procedure de− ℘Boole(ϕ) always terminates.

Proof. We prove that the two procedures ∈−℘introduction and ℘Extensionalize
always terminate.
At the end of each iteration of the repeat-loop in ∈−℘introduction, one of the
following holds:
1. ϕ = ψ; 2. ∃s < r Pict[s] = Pict[r]; 3. New �= ∅; 4. ∀s < r Pict[s] �= Pict[r].
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∪(y, z, w) ∧ x ∈ y "→ x ∈ w

∪(y, z, w) ∧ x ∈ w "→
{

x ∈ y or
x ∈ z

∪(y, z, w) ∧ x /∈ y "→
{

x /∈ z ∧ x /∈ w or
x ∈ z ∧ x ∈ w

∪(y, z, w) ∧ x /∈ w "→ x /∈ y ∧ x /∈ z

∩(y, z, w) ∧ x ∈ y "→
{

x ∈ z ∧ x ∈ w or
x /∈ z ∧ x /∈ w

∩(y, z, w) ∧ x ∈ w "→ x ∈ y ∧ x ∈ z

∩(y, z, w) ∧ x /∈ y "→ x /∈ w

∩(y, z, w) ∧ x /∈ w "→
{

x /∈ y or
x /∈ z

\(y, z, w) ∧ x ∈ y "→
{

x /∈ z ∧ x ∈ w or
x ∈ z ∧ x /∈ w

\(y, z, w) ∧ x ∈ z "→ x /∈ w

\(y, z, w) ∧ x ∈ w "→ x ∈ y ∧ x /∈ z

\(y, z, w) ∧ x /∈ y "→ x /∈ w

\(y, z, w) ∧ x /∈ w "→
{

x /∈ y or
x ∈ z

x ∈ y ∧ x /∈ y "→ false
y = {x1, . . . , xh} ∧ xi /∈ y "→ false

ϕ ∧ y = {x1, . . . , xh} ∧ x ∈ y "→

⎧
⎨
⎩

ϕ[x1/x] or
. . .
ϕ[xh/x]

Fig. 11. The rules 1P for the procedure ∈−Boolean

If either 1. or 2. holds, then ∈−℘introduction terminates. Condition 3. holds
only a finite number of times, since there are at most 2|FV (ϕ)|2 literals of
the form x ∈ y or x /∈ y and at most |FV (ϕ)|(|FV (ϕ)| − 1) variables of the
form kxy which can be added to ϕ. So, there exists m such that for all k ≥ m
condition 3. does not hold at the kth iteration of the repeat-loop. Condition 4.
cannot hold infinitely many times after the m-th iteration of the repeat-loop:
Nn[r], Nh[r] ∈ ℘(℘(|FV (ϕ)|)) and Inc[r] ∈ ℘(|FV (ϕ)|2), hence condition 4.
does not hold for more than 42|F V (ϕ)|

2|FV (ϕ)|2 consecutive iterations of the loop.
Hence, after at most m+42|F V (ϕ)|

2|FV (ϕ)|2 iterations, ∈−℘introduction terminates
and m ≤ [2|FV (ϕ)|2 + |FV (ϕ)|(|FV (ϕ)| − 1))][42|F V (ϕ)|

2|FV (ϕ)|2 ].
The procedure ℘Extensionalize(ϕ) introduces new variables, but it makes use
only of the literals in ϕ. Hence it must be the case that x, y, z ∈ FV (ϕ) and
x �≡ z. Therefore, the maximum number of steps and variables introduced by
the procedure ℘Extensionalize(ϕ) is |FV (ϕ)|2(|FV (ϕ)| − 1). ��

Example 4. The number of new variables introduced by de− ℘Boole blows up.
As a matter of fact there are formulae with n variables whose minimal solution
involves sets with 222...

︸ ︷︷ ︸
n

elements: ℘(x0, x1)∧. . .∧℘(xn−1, xn)∧y ∈ x0∧\(y, y, y).
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℘(y, x) ∧ z ∈ x ∧ w ∈ z "→ w ∈ y

℘(y, x) ∧ (zi ∈ y)h
i=1 "→ n = {z1, . . . , zh} ∧ n ∈ x

℘(y, x) ∧ z /∈ x ∧ w ∈ z "→ kzy ∈ z ∧ kzy /∈ y
with z ≡ {. . .}

℘(y, x) ∧ n /∈ x ∧ n = {z1, . . . , zh} "→

⎧
⎨
⎩

z1 /∈ y or
. . .
zh /∈ y

℘(y, x) ∧ z /∈ y ∧ w ∈ x "→ z /∈ w

t = {z1, . . . , zh} ∧ ϕ[x] "→
{

ϕ[t/x] or
hxt ∈ x ∧ hxt /∈ t∧

y∈Vn
n ∈ y ∧

∧
y∈S\Vn

n /∈ y

with Vn ⊆ S∧
y∈Vhxn

hxn ∈ y ∧
∧

y∈S\Vhxn
hxn /∈ y

with Vhxn ⊆ S

Fig. 12. The rules 2P for the procedure ∈−Powerset

℘Extensionalize(ϕ, S) :
ψ := true;
repeat {

σ := ψ;
if (ϕ(x, y, z) SP"→ θ ∧ x, y, z ∈ S) then

ψ := ψ ∧ θ; }
until (ψ = σ);
ϕ := ϕ ∧ ψ

Fig. 13. The procedure ℘Extensionalize

Lemma 4. If false is the output formula of ∈−℘introduction(ϕ), then ϕ does
not have finite solutions.

Proof. If false has been returned using a rule of the procedure ∈−Boolean, then
ϕ is not satisfiable.

If false has been returned by the if condition of ∈−℘introduction, then there
is a loop where new variables of type n and hxy have been introduced. This
means that there are two steps s and r such that Pict[r] = Pict[s], with:
ns

1, . . . , ns
m, hs

1, . . . , hs
� introduced at step s;

ns+1
1 , . . . , ns+1

o , hs+1
1 , . . . , hs+1

v introduced at step s + 1;
. . .
nr

1, . . . , nr
q, hr

1, . . . , hr
t introduced at step r.

Moreover, neither new literals of the form x ∈ y or x /∈ y with x, y ∈ FV (ϕ),
nor new variables kxy are introduced in the steps between step s and step r.

We prove that we can reproduce the situation of step s + 1 at step r + 1.
Since neither new literals x ∈ y or x /∈ y, nor new variables kxy (with

x, y ∈ FV (ϕ)) are added, all the variables n’s introduced at step s + 1 have
at least one element which has been introduced at step s. If ns+1

j = {. . . , ts, . . .}
with ts introduced at step s, then we consider nr+1

j = {. . . , tr, . . .}, where tr

is an element introduced at step r which has the same characterization Vtr of
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x ∈ y ∧ z /∈ y "→
{

mxz ∈ x ∧mxz /∈ z or
mzx /∈ x ∧mzx ∈ z

Fig. 14. The rule SP for the procedure ℘Extensionalize

ts, and we choose for nr+1 the set Vnr+1
j

= Vns+1
j

. If hs+1
xqs has been introduced

during step s + 1, then qs has been introduced during step s using a literal of
the form ℘(z, w), moreover the literal qs ∈ w has been introduced at step s.
The introduction of hs+1

xqs means that all the elements of x were elements of qs

at step s, i.e. (x, z) ∈ Inc[s], since all the elements of qs were elements of z.
From our hypothesis we have Inc[s] = Inc[r], and hence there is an element qr

introduced at step r using the same rule used to introduce qs which has exactly
all the elements of x. Therefore at step r + 1 we can introduce hr+1

xqr and choose
Vhr+1

xqr
= Vhs+1

xqs
. If we have to introduce other elements at step r + 1 we can

introduce them using one of the characterizations used at step s + 1. Hence we
have that Newn[r + 1] = Newn[s+ 1] and Newh[r + 1] = Newh[s+ 1], since we
have introduced enough new variables to cover Newn[s + 1] and Newh[h + 1],
and all the choices have been performed inside these sets. Moreover Inc[r+1] =
Inc[s + 1], since this follows from the fact that all the new variables introduced
are added to the same subsets of variables used at step s + 1. Hence, if the
procedure does not fail, it loops forever and builds a solution which is not finite:
all the new variables introduced are necessary to satisfy the formula and at each
step we try to identify the new variables n’s with the old variables. ��

Lemma 5. Let ψ be the output formula of de− ℘Boole(ϕ). If in ψ there are no
literals of the form false, then in every model of ASet ψ is finitely satisfiable.

Proof. Let us consider the following sets of equations:
– x = {y1, . . . , yh} for each variable x in ψ such that in ψ there is at least

one literal of the form yj ∈ x, where y1, . . . , yh are all the variables which
appear in yi ∈ x in ψ;

– x = ax for each variable x in ψ which does not appear in any literal of
the form y ∈ x the equation, where ax is an atom and ax �= ay, if x �≡ y.

(AFAA) ensures that the system containing all the above equations has always
a (unique) solution σ = [x1/x̄1, . . . , xn/x̄n]. This σ satisfies ϕ. ��

From this lemma we have:

Theorem 3. Let ψ1, . . . , ψm be the non-deterministic outputs of the procedure
de− ℘Boole(ϕ). In every model of ASet, the formula ϕ has a finite solution if
and only if there exists j ∈ {1, . . . ,m} such that in ψj there are no literals of the
form false.

Each purely existentially quantified formula θ of L is equivalent to a disjunc-
tion of formulae θC2

1 ∨ . . .∨θC2
n in the class C2. Given a formula θ, let θ1∨ . . .∨θn

be its disjunctive normal form. The procedure ℘REDUCTION presented in Fi-
gure 15 allows, given a formula θj which is a conjunction of literals of L, to
obtain a formula θC2

j in C2. Hence the procedure de− ℘Boole, together with the
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x ⊆ y "→ ∩(x, y, x)
x = y "→ x ∈ z ∧ y /∈ z with z ∈ V \ FV (θ)
REDUCTION(θ) :

S := FV (θ);
repeat {

ψ := θ;
if (a ∈ C and a in θ then

let x ∈ V \ FV (θ) in θ := θ[a/x]; }
until (ψ = θ);
for each {x1, x2} ⊆ FV (θ) \ S do

θ := θ ∧ x1 = x2;
repeat {

ψ := θ;
if � is a literal in θ and �

2T"→ p then
θ := θ with � replaced from p}

until (ψ = θ)
repeat {

ψ := θ;
if x = y is a literal in θ then

θ := (θ \ (x = y))[x/y]}
until (ψ = θ).

Fig. 15. The rules 2T and the procedure ℘REDUCTION

procedure ℘REDUCTION, can be used to decide the class of purely existentially
quantified formulae of L.

Corollary 1. If θ is a conjunction of literals of L and ψ is the output formula
of the procedure ℘REDUCTION, then ψ is in C2 and θ is satisfiable in a model
of ASet if and only if ψ is satisfiable in a model of ASet.

4 Conclusion and Future Developments

The procedure we have presented to decide the finite satisfiability of purely
existentially quantified formulae with a powerset-like predicate, makes use of
rules which hold also in stronger theories, i.e. set theories without atoms, such
as Set ∪ {(℘)}. It would be interesting to analyze if it is possible to apply the
procedure for deciding the finite satisfiability in the context of set theories with
extensionality:

– if the output of the procedure is false, then the formula is not finitely satis-
fiable, even without atoms;

– if the output is different from false and σ is a solution of the output formula
in a model of ASet, then it would be interesting to find conditions which
ensure that from this solution we can move to a solution without atoms.

When we are working in the context of a well-founded set theory we also have to
check that the membership relation is not circular. In this context the decision
result presented in [10] ensures that a formula is satisfiable if and only if it is
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finitely satisfiable and the result also gives a bound on the rank of a ‘minimal’
solution.

A possible line of investigation at this point is the analysis of which conditions
ensure that formulae with powerset have the finite model property, i.e. they are
satisfiable if and only if they are finitely satisfiable.

The formulae with powerset presented in this work can be seen as translations
of modal formulae. Hence, we intend to study the relationships between the
solutions with atoms that we have presented here, and the modal models of the
formulae.
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Abstract. We present a tableau method for Levesque’s logic of only
knowing OL. More precisely, we define a tableau calculus for the logic
of only knowing and knowing at most (ONL), which is an extension of
OL. The method is based on the possible-world semantics of the logic
ONL, and can be considered as an extension of known tableau calculi
for modal logic K45. From the technical viewpoint, the main features of
such an extension are the explicit representation of “unreachable” worlds
in the tableau, and an additional branch closure condition implementing
the property that each world must be either reachable or unreachable.
Such a calculus allows for establishing the computational complexity of
reasoning about only knowing and knowing at most. Moreover, we prove
that the method matches the worst-case complexity lower bound of the
satisfiability problem in both ONL and OL.

1 Introduction

Epistemic logics for commonsense reasoning are generally based on the idea of
providing systems (agents) with the ability of introspecting on their own know-
ledge and ignorance [19,23,15]. To this aim, an epistemic closure assumption is
generally adopted, which informally can be stated as follows: “the logical theory
formalizing the agent is a complete specification of the agent’s knowledge”. As a
consequence, any fact that is not entailed by such a theory, according to a given
semantics, is assumed to be not known by the agent.

This paradigm underlies the vast majority of the logical formalizations of
nonmonotonic reasoning [15]. Roughly speaking, there exist two different ways
to embed such a principle into a logic: (i) by considering a nonmonotonic for-
malism, whose semantics implicitly realizes such a “closed” interpretation of the
logical theory representing the agent’s knowledge; (ii) by representing the closure
assumption explicitly in the framework of a monotonic logic, suitably extending
its syntax and semantics. The first approach has been pursued in the definition
of several modal formalizations of nonmonotonic reasoning, e.g. McDermott and
Doyle’s nonmonotonic modal logics [17], Halpern and Moses’ logic of minimal
epistemic states [9] and Lifschitz’s logic of minimal belief and negation as failure
[16]. On the other hand, the second approach has been followed by Levesque

Roy Dyckhoff (Ed.): TABLEAUX 2000, LNAI 1847, pp. 383–397, 2000.
c© Springer-Verlag Berlin Heidelberg 2000
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[15] in the definition of the logic of only knowing (OL), obtained by adding a
second modal operator, denoted as O and interpreted in terms of “all-I-know”,
to modal logic K45. Informally, such an interpretation of the modality O is ob-
tained through a maximization of the set of successors of each world satisfying
O-formulas.

In a nutshell, the logic of only knowing is a monotonic formalism, in which
the modality O allows for an explicit representation of the epistemic closure
assumption at the object level (i.e. in the language of the logic), whereas in
nonmonotonic formalisms the closure assumption is a meta-level notion. E.g., let
ϕ be a modal formula specifying the knowledge of the agent: in the logic of only
knowing, satisfiability of the formula Oϕ in a world w requires maximization
of the possible worlds connected to w and satisfying ϕ; an analogous kind of
maximization is generally realized by the preference semantics of nonmonotonic
modal logics, by choosing, among the models for ϕ, only the models having a
“maximal” set of possible worlds, where such a notion of maximality changes
according to the different proposals.

While the problem of finding a complete axiomatization for the logic OL has
been extensively analyzed [15,7,8], few studies have analyzed the computatio-
nal aspects of (and/or reasoning methods for) reasoning about only knowing.
Indeed, the computational complexity of reasoning about only knowing in the
propositional case has been only recently established [24]. The other related stu-
dies appearing in the literature concern a fragment of OL built upon a very
restricted subclass of propositional formulas, for which satisfiability is tractable
[14], and a computational study of a framework in which only knowing is added
to a formal model of limited reasoning [12].

In this paper we present a tableau method for the modal propositional frag-
ment of Levesque’s logic of only knowing OL. More precisely, we define a tableau
calculus for the logic of only knowing and knowing at most (ONL) [15,8], which
extends OL with a third modality N interpreted in terms of “knowing at most”.
Informally, the meaning of a formula Nϕ in ONL is “I know at most ¬ϕ”, which
is realized, in terms of a Kripke-style semantics, by imposing that Nϕ is satisfied
in a world w if and only if all the worlds satisfying ¬ϕ are connected to w.

The method is strictly based on the possible-world semantics of the logic
ONL, and can be considered as an extension of known tableau calculi for the
modal logic K45. From the technical viewpoint, the main feature of such an
extension is the explicit representation of “unreachable” worlds in the tableau,
which allows for a proper handling of N -subformulas in the tableau. However,
the explicit representation of unreachable worlds requires an additional branch
closure condition in the calculus, which implements the restriction that each
possible world must be either reachable or unreachable from the initial world.
Such a condition is decided in our calculus by means of a second level tableau,
which looks for the existence of a world that can be neither reachable nor un-
reachable from the initial world of any model consistent with the branch of the
main tableau. Therefore, if such a world exists (i.e., the second level tableau is
open), then the branch of the main tableau is closed.
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Our tableau calculus allows for establishing the computational complexity of
reasoning about only knowing and knowing at most: in particular, we prove that
satisfiability in the modal propositional fragment of ONL is Σp

2 -complete, while
validity is Πp

2 -complete. We also prove that our method matches the worst-case
complexity lower bound of the satisfiability problem in both ONL and OL, and
in this sense it can be considered as “optimal” for such two logics.

We remark that, due to its powerful expressive capabilities, the logic of only
knowing is generally considered as a very general formalism for nonmonotonic
reasoning. In particular, it has been proven [3] that such a logic is able to na-
turally embed several well-known nonmonotonic formalisms, i.e., autoepistemic
logic, prerequisite-free default logic, disjunctive logic programming under stable
model semantics, and circumscription. Due to such embeddings, our method can
be also seen as a general, semantic-based calculus for nonmonotonic reasoning.

In the following, we first briefly introduce the modal logic of only knowing
and knowing at most ONL. Then, in Section 3 we present the tableau calculus
for ONL, and in Section 4 we sketch the correctness proof of the method. In
Section 5 we analyze the computational properties of our method, and establish
the complexity of reasoning in ONL. Finally, we discuss related work and draw
some conclusions in Section 6.

2 The Logic ONL

In this section we briefly recall the formalization of only knowing [15]. We assume
that the reader is familiar with the basic notions of modal logic. We recall that
K45 denotes the modal logic interpreted on Kripke structures whose accessibility
relation among worlds is transitive and euclidean, while modal logic S5 imposes
in addition that the relation be serial and reflexive (see e.g. [10] for more details).

We use L to denote a fixed propositional language with propositional connec-
tives ∧,¬ (the symbols ∨,⊃,≡ are used as abbreviations), and whose generic
atoms are elements of a countably infinite alphabet A of propositional symbols.
We assume that A contains the symbols true, false. An interpretation (also called
world) over L is a function that assigns a truth value to every atom of L. For
each interpretation w, w(true) = TRUE and w(false) = FALSE. The interpreta-
tion of a propositional formula in an interpretation is defined in the usual way.
We say that a formula ϕ ∈ L is satisfiable if there exists an interpretation w
such that w(ϕ) = TRUE (which we also denote as w |= ϕ).

We use LO to denote the modal extension of L with the modalities K, N and
O. We also use LK to denote the modal extension of L with the only modality
K, and LN to denote the modal extension of L with the only modality N . We
call O-formula a formula from LO of the form Oϕ. Notice that, with respect to
[15], we slightly change the language, using the modality K instead of B.

In the following, we call modal atom a sentence of the form Kψ, Nψ or Oψ,
with ψ ∈ LO. Given ϕ ∈ LO, we call modal atoms of ϕ (and denote as MA(ϕ))
the set of modal atoms occurring in ϕ.
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The semantics of a formula ϕ ∈ LO is defined in terms of satisfiability in a
structure (w,M) where w is an interpretation (called initial world) and M is a
set of interpretations.

Definition 1. Let w be an interpretation on L, and let M be a set of such
interpretations. We say that a formula ϕ ∈ LO is satisfied in (w,M), and write
(w,M) |= ϕ, iff the following conditions hold:

1. if ϕ ∈ L, then (w,M) |= ϕ iff w(ϕ) = TRUE;
2. if ϕ = ¬ϕ1, then (w,M) |= ϕ iff (w,M) �|= ϕ1;
3. if ϕ = ϕ1 ∧ ϕ2, then (w,M) |= ϕ iff (w,M) |= ϕ1 and (w,M) |= ϕ2;
4. if ϕ = Kϕ1, then (w,M) |= ϕ iff for every w′ ∈M , (w′,M) |= ϕ1;
5. if ϕ = Nϕ1, then (w,M) |= ϕ iff for every w′ �∈M , (w′,M) |= ϕ1;
6. if ϕ = Oϕ1, then (w,M) |= ϕ iff for every w′, w′ ∈M iff (w′,M) |= ϕ1.

From the above definition, it follows that the modality O can be expressed
by means of the modality K and N : precisely, for each ϕ ∈ LO and for each
(w,M), (w,M) |= Oϕ if and only if (w,M) |= Kϕ ∧N¬ϕ.

We say that ϕ ∈ LO is weakly ONL-satisfiable if there exists (w,M) such
that (w,M) |= ϕ. The above semantics is not actually the one originally propo-
sed in [15]: in addition to the above rules, a pair (w,M) must satisfy a maxi-
mality condition for the set M , as described below. Such a requirement is due
to technical reasons, however, as mentioned in [7], the above, weaker notion of
satisfiability is also meaningful.

In the following, Th(M) denotes the set of formulas Kϕ such that ϕ ∈
LK and, for each w ∈ M , (w,M) |= Kϕ. Given two sets of interpretations
M1,M2, we say that M1 is equivalent to M2 iff Th(M1) = Th(M2). A set of
interpretations M is maximal iff, for each set of interpretations M ′, if M ′ is
equivalent to M then M ′ ⊆ M . A formula ϕ ∈ LO is ONL-satisfiable iff there
exists a pair (w,M) such that (w,M) |= ϕ and M is maximal.

We say that a formula ϕ ∈ LO is ONL-valid iff ¬ϕ is not ONL-satisfiable.
It can be proven [24] that the notions of ONL-satisfiability and weak ONL-
satisfiability of a formula from LO coincide. We recall, however, that ONL-
satisfiability and weak ONL-satisfiability for infinite theories are, in general,
different (see [15, Section 2.4]).

As for reasoning in ONL, we give the following definition, which allows us
to immediately reduce reasoning to unsatisfiability in ONL.

Definition 2. A formula ϕ ∈ LO entails a formula ψ ∈ LO in ONL (denoted
as ϕ |=ONL ψ) iff ϕ ⊃ ψ is ONL-valid.

Remark. An alternative definition of entailment is given in several studies on
epistemic and nonmonotonic modal logics (see e.g. [17, Definition 7.9]). Such a
notion is based on the following notion of validity of a modal formula in a model:
a formula ϕ is valid in a Kripke modelM iff, for each world w inM, (w,M) |= ϕ.
The notion of entailment is then expressed as follows: “ψ is entailed by ϕ iff ψ
is valid in every model in which ϕ is valid”. The two notions are in general
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different, and such a difference also holds for the logic ONL. However, since in
ONL the accessibility relation of each interpretation structure is transitive, it
can immediately be shown [17, Remark 7.11] that the last notion of entailment
can be reduced to the one given in Definition 2, and hence to validity in ONL: ψ
is entailed by ϕ according to the last notion iff (ϕ∧Kϕ) ⊃ ψ is ONL-valid. ��

Notice that the above semantics strictly relates the logic ONL with modal
logic K45, since there is a precise correspondence between the pairs (w,M) used
in the above definition and K45 models. We recall that, with respect to the
satisfiability problem, a K45 model can be considered without loss of generality
as a pair (w,M), where w is a world, M is a set of worlds (possibly empty),
w is connected to all the worlds in M, the worlds in M are connected with
each other (i.e. M is a cluster, namely a universal S5 model) and no world in
M is connected to w [17]. Thus, in the following we will refer to a pair (w,M)
as a K45 model whose S5 component is M . Notice also that, if ϕ ∈ LK , then
ϕ is ONL-satisfiable if and only if it is K45-satisfiable, which is shown by the
fact that, if a K45 model (w,M) satisfies such a ϕ, then there exists a maximal
set M ′ equivalent to M , hence (w,M ′) satisfies ϕ. The same property holds for
ϕ ∈ LN : precisely, it can be immediately proven that ϕ is ONL-satisfiable if and
only if ϕ[N/K] is K45-satisfiable, where ϕ[N/K] is the formula obtained from ϕ
by replacing each modality N with K.

The logic of only knowing OL [15] simply corresponds to the fragment of
ONL obtained by restricting the language to the subset of LO not containing
the modality N , i.e., built upon the modalities K and O.

As a combination of the modalities K and N , the interpretation of the O
modality is obtained through the maximization of the set of successors of each
world satisfying an O-formula. As pointed out e.g. in [13], the meaning of an
O-formula Oϕ such that ϕ is non-modal is intuitive, whereas it is more difficult
to understand the semantics of an O-formula with nested modalities.

Example 1. Suppose ϕ ∈ L. Then, (w,M) is a model for Oϕ iff M = {w : w |=
ϕ}. Hence, prefixing ϕ with the modality O corresponds to maximizing the set
of possible worlds in M , which contains all interpretations consistent with ϕ. ��
Example 2. Suppose ϕ ∈ L and ϕ is not a tautology. Then, the formula OKϕ
is not ONL-satisfiable. Suppose OKϕ is ONL-satisfiable: then, there exists
(w,M) such that (w,M) |= OKϕ. Now, it is easy to see that, by Definition 1,
M cannot contain any interpretation w′ such that w′ �|= ϕ. On the other hand,
since ϕ is not a tautology, there exists such an interpretation w′; moreover,
(w′,M) |= Kϕ, since the interpretation of Kϕ in (w′,M) does not depend on
the initial world, hence by Definition 1 it follows that w′ ∈ M . Contradiction.
Hence, OKϕ is not ONL-satisfiable. On the contrary, O(Kϕ ∧ ϕ) is ONL-
satisfiable, under the assumption that ϕ is satisfiable. ��

3 The Tableau Method

In this section we define a tableau calculus for ONL. In a nutshell, the calculus is
based on tableau expansion rules which include the standard rules of a tableau for
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and-rule: if σ : ψ1 ∧ ψ2 ∈ B, and either σ : ψ1 ∈ B or σ : ψ2 ∈ B, then add
σ : ψ1 and σ : ψ2 to B;

or-rule: if σ : ψ1 ∨ ψ2 ∈ B, and neither σ : ψ1 ∈ B nor σ : ψ2 ∈ B, then add
either σ : ψ1 or σ : ψ2 to B;

not-and-rule: if σ : ¬(ψ1 ∧ ψ2) ∈ B, and neither σ : ¬ψ1 ∈ B nor σ : ¬ψ2 ∈ B,
then add either σ : ¬ψ1 or σ : ¬ψ2 to B;

not-or-rule: if σ : ¬(ψ1∨ψ2) ∈ B, and either σ : ¬ψ1 ∈ B or σ : ¬ψ2 ∈ B, then
add σ : ¬ψ1 and σ : ¬ψ2 to B;

not-not-rule: if σ : ¬(¬ψ) ∈ B and σ : ψ ∈ B, then add σ : ψ to B.

Fig. 1. Propositional tableau expansion rules.

the logic K45 [5,18,6] for handling propositional connectives and the modalities
K and N : in particular, K-formulas and N -formulas in each tableau branch are
handled by two separate clusters: the first cluster represents the worlds that
must be connected to the initial world, i.e., the set of reachable worlds, while
the second one represents the set of unreachable worlds, i.e., the worlds that
must be disconnected from the initial world. In addition, a restricted cut rule
enforces the presence of each modal subformula of the initial formula in each
branch. Finally, a special branch closure condition enforces the restriction that
each possible world must be either reachable or unreachable, i.e., must belong
either to the first or to the second cluster: such a condition is decided by means
of an auxiliary tableau.

The tableau expansion rules are reported in Figure 1 and Figure 2. The
tableau calculus deals with prefixed formulas of the form σ : ψ, where σ is a
prefix, i.e. either the number 0 or a pair of the form (1, n) or (2, n), where n is
an integer greater than 0. Given a formula ϕ ∈ LO, a branch of the tableau for ϕ
is a set of prefixed formulas containing the prefixed formula 0 : ϕ and obtained
by applying the expansion rules reported in Figure 1 and Figure 2.

Let us now briefly describe the tableau rules. First, the rules reported in
Figure 1 are analogous to the usual rules for handling propositional connectives
in tableau methods. As for the rules reported in Figure 2 for handling modalities,
the K-rule and ¬K-rule are standard expansion rules for the K45 modality [5]:
in particular, the ¬K-rule adds the representation of a new world in the branch,
by introducing a new prefix. The N -rule and ¬N -rule are exactly the same as
the K-rule and ¬K-rule, but they affect the second cluster (i.e., the prefixes of
the form (2, n)) instead of the first one. The M-rule propagates each formula
prefixed by a modal operator in the initial world, which simplifies the treatment
of such kind of formulas by the other expansion rules.

The O-rule and ¬O-rule simply convert O-formulas in terms of the modalities
K and N , based on the fact that Oψ is equivalent to Kψ ∧N¬ψ; therefore, the
presence of a formula Oψ in the branch causes the addition of the formulas Kψ,
N¬ψ in the branch, while a formula ¬Oψ causes the addition of either ¬Kψ or
¬N¬ψ in the branch. We remark that the presence of the O-rule and the ¬O-rule
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cut-rule: if ψ ∈ MA(ϕ) and neither 0 : ψ ∈ B nor 0 : ¬ψ ∈ B, then add either
0 : ψ or 0 : ¬ψ to B;

M-rule: if σ : Mψ ∈ B, whereM∈ {K,¬K, N,¬N, O,¬O}, and 0 : Mψ ∈ B,
then add 0 :Mψ to B;

K-rule: if 0 : Kψ ∈ B, and there exists a prefix (1, n) in B such that (1, n) :
ψ ∈ B, then add (1, n) : ψ to B;

N -rule: if 0 : Nψ ∈ B, and there exists a prefix (2, n) in B such that (2, n) :
ψ ∈ B, then add (2, n) : ψ to B;

¬K-rule: if 0 : ¬Kψ ∈ B, and there is no prefix of the form (1, n) in B such
that (1, n) : ¬ψ ∈ B, then add (1, m) : ¬ψ to B, where (1, m) is a new
prefix in B;

¬N -rule: if 0 : ¬Nψ ∈ B, and there is no prefix of the form (2, n) in B such
that (2, n) : ¬ψ ∈ B, then add (2, m) : ¬ψ to B, where (2, m) is a new
prefix in B;

O-rule: if 0 : Oψ ∈ B, and either 0 : Kψ ∈ B or 0 : N¬ψ ∈ B, then add 0 : Kψ
and 0 : N¬ψ to B;

¬O-rule: if 0 : ¬Oψ ∈ B, and neither 0 : ¬Kψ ∈ B nor 0 : ¬N¬ψ ∈ B, then
add either 0 : ¬Kψ or 0 : ¬N¬ψ to B.

Fig. 2. Modal tableau expansion rules.

in our calculus is due to complexity reasons. Indeed, we could just pre-process
the input formula, replacing each O-subformula by its definition in terms of K
and N : however, the formula thus obtained has in general size exponential in
the size of the initial formula.

Finally, the cut-rule implements a restricted form of cut. Specifically, it en-
forces the presence in B of each modal subformula occurring in ϕ or its negation.
As we shall see, such a rule is required in order to easily verify (through an au-
xiliary tableau) whether the set of reachable and unreachable worlds from the
initial world is the set of all possible worlds, which corresponds to check whether
each world satisfies the constraints, contained in B, concerning either the first
or the second cluster.

We now define the notions of closure and completeness of a branch. We say
that a branch B is completed if no expansion rule is applicable to B.

As for the notion of closure of a branch, we remark that a completed branch
identifies a part of a model for ψ, in the sense that formulas of the form 0 : ψ in
B are constraints for the initial world (0) of the model, while a formula of the
form (1, n) : ψ is a constraint for a world (n) which can be reached from the
initial world, and a formula of the form (2,m) : ψ is a constraint for a world
(m) which cannot be reached from the initial world. Therefore, since the set
of reachable and unreachable worlds from the initial world must be the set of
all possible worlds, we have to verify that such constraints allow any world to
be either reachable or unreachable. As the following example shows, this is not
always the case.
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Example 3. Let
ϕ = (c ∨K(a ∨ b)) ∧ (Na ∨K¬b)

It is easy to verify that the following is a completed branch of the tableau for ϕ:

B = {0 : K(a ∨ b), 0 : Na, 0 : ¬K¬b, (1, 1) : b, (1, 1) : a ∨ b, (1, 1) : a}

Due to the presence of K(a ∨ b) in B, any model satisfying B is such that each
world which can be reached from the initial world satisfies either a or b, hence
all worlds that satisfy both ¬a and ¬b are not reachable; on the other hand, the
presence of Na implies that each unreachable world satisfies a. Consequently,
each interpretation satisfying both ¬a and ¬b is neither reachable nor unreach-
able according to the formulas in B. ��

In order to verify that a branch B allows any world to be either reachable
or unreachable from the initial world, we define an auxiliary tableau for B. The
auxiliary tableau uses as expansion rules only the propositional expansion rules
reported in Figure 1.

Definition 3. A branch B′ of the auxiliary tableau for B is a collection of for-
mulas (without prefix) containing the following formulas:

1. each formula ψ such that 0 : ψ ∈ B and ψ ∈MA(ϕ);
2.

∨

0:Kψ∈B ¬ψ if there is at least one formula of the form 0 : Kψ in B, false
otherwise;

3.
∨

0:Nψ∈B ¬ψ if there is at least one formula of the form 0 : Nψ in B, false
otherwise,

and obtained by applying the expansion rules reported in Figure 1.

Notice that any such branch contains modal formulas, however they are trea-
ted as propositional atoms, i.e., they are not further analyzed.

A branch B′ of the auxiliary tableau is completed if no propositional expan-
sion rule is applicable to B′, and is open if and only if (i) there is no pair of
formulas in B′ of the form ψ and ¬ψ; (ii) the formula false does not belong to B′.
The auxiliary tableau for B is open if it has at least one open completed branch,
otherwise it is closed.

Informally, the auxiliary tableau for a branch B of the initial tableau tries
to identify a world which cannot be neither reachable nor unreachable from the
initial world of any model consistent with the branch B. If no such world exists
(i.e., the tableau is closed), then the branch B is open, since it identifies a model
for the initial formula ϕ.

Example 4. We now present an auxiliary tableau for the tableau of the formula
ϕ of Example 3. Let us start from the following branch B (reported in Example
3) of the tableau for ϕ:

B = {0 : K(a ∨ b), 0 : Na, 0 : ¬K¬b, (1, 1) : b, (1, 1) : a ∨ b, (1, 1) : a}



Only Knowing and Knowing at Most 391

According to Definition 3, the auxiliary tableau for B starts with the following
formulas:

{K(a ∨ b), Na, ¬K¬b, ¬(a ∨ b), ¬a}
By applying the expansion rules of Figure 1, we obtain the following (unique)

completed branch B′:

B′ = {K(a ∨ b), Na, ¬K¬b, ¬(a ∨ b), ¬a, ¬b}

Such a branch is open, and identifies a world (containing both ¬a and ¬b)
which is neither reachable nor unreachable from the initial world of any model
consistent with the prefixed formulas in the branch B of the initial tableau for
ϕ. We thus conclude that the branch B is not consistent with the condition that
each world must be either reachable or unreachable from the initial world. ��

We can now state the closure conditions for a branch B of the initial tableau.

Definition 4. A completed branch B for ϕ ∈ LO is open if and only if each of
the following conditions holds:

1. there is no pair of prefixed formulas in B of the form σ : ψ and σ : ¬ψ;
2. there exists no prefix σ such that the formula σ : false belongs to B;
3. the auxiliary tableau for B is closed, i.e., no world is neither reachable nor

unreachable.

The tableau for ϕ is open if it has at least one open completed branch,
otherwise it is closed.

Example 5. We now apply the above defined tableau method to the formula

ϕ = c ∧ (K(a ∨ b) ∧ (Oa ∨N¬b))

It is immediate to see that each branch of the tableau for ϕ contains the following
set of signed formulas S, obtained by two applications of the and-rule of Figure
1 to the initial formula 0 : c ∧ (K(a ∨ b) ∧ (Oa ∨N¬b)):

S = {0 : c ∧ (K(a ∨ b) ∧ (Oa ∨N¬b)), 0 : c, 0 : K(a ∨ b), 0 : Oa ∨N¬b}

By applying the rules reported in Figure 1 and Figure 2, we obtain the following
completed branches of the tableau for ϕ:

B1 = S ∪ {0 : Oa, 0 : Ka, 0 : N¬a, 0 : N¬b}
B2 = S ∪ {0 : Oa, 0 : Ka, 0 : N¬a, 0 : ¬N¬b, (2, 1) : b, (2, 1) : ¬a}
B3 = S ∪ {0 : N¬b, 0 : ¬Oa, 0 : ¬Ka, (1, 1) : ¬a, (1, 1) : a ∨ b, (1, 1) : a}
B4 = S ∪ {0 : N¬b, 0 : ¬Oa, 0 : ¬Ka, (1, 1) : ¬a, (1, 1) : a ∨ b, (1, 1) : b}
B5 = S ∪ {0 : N¬b, 0 : ¬Oa, 0 : ¬N¬a, (2, 1) : a, (2, 1) : ¬b}

E.g., branch B1 is obtained by applying the or-rule to 0 : Oa∨N¬b and choosing
Oa, then applying the O-rule, thus adding 0 : Ka, 0 : N¬a, and finally applying
the cut-rule to N¬b choosing 0 : N¬b.
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It is immediate to see that branch B3 is closed, since both (1, 1) : ¬a and
(1, 1) : a belong to B3. For each remaining branch, we have to construct its
auxiliary tableau in order to determine whether such a branch is open or closed.
We obtain the following starting set of formulas Aux(Bi) for the auxiliary tableau
of each branch Bi:

Aux(B1) = {Oa, Ka, N¬a, N¬b, ¬a ∨ (¬(a ∨ b)), a ∨ b}
Aux(B2) = {Oa, Ka, N¬a, ¬N¬b, ¬a ∨ (¬(a ∨ b)), a}
Aux(B4) = {N¬b, ¬Oa, ¬(a ∨ b), b}
Aux(B5) = {N¬b, ¬Oa, ¬(a ∨ b), b}

By applying the propositional expansion rules reported in Figure 1 we immedia-
tely obtain that:

1. the auxiliary tableau for B1 is open, therefore B1 is closed;
2. the auxiliary tableau for B2 is closed, due to the presence of the formula a

and to the fact that each possible expansion of the formula ¬a ∨ (¬(a ∨ b))
causes the addition of the formula ¬a. Therefore, B2 is open;

3. the auxiliary tableaux for B4 and B5 are closed, due to the presence of the
formula b and to the fact that the expansion of the formula ¬(a ∨ b) causes
the addition of the formula ¬b. Therefore, B4 and B5 are open.

Consequently, the tableau for ϕ is open. ��

4 Soundness and Completeness

Due to space limitations, in this section we just sketch the soundness and com-
pleteness proof of the tableau calculus defined in the previous section.

First of all, we relate satisfiability inONL with the problem of finding Kripke
structures constituted by an initial world and two clusters. Such structures cor-
respond to the “extended situations” defined in [8].

Let w be a world and M,M ′ be sets of worlds. Then, we define satisfiability
of a formula ϕ ∈ LO in the structure (w,M,M ′) as follows:

1. if ϕ ∈ L, then (w,M,M ′) |= ϕ iff w(ϕ) = TRUE;
2. if ϕ = ¬ϕ1, then (w,M,M ′) |= ϕ iff (w,M,M ′) �|= ϕ1;
3. if ϕ = ϕ1 ∧ ϕ2, then (w,M,M ′) |= ϕ iff (w,M,M ′) |= ϕ1 and (w,M,M ′) |=

ϕ2;
4. if ϕ = Kϕ1, then (w,M,M ′) |= ϕ iff for every w′ ∈M , (w′,M,M ′) |= ϕ1;
5. if ϕ = Nϕ1, then (w,M,M ′) |= ϕ iff for every w′ ∈M ′, (w′,M,M ′) |= ϕ1;
6. if ϕ = Oϕ1, then (w,M,M ′) |= ϕ iff for every w′ ∈ M , (w′,M,M ′) |= ϕ1,

and for every w′ ∈M ′, (w′,M,M ′) |= ¬ϕ1.

From the above definition and Definition 1, it immediately follows that a
formula ϕ ∈ LO is ONL-satisfiable iff there exists a structure (w,M,M ′) such
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that: (i) (w,M,M ′) |= ϕ; (ii) M ∪ M ′ is the set of all possible worlds; (iii)
M ∩M ′ = ∅.

Notably, in [8] it has been proven that the last condition is not necessary,
hence the existence of a structure (w,M,M ′) which satisfies ϕ and such that
M∪M ′ is the set of all possible worlds is sufficient to establish ONL-satisfiability
of ϕ. Roughly speaking, this is due to the fact that the alphabet of propositions
A is infinite, which guarantees that a finite formula cannot identify a world, i.e.,
no formula can impose the presence of a given world w in one of the two clusters
M , M ′. Therefore, the following property holds.

Lemma 1. Let ϕ ∈ LO. Then, ϕ is ONL-satisfiable iff there exists a structure
(w,M,M ′) such that the following conditions hold:

1. (w,M,M ′) |= ϕ;
2. M ∪M ′ is the set of all possible worlds.

In the following, we call a branch B weakly open if and only if there is no
pair of prefixed formulas in B of the form σ : ψ and σ : ¬ψ, and there exists
no prefix σ such that the formula σ : false belongs to B. That is, we weaken the
notion of open branch by discarding condition 3 in Definition 4.

The following property can be proven by easily extending the soundness and
completeness proof of known tableau methods for the logic K45 [18].

Lemma 2. Let ϕ ∈ LO. Then, there exists a completed, weakly open branch of
the tableau for ϕ iff there exists a structure (w,M,M ′) such that (w,M,M ′) |= ϕ.

Therefore, the existence of a weakly open branch implies the existence of a
structure (w,M,M ′) satisfying ϕ. However, this is not enough to imply that ϕ
is ONL-satisfiable. From Lemma 1, we have to verify that the structure is such
that M ∪M ′ is the set of all possible worlds.

In the following, given a branch B and a formula ψ ∈ LO, we denote as ψ(B)
the formula obtained from ψ as follows:

– replace each subformula of the form Kξ with true if 0 : Kξ ∈ B and with
false if 0 : ¬Kξ ∈ B;

– replace each subformula of the form Nξ with true if 0 : Nξ ∈ B and with
false if 0 : ¬Nξ ∈ B;

– replace each subformula of the form Oξ with true if 0 : Oξ ∈ B and with
false if 0 : ¬Oξ ∈ B.

Definition 5. Let ϕ ∈ LO and let B be a completed, weakly open branch of the
tableau for ϕ. We denote as fK(B) and fN (B) the following formulas:

fK(B) =
∧

0:Kψ∈B
ψ(B) fN (B) =

∧

0:Nψ∈B
ψ(B)

It is immediate to verify that, due to the cut-rule, fK(B) and fN (B) are both
propositional formulas. In the following, we say that a structure (w,M,M ′) is
consistent with a completed, weakly open branch B iff the following conditions
hold:
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1. for each formula ψ such that 0 : ψ ∈ B, (w,M,M ′) |= ψ;
2. for each prefix of the form (1, n) in B there exists a world w′ in M such that,

for each formula (1, n) : ψ ∈ B, (w′,M,M ′) |= ψ;
3. for each prefix of the form (2, n) in B there exists a world w′ in M ′ such

that, for each formula (2, n) : ψ ∈ B, (w′,M,M ′) |= ψ.

Lemma 3. Let ϕ ∈ LO and suppose B is a completed, weakly open branch of
the tableau for ϕ. Then, each structure (w,M,M ′) consistent with B is such that
if w ∈M , then w |= fK(B), and if w ∈M ′, then w |= fN (B).

The following property follows immediately from the definition of auxiliary
tableau and soundness and completeness (with respect to propositional satisfia-
bility) of the auxiliary tableau calculus.

Lemma 4. Let ϕ ∈ LO and let B be a completed, weakly open branch of the
tableau for ϕ. Then, there exists an open branch B′ of the auxiliary tableau for
B iff there exists a world w such that w �|= fK(B) and w �|= fN (B).

The last two lemmas imply the following property.

Lemma 5. Let ϕ ∈ LO. If there exists a completed, weakly open branch of the
tableau for ϕ then there exists a structure (w,M,M ′) such that (w,M,M ′) |= ϕ
and M ∪M ′ is the set of all worlds.

Therefore, from Lemma 1 we are able to prove completeness of the tableau
calculus.

Lemma 6. Let ϕ ∈ LO. If there exists an open completed branch of the tableau
for ϕ, then ϕ is ONL-satisfiable.

Moreover, soundness follows immediately from Lemma 2, Lemma 3, and
Lemma 4. Therefore, the following theorem holds.

Theorem 1. Let ϕ ∈ LO. Then, ϕ is ONL-satisfiable iff there exists an open
completed branch of the tableau for ϕ.

5 Complexity Analysis

In this section we analyze the computational aspects of reasoning in ONL, based
on our tableau calculus. We start by briefly introducing the complexity classes
mentioned in the following (refer e.g. to [11] for further details). All the classes
we use reside in the polynomial hierarchy. In particular, the complexity class Σp

2
is the class of problems that are solved in polynomial time by a nondeterministic
Turing machine that uses an NP-oracle (i.e., that solves in constant time any
problem in NP), and Πp

2 is the class of problems that are complement of a
problem in Σp

2 .
We now analyze the complexity of our tableau method. First of all, it is

immediate to verify that:
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– any (prefixed) formula appearing either in a branch of the initial tableau for
ϕ or in a branch of an auxiliary tableau has size linear in the size of ϕ;

– any completed branch of the initial tableau for ϕ contains a polynomial
number (in the size of ϕ) of prefixed formulas;

– any completed branch of the auxiliary tableau for a branch B contains a
number of formulas which is polynomial in the size of B;

– for each tableau expansion rule, both deciding whether the rule can be ap-
plied and applying the rule can be done in polynomial time.

Therefore, each completed branch of the auxiliary tableau for a branch B can
be constructed in time polynomial in the size of ϕ. Consequently, the method
is able to check whether a completed branch B of the tableau for ϕ is open
in nondeterministic polynomial time. Moreover, each completed branch of the
tableau for ϕ can also be constructed in polynomial time. Thus, our method can
be seen as a nondeterministic procedure which is able to decide in polynomial
time whether there exists an open branch of the tableau for ϕ, using an NP-
oracle for deciding whether a completed branch is open. Hence, the following
theorem holds.

Theorem 2. The satisfiability problem for a formula in ONL is in Σp
2 .

Moreover, since deciding satisfiability of a formula in OL is a Σp
2 -complete

problem [24], it immediately follows that satisfiability of a formula in ONL is
Σp

2 -hard. Consequently, the following property holds.

Theorem 3. The satisfiability problem for a formula in ONL is Σp
2 -complete.

Therefore, the above theorem states that adding a “knowing at least” mo-
dality N to the logic of only knowing OL does not increase the computational
complexity of reasoning.

As immediate corollaries of the above property, we obtain that both validity
and entailment in ONL are Πp

2 -complete problems (see Definition 2).
Notice that, since the satisfiability problem in ONL is Σp

2 -hard, a single
tableau for such a logic should have branches of exponential length (unless Σp

2 =
NP). Instead, as shown above, by using two distinct tableaux we are able to
decide satisfiability using polynomial space.

Finally, the analysis of our method also points out that satisfiability in ONL
can be decided in nondeterministic polynomial time, if the construction of au-
xiliary tableaux can be avoided. As an immediate consequence of Definition 3,
it follows that the construction of the auxiliary tableau for a branch B is only
needed when B contains at least one formula of the form 0 : Kψ and at least one
formula of the form 0 : Nψ (otherwise the auxiliary tableau is closed, due to the
presence of the formula false in each branch of the auxiliary tableau). Therefore,
those branches in which there are either no formulas of the form 0 : Kψ or no
formulas of the form 0 : Nψ should be generated first, which can be realized by
avoiding, whenever possible, the addition of modal subformulas of the form Kψ,
Nψ, Oψ in the branch, by a suitable application of branching rules, in particular
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the or-rule, not-and-rule, and cut-rule. Observe that a branch can contain either
no formulas of the form 0 : Kψ or no formulas of the form 0 : Nψ even if the
initial formula contains occurrences of both K-subformulas and N -subformulas.

6 Related Work and Conclusions

The tableau calculus presented in this paper allows for establishing the compu-
tational complexity of reasoning about only knowing and knowing at most: in
particular, we have proven that satisfiability in the modal propositional fragment
of ONL is Σp

2 -complete, while validity is Πp
2 -complete. Therefore, our tableau

calculus turns out to be the first “optimal” method for reasoning about only
knowing and knowing at most.

Several studies have recently proposed tableau (or related) calculi for nonmo-
notonic reasoning. E.g., tableaux [22,21] and sequent calculi [1] have been pro-
posed for circumscription and minimal model reasoning, and analogous methods
have been defined for default logic [25,2]. Moreover, tableaux for nonmonotonic
modal logics have been presented, in particular for autoepistemic logic [20] and
for both McDermott and Doyle’s and ground nonmonotonic modal logics [4].
None of such methods is able to deal with reasoning about only knowing and
knowing at most, since no embedding is known of the logic ONL (or even the
logic OL) into another nonmonotonic formalism.

On the other hand, it is well-known [3] that the logic ONL is able to na-
turally embed the major nonmonotonic formalisms, i.e., autoepistemic logic,
prerequisite-free default logic, (disjunctive) logic programming under the sta-
ble model semantics, and circumscription. Due to such embeddings, our method
can be also seen as a general, semantic-based tableau calculus which is able to
uniformly cover a large family of nonmonotonic formalisms.

One further development of the present work is towards the analysis of rea-
soning about only knowing and knowing at most in a first-order setting: in
particular, it should be interesting to see whether it is possible to extend the
tableau calculus presented in this paper for the modal propositional case to a
first-order modal language.
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Abstract. We present a tableau-like framework, so-called β-proofs, for
a uniform representation of analytic tableaux or matrix proofs. β-proofs
suggest split structures for sequent proofs but still violate non-permu-
tabilities of sequent rules. Two operations on β-proofs stepwisely solve
these violations while removing all redundant inference steps from the
β-proofs. This process provides a general basis for a search-free recon-
struction of sequent proofs, independent from concrete proof calculi. Our
framework is is uniformly applicable to classical logic and to all the non-
classical logics that have a matrix characterization of validity.

1 Introduction

Automated theorem proving in non-classical logics has become important in
many branches of Artificial Intelligence and Computer Science. As a result, the
resolution principle [25] and the connection method [3], which both have led
to efficient theorem provers for classical logic [31,16,4], have been extended to
characterizations of logical validity in modal logics, intuitionistic logic, and frag-
ments of linear logic [21,30,12,18]. On this basis, uniform and efficient proof
search procedures have been developed for all these logics [22,12,13,19].

In many applications of theorem proving it is not sufficient to show that a
theorem is valid; for instance, when integrating theorem provers as inference
engines into interactive program development systems [14,5] or other problem-
oriented applications [6]. The need for further processing, e.g. generating pro-
grams from proofs, or a deeper understanding of the proof requires that proof
details can be presented in a comprehensible form. Since the efficiency of automa-
ted proof methods strongly depends on a machine-oriented and compact charac-
terization of logical validity, the reconstruction of sequent proofs or natural de-
duction proofs from automatically generated machine proofs becomes necessary.

Proof reconstruction in classical [20,23,24] and non-classical logics [27,28,12,
15] provides uniform procedures for constructing sequent proofs from machine-
generated matrix proofs, i.e. within matrix calculi or analytic tableaux. The
sequent proof for the input formula is created by traversing its formula tree in
an order which respects a reduction ordering induced by the matrix proof. It
selects an appropriate sequent rule for each visited node by consulting tables

Roy Dyckhoff (Ed.): TABLEAUX 2000, LNAI 1847, pp. 398–414, 2000.
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that represent the peculiarities of the different logics. At nodes which cause the
sequent proof to branch, the reduction ordering has to be divided appropriately
and certain redundancies need to be eliminated in order to ensure completeness.

As discussed in [29,15], redundancy elimination is the most crucial aspect
during proof reconstruction: performing a complete redundancy deletion ensures
a reconstruction process without additional search. This avoids redundant proof
steps in the sequent proofs, which are impossible to identify when search is
involved. Thus, we obtain an efficient method for a goal oriented construction
of the sequent proofs. In order to explore all kinds of redundancy, the inference
steps of a matrix proof need to be represented, encoding additional information
about its internal structure. Usually, the inference steps are determined by the
required proof steps for proving the input formula valid.

In this paper we present a uniform framework for the representation of ma-
trix proofs, by generalizing the concept of inference steps. The framework is
independent from the selected logic and, in addition, from the underlying proof
calculus. Thus, it will be uniformly applicable to various proof methods for
classical and non-classical logics, based on matrix or tableau calculi. We will in-
troduce β-proofs as a tableau-like representation formalism, and investigate its
correspondence to sequent proofs: β-proofs determine possible “split structures”
for sequent proofs, but may still violate non-permutabilities of sequent rules. We
will develop two elegant operations, which stepwisely solve these violations while
removing all redundant inference steps from the β-proofs. For this, an intrinsic
relation between β-proofs and the partially constructed sequent proofs will be
established. More precisely, the inference steps in a β-proof encode the smallest
set of proof steps that are required for all possible completions of the partial se-
quent proof. We show how this process “approximates” β-proofs towards sequent
proofs in order to guide a search-free proof reconstruction.

Using β-proofs within the proof reconstruction approach provides us with a
new dimension of uniformity. In addition to the dimension of logic-independent
uniformity, our representation framework does neither depend on a particular
proof search strategy nor on the proof reconstruction method itself. Thus, β-
proofs realize a general interface for building efficient proof reconstruction com-
ponents and combine them with a variety of concrete proof search procedures.

Section 3 gives a brief summary of matrix characterizations and proof re-
construction in non-classical logics. Section 4 summarizes the requirements for
redundancy deletion during proof reconstruction. In Section 5, β-proofs as repre-
sentation framework are presented. We develop the “approximation” operations
and illustrate the integration into the reconstruction process. Section 6 discusses
complexity issues and completeness of the refined proof reconstruction method.

2 Preliminaries

Matrix characterizations of logical validity were introduced for classical logic [3]
and later extended to intuitionistic and modal logics [30], and fragments of linear
logic [12,19]. For the purpose of this paper, it suffices to consider the class L of
logics consisting of classical, intuitionistic, and modal logics as presented in [30].
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2.1 Matrix Characterizations for Non-classical Logics

In matrix proofs a formula F is represented by its formula tree - whose nodes
are called positions. Each position x of- refers to a unique subformula Fx of F .
The root b0 of- represents F itself while its leaves (or atomic positions) refer to
the atoms of F . Because of the corresponding subformula relation- is called the
tree ordering of F . Each position u is associated with a polarity pol (u) ∈{0, 1}, a
principal type Ptype (u), and its operator op (u). The polarity determines whether
Fu will appear in the succedent of a sequent proof (pol (u)=0) or in its antecedent.
F

pol (u)
u denotes the signed formula at position u. The principal type Ptype (u) is

the formula type of Fu according to the tableau classification in [30,11]. In the
following, we will only consider the types α, β, and atom. Two atomic positions
u and v are β-related (v ∼β u) if their greatest common predecessor in - has
principal type β; otherwise they are α-related (u ∼α v). A path p through F is a
maximal subset of atomic positions, which are pairwisely α-related. A connection
is a subset {c1, c2} of a path p such that the atoms Fc1 and Fc2 have the same
predicate symbol but different polarities. It is complementary if Fc1 and Fc2 can
be unified by some combined substitution σ = 〈σQ, σL〉. σQ is the usual quantifier
substitution while σL, encoding non-permutabilities of sequent rules in a non-
classical logic L, unifies the prefixes of the connected atoms. The prefix of an
atom Fu is a string consisting of special positions in - between the root b0 and
u. A set of connections C spans a formula F (or is a spanning mating) if each path
contains a complementary connection c ∈C. The substitution σ induces a relation
� on the positions of - such that (a, u) ∈ � iff a occurs in σ(u) and σ(u) is not
a variable. σ is admissible if the reduction ordering � = (- ∪ �)+ is irreflexive
and some global conditions hold (see [30]). The multiple uses of subformulae
in a matrix proof are realized by a combined multiplicity μ = 〈μQ, μL〉 of the
positions u in -. This leads to a uniform characterization of logical validity:

Theorem 1. A formula F is valid wrt. a logic L iff there exists a multiplicity
μ, an admissible substitution σ, and a set of connections C which spans F .

See [30] for a proof. For proof reconstruction, we shall use the reduction orde-
ring ∝�, a slight technical modification of � containing a new root w (see [28]).

Example 1. Consider F ≡ �((P∧Q)∨Q)∧(�P∨�R)→�(P∧Q)∨�R in modal
logic T . The reduction ordering ∝� of a matrix proof for F is shown in Figure 1,
left hand side, where the main operator and polarity are written beside each po-
sition. The connections C = {{a5, a16}, {a17, a6}, {a7, a17}, {a16, ā10}, {ā12, a19}}
span (the 8 paths of) F wrt. some admissible substitution σ, which induces the
relation � = {(a15, ā3), (a15, ā10), (a19, ā12)} (indicated by curved arrows).

2.2 Proof Reconstruction in Non-classical Logics

An algorithm for reconstructing a sequent proof from a matrix proof of a for-
mula F essentially has to traverse the reduction ordering ∝� while constructing
a sequent rule at each visited position u. We focus on conversion into multiple
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a1∧1

a2�1 a8∨1

a13∨0

b0 → 0

a18�0a14�0

a16P 0 a17Q0

a15∧0a11�1

ā12R1ā10P 1

a9�1ā3∨1

a7Q1a4∧1

a6Q1a5P 1

w

∝�

a19R0

�a2 �a8

�a13

�b0

ā3

a7a4

a5 a6

ā12 a16 a17

a18a14

�a1

�a11 a15

�w

∝�
2

a19

Fig. 1. Reduction orderings ∝�,∝�
2 for the T -formula F from Examples 1 and 2

conclusion sequent calculi (cf. [11,30]), where a sequent Γ � Δ is described by
associated sets of signed formulae: SΔ = {F 0

u | Fu ∈Δ}, SΓ = {F 1
u | Fu ∈Γ},

and S = SΔ ∪ SΓ . The main operator op(u) and polarity pol(u) uniquely de-
scribe the sequent rule necessary to reduce the sequent formula F

pol (u)
u ∈S. The

subformulae resulting from this application are determined by the set succ(u) of
immediate successors of u in-. The relation � encodes the non-permutabilities
of sequent rules in a logic L and “blocks” certain positions u: rule construction
for u will be delayed until all its predecessors wrt. � have been visited first.

Traversal of ∝�. Each position in - has to be visited and marked as solved
if it is not blocked. A position u is open (i.e. elegible to be visited next) if its
immediate predecessor pred(u) is already solved but u is not. After u has been
solved, the set Po of all open positions is updated to P ′

o = (Po \ {u}) ∪ succ(u).
At a β-position u, a sequent proof branches into two independent subproofs.
Accordingly, the reduction ordering ∝� must be split into suborderings ∝�

1,∝�
2

and traversal continues separately on each of them. If two solved positions form a
complementary connection c ∈C, then the conversion of the actual ∝�

i terminates
with an axiom-rule. Proof reconstruction terminates when all branches of the
sequent proof have been closed by converting a connection from the matrix
proof. Po is initialized as Po = {bo} marking the new root w of ∝� as solved.
Because of the uniformity of the reconstruction procedure the technical details
are subtle. We refer to [28,15,12,26] for a complete and algorithmic presentation.

Splitting at β-positions. The main modification of the reduction ordering
during the reconstruction process occurs, when reaching a β-position u and ∝�

has to be divided into ∝�
1 and ∝�

2. If succ(u) = {u1, u2} in -, then F
pol (u1)
u1

will move to the left branch in the sequent proof and F
pol (u2)
u2 to the right

one. Since the set of open positions Po encodes the actual sequent, we update
P i

o = (Po \ {u}) ∪ {ui}. Formally, splitting is based on the following definitions:
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Definition 1. For a position u of ∝�, let -u be the subtree ordering with root
u and position set pos (u), including (pred(u), u) ∈ -u. The restriction of ∝� is
defined as tu :=-u ∪�u, where �u:= {(u1, u2) ∈ � | u1 ∈pos (u) ∨u2 ∈pos (u)}.
If C is the connection set of ∝�, then Cu := {{c1, c2} ∈C | c1 ∈pos (u)}.

Definition 2. Let Ptype (u) = β and succ(u)={u1, u2}. The β-split of ∝� at u
is defined by β-split (∝�, u) := [∝�

1,∝�
2], where ∝�

1=∝� \ tu2 and ∝�
2=∝� \ tu1 .

For i�=j ∈{1, 2}, we have �i := � \ �uj , -i :=- \ -uj , and Ci := C \ Cuj .

The operation split (∝�, u) developed in [28] first divides ∝� using β-split and
second, deletes components from the ∝�

i that are no longer relevant in the cor-
responding sequent subproofs. This improves the efficiency of the reconstruction
process and is necessary to ensure its completeness in non-classical logics L.

3 Redundancy Deletion During Proof Reconstruction
The problem of redundancy deletion during proof reconstruction was extensively
discussed in [28,29,15]. We will briefly summarize the main concepts and results
from this discussion in order to motivate the framework introduced in Section 4.

The reduction ordering ∝� is not complete wrt. rule non-permutabilities of
sequent rules, due to the deletion of sequent formulae in sequent calculi for non-
classical logics. In [28], we have introduced the concept of wait-labels, which are
dynamically assigned to special positions during traversal and thus, complete
∝� for all logics L. In order to guarantee completeness of proof reconstruction,
“outdated” wait-labels need to be removed by performing a redundancy deletion
after β-splits, i.e. the elimination of redundant subrelations from the ∝�

i .

The purity principle. The central deletion operation in ∝� is a generalized
purity reduction (cf. [3]): an atomic position u of ∝� is called pure if it is not
connected. The extension of purity to subtrees in ∝� is defined as follows:

Definition 3. A position k with |succ(k)| ≥ 2 is a β-node if Ptype (k) = β
and otherwise a Θ-node. The greatest predecessor k of a position u in - with
|succ(k)| ≥ 2 is called the associated node of u. We write k -β u if k is a
β-node and k -Θ u otherwise.

Definition 4. Let Pr = { b | succ(b)=∅ ∧ ∀c ∈C. b �∈ c } be the set of pure leaf
positions in ∝�. Let succ+j (u) := {succj(u)}∪succ+(succj(u)) where succ+(u)
is the set of all successors of u in - and succj(u) is a selection function with
succj(u) = uj if succ(u)={u1, .., un}. The (β,Θ)-purity reduction is defined as:

(β, Θ)-purity (∝�, C) =
while Pr =∅

select b ∈ Pr; Pr := Pr \ {b}; let k be the associated node of b

if k &β b with succ(k) = {k1, k2} then
∝�:=∝� \ (tk1 ∪ tk2); C := C \ (Ck1 ∪ Ck2); % β-purity
recompute Pr := {b | succ(b)=∅ ∧ ∀c ∈C. b �∈ c}

else compute s such that b ∈ succ+
s (k); ∝�:=∝� \ tsuccs(k) % Θ-bpurity
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The decomposition problem. After β-split and (β,Θ)-purity one of the resul-
ting ∝�

i may consist of several “isolated” subrelations, which do not have connec-
tions between each other. Then, only one of these subrelations is proof relevant.
But the purity principle does not apply, since all leaves in ∝�

i are connected and
hence, assumed to be relevant. Combined with assigned wait-labels in ∝�

i , this
situation may lead to a deadlock of the whole reconstruction process.

Definition 5. A reduction ordering ∝� is called a deadlock iff Pr = ∅ and for
all u ∈Po, either (v, u) ∈ � for some unsolved position v, or wait[u] = � holds.

Example 2. Consider the T -formula F and its matrix proof ∝� from Example 1.
We start proof reconstruction by solving the positions w, b0, a1, a13, a2, and split
at the β-position a8. The resulting subrelation ∝�

2 is shown in Figure 1, right
hand side, where a11 has additionally been solved (marked with �). We obtain
the open positions P 2

o = {ā3, ā12, a14, a18} with wait[a14] = wait[a18] = � in
logic T , and ā3, ā12 are blocked by �. Since (β,Θ)-purity is not applicable in ∝�

2,
proof reconstruction has run into a deadlock. But ∝�

2 has also been decomposed
into two “isolated” subrelations t1 = {tā3 , ta14} and t2 = {tā12 , ta18}. Since the
relations t1 and t2 are α-related, only t2 is relevant and should be selected in
order to solve the deadlock and hence, to complete proof reconstruction.

Deadlocks occur in intuitionistic logic and in all modal logics considered
in [28,15]. Selecting the appropriate isolated subrelation from ∝� is called the
decomposition problem in ∝�, which has been formalized in [29,26]. The following
lemma characterizes completeness of proof reconstruction for all logics L:
Lemma 1. If ∝� is a deadlock then there is a decomposition problem in ∝�.

See [26] for a proof. Completeness of proof reconstruction can only be guaran-
teed if the decomposition problem can be either avoided or solved. A solution of
the decomposition problem consists of establishing a selection function fd, which
chooses the only relevant subrelation from ∝�. Such a solution is called adequate
if fd can be realized without any additional search.

4 Proof Representations for Efficient Proof
Reconstruction

Adequate solutions for the decomposition problem require to explore deeper
forms of redundancy during proof reconstruction. For this, additional informa-
tion about the internal structure of a matrix proof has to be provided, which
is reflected by its inference steps. With inference steps we mean the steps that
are necessary to prove a mating to be spanning for ∝�. Unlike a mating, infe-
rence steps additionally represent the multiple use of connections from the set C.
This enables us to refine the split operation such that decomposition problems,
deadlocks, and hence, search during the reconstruction process will be avoided.

4.1 β-Proofs: A Representation Framework for Matrix Proofs

We present β-proofs, a tableau-like framework for representing the inference
steps of matrix proofs. A β-proof for ∝� determines an ordering on β-splits
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for traversing the reduction ordering ∝�. Thus, it encodes a possible split struc-
ture for a sequent proof. However, the rule non-permutabilities of sequent rules
(encoded into ∝� ) are not respected, and the deletion of subformulae (as in se-
quent calculi) is suppressed. β-proofs are uniformly defined for all logics L under
consideration and are independent from any concrete proof search strategy. All
(sub)formulae are represented by their positions from the matrix proof ∝�.

Definition 6. Let ∝� be a matrix proof with connection set C and let u be a
position in ∝�. We define the α-layer α(u) of u as:

α(u) =
{
{u}, if Ptype (u) = β or u is atomic
⋃
{α(ui) | ui ∈succ(u)}, otherwise

By a sequence we mean a concatenation of elements y1 · y2 · · · ym, where the yi

are either positions or α-layers.

Definition 7. Let ∝� be a matrix proof in a logic L with connection set C and
let b0 be the original root of -. A β-structure B∝� for ∝� is defined as follows:

(i) α(b0) is a β-structure, consisting of the branch α(b0).
(ii) Let B∝� the be actual β-structure. Let b be a branch in B∝� , containing the

α-layers α(u1), . . . , α(un).
(a) β-expansion: Let α(un) be the leaf of b. Select a β-position v ∈α(ui),

i ∈{1, . . . , n} which has not been selected before on b. Replace b by the
two new branches b · v · α(v1) and b · v · α(v2), where succ(v) = {v1, v2}.
The result of this replacement is again a β-structure.

(b) atom-expansion: Select an atom v ∈α(ui), i ∈{1, . . . , n}. Replace b by b·v.
The result of this replacement is again a β-structure.

A branch b in a β-structure B∝� is called leaf-connected with (connections) C
iff there exists a non-empty set C ⊆ C such that:

(a) b = b′ · α(un) · b′′, where α(un) is the lowmost α-layer on b and b′′ consists
of atom expansions only.

(b) For every {c1, c2} ∈C it holds: c1 ∈α(ui) on b and either c2 ∈α(un), or c2 is
an atom-expansion on b′′

A branch b is called closed iff it is leaf-connected with C. A β-structure B∝� is
called proof representation or β-proof of ∝� iff all its branches are closed.

A branch b in a β-structure B∝� can be extended by β-expansions as long as
its leaf is still an α-layer. The concept of leaf-connected branches with connec-
tions C ⊆ C allows to close a branch b in B∝� with multiple connections. This
reflects redundancies in matrix proofs, when several connections are used to
make a single path complementary. Leaf-connections c ∈C ensure that only the
actual branch b will be closed. Atom-expansions become necessary to preserve
this property when permuting β-expansions in B∝� (see Section 4.2).

Example 3. Reconsider the formula F from Example 1, which uses the connec-
tions C = {{a5, a16}, {a17, a6}, {a7, a17}, {a16, ā10}, {ā12, a19}} for its matrix
proof ∝� (see Figure 1). A β-structure B∝� is shown in Figure 2: We start with
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a15

{a16} {a17}

{ā3, a8, a15, a19}
ā3

{a5, a6}
a15

{a16} {a17}
a8

{ā10} {ā12}

{a7}

Fig. 2. β-proof B∝� for the formula F from Example 3

α(b0) = {ā3, a8, a15, a19} and the β-expansion at ā3, obtaining the two α-layers
{a5, a6} and {a7}. The β-expansion at a15 is needed on both resulting branches,
whereas the β-expansion at a8 is performed on the right branch only. All branches
are closed with a singleton set {c} ⊆ C. Thus, B∝� is a β-proof for ∝�.

Definition 8. Let B∝� be a β-structure and b be a branch in B∝� .
– Every (possibly empty) sequence b′ on b is called a partial branch of b. If

b = b′ · b′′ for two sequences b′ and b′′, then b′ is called a subbranch of b.
– Let b′ be a sequence. The set Sb′ = {b′′ | b′ · b′′ is a branch in B∝�} of partial

branches is called a substructure in B∝� . We write b′ · B′ to denote the
substructure B′, together with its common subbranch b′. We also refer to
b′ ·B′ as substructure when it is clear from the context.

– Let b′ ·α(v) ·B′′ be a substructure in B∝� . Then, purity is defined as follows:
(i) An atom u ∈α(v) is pure if for all b′′ ∈Sb′·α(v) it holds: u �∈{c1, c2} for

every {c1, c2} ∈C, where C ⊆ C closes the branch b′ · α(v) · b′′ in B∝� .
(ii) A β-position u ∈α(v) is pure if there exists no β-expansion at u in B′′.
(iii) The α-layer α(v) is pure if every u ∈α(v) is pure.
(iv) Let b′ · v · α(v1) · B′′

1 and b′ · v · α(v2) · B′′
2 be two substructures in B∝� ,

where v denotes a β-expansion and succ(v) = {v1, v2}. The β-expansion
at v is called pure if α(v1) or α(v2) is pure.

Every substructure b · B of a β-proof B∝� is called a β-subproof since all
branches in b ·B are closed. B∝� can be expressed as the β-subproof α(b0) ·B.

Definition 9. Let b ·B be a β-subproof of a β-proof B∝� . Let #β(b ·B) denote
the number of β-expansions in B and n = #β(b ·B)+1 be the number of branches
in b · B. Let branch i be leaf-connected with connections Ci ⊆ C, i = 1, . . . , n,
and #Ax (b ·B) =

∑n
i=1 |Ci| denote the number of axioms in b ·B. Then,

– b ·B is called minimal iff #Ax (b ·B) = #β(b ·B) + 1;
– b ·B is called optimal iff it is minimal and no pure β-expansions occur in B.

In minimal β-subproofs b · B it holds |Ci| = 1, for all i = 1, . . . , n. The
following theorem states the fundamental connection between β-proofs as repre-
sentation framework and decomposition problems in ∝� (see [26] for the proof).

Theorem 2. Let b ·B be the β-subproof representing the actual reduction orde-
ring ∝� during proof reconstruction. If b · B is optimal, then no decomposition
problem occurs in ∝�.
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Fig. 3. Permutation of m β-expansions at v above the β-expansion at u

4.2 Approximating β-Proofs Towards Reduction Orderings

Usually, the order of β-expansions in a β-proof is not admissible for a sequent
proof, since the reduction ordering ∝� may be violated. Proof reconstruction can
thus be redefined as the continuous “approximation” of a β-proof B∝� towards
an admissible sequent proof, respecting ∝�. This will be realized by rearranging
the β-expansions in an optimal β-subproof b·B that represents the actual ∝�. We
formalize two operations for this purpose, which, in addition, remove all redun-
dant inference steps from the β-subproof. The latter will be essential for guiding
a maximal redundancy deletion during proof reconstruction (see Section 4.3).

Split permutations in β-proofs. In the following, we represent a substructure
B in a β-subproof b ·B as B = u ·α(u1) ·B1 | u ·α(u2) ·B2, where u is the topmost
β-expansion in B with succ(u) = {u1, u2} and B1, B2 are substructures. This
representation is intuitively extendable to multiple consecutive β-expansions.

The first operation is a split permutation in a β-subproof b · B representing
∝�. Let v be the β-position to be solved next during traversal of ∝�. If the
topmost β-expansion in B is applied to a position u �= v, then all occurrences of
β-expansions at v in B have to be permuted over the β-expansion at u, i.e. the
root of B. The split permutation is defined as follows:

Definition 10. Let b ·B be a β-subproof containing a topmost β-expansion at u
with succ(u) = {u1, u2} and B = u·α(u1)·B1 | u·α(u2)·B2. Let v be a β-position
such that m β-expansions at v occur in B, i.e. in the two substructures B1 and
B2. For k = 1, . . . ,m, let Bk denote the substructures

Bk = v · α(v1) ·Bk
1 | v · α(v2) ·Bk

2 ,



Efficient Proof Reconstruction 407

in B with succ(v) = {v1, v2} (see Figure 3, upper part). Then the split permu-
tation of all occurrences of β-expansions at v above the β-expansion at u in B
is defined by the following steps (see Figure 3, lower part):

1. Permutation step: Replace B with the substructure B̂ where:

B̂ =
{

v · α(v1) · u · α(u1) ·B′
1 | v · α(v1) · u · α(u2) ·B′

2 |
v · α(v2) · u · α(u1) ·B′′

1 | v · α(v2) · u · α(u2) ·B′′
2 .

B′
1 and B′

2 result from B1 and B2 by replacing every occurrence of Bk with
its Bk

1 ; and B′′
1 and B′′

2 result from B1 and B2 by replacing every occurrence
of Bk with its Bk

2 , for all k = 1, . . . ,m.
2. Atom-expansion step: Let the partial branch bk

i , i ∈{1, 2}, k ∈{1, . . . ,m},
denote a substructure Bk

i consisting of a (possibly empty) sequence of atom-
expansions only. Let ck

i denote all partial branches in B for which:
(a) ck

i is of the form ck
i = u · α(uj) · dk

j · v · α(vi) · bk
i , where i, j ∈{1, 2},

k ∈{1, . . . ,m}, and dk
j is a (possibly empty) partial branch.

(b) The branch b · ck
i is leaf-connected with connections Ck

i such that there
exists {c1, c2} ∈Ck

i for which c1 ∈α(vi) and c2 does not occur on bk
i .

For every ck
i , let ĉk

i = v · α(vi) · u · α(uj) · dk
j · bk

i be the partial branch after
permutation in B̂. Then, for every {c1, c2} ∈Ck

i , which has satisfied condition
(b) before permutation, extend ĉk

i by an atom-expansion at c1.

The atom-expansion step ensures that every leaf connection {c1, c2} on a
branch b · ck

i with c1 ∈α(vi) and c2 not on bk
i before permutation, will appear as

a leaf connection on b · ĉk
i after permutation. Since the layers α(v1) and α(v2)

are permuted towards the root of B, several atom-expansions have to performed
on ĉk

i in order to preserve all leaf connections in B̂. If b · B was minimal, this
step guarantees that the resulting branches in b · B̂ remain leaf-connected at all.

The split permutation is correct since all branches in b ·B̂ remain closed. The
following lemma justifies the use of β-proofs for a complete redundancy deletion.

Lemma 2. Let b · B be a minimal β-subproof. Then every β-subproof b · B̂ re-
sulting from a split permutation according to Definition 10 is minimal.

Proof . Consider the subproof b ·B shown in Figure 3, upper part. Let ni be the
number of β-expansions in Bi. We have ni = ni

1 +ni
2 +1 where ni

1 and ni
2 denote

the number of β-expansions in Bi
1 and Bi

2, for i = 1, . . . ,m. Let k1 and k2 be
the number of β-expansions in B1 and B2, different from the Bi. We obtain

#β(b ·B) = 1 + k1 + k2 +
m∑

i=1

1 + ni
1 + ni

2 = 1 + k1 + k2 + m +
m∑

i=1

ni
1 + ni

2.

Obviously, every β-subproof of b ·B is also minimal. Hence, #Ax (b ·B) > (k1 +
1) + (k2 + 1) −m, where the m subbranches b · bi · v in B1 and B2 are closed
with the m substructures Bi, i = 1, . . . ,m. For these subbranches we obtain
#Ax (b · bi · v · α(vj) ·Bi

j) = ni
j + 1, for j = 1, 2 and i = 1, . . . ,m. Thus,

#Ax (b ·B) = (k1 + 1) + (k2 + 1)−m +
m∑

i=1

(ni
1 + 1) + (ni

2 + 1) = 1 + #β(b ·B),
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{a5, a6}
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ā3

{ā10}
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{ā3, a8, a15, a19}

{ā12}
ā3

{a5, a6}

Fig. 4. Split permutation in the optimal β-proof from Example 4

which provides minimality of b ·B. The substructure b · B̂ after permutation and
atom-expansions is shown in Figure 3, lower part. We have

#β(b · B̂) = 1+(1+k1+k2+
m∑

i=1

ni
1)+(1+k1+k2+

m∑

i=1

ni
2) = 3+2(k1+k2)+

m∑

i=1

ni
1+ni

2.

Again, the substructures Bi
1 close m subbranches in B′

1 and B′
2; and the Bi

2 close
m subbranches in B′′

1 and B′′
2 , for all i = 1, . . . ,m. This yields

#Ax (b · B̂) = ((k1 + 1) + (k2 + 1)−m +
m∑

i=1

(ni
1 + 1)) +

((k1 + 1) + (k2 + 1)−m +
m∑

i=1

(ni
2 + 1)) = 1 + #β(b · B̂).

Hence, b · B̂ is minimal. (q.e.d.)

Example 4. Consider the β-proof B∝� of the formula F from Example 3 (see
Figure 2). Obviously, B∝� is optimal. The original reduction ordering∝� requires
the permutation of the β-expansion at a8 above the β-expansion at ā3. The
following steps are performed according to Definition 10 (see Figure 4):
1. We have one (m = 1) substructure B1 beginning with the β-expansion at v

to be permuted. It occurs below the α-layer {a16} in the right substructure
of B∝� . Moreover, B1

1 = B1
2 = ε holds, for the two substructures in B1.

2. Permutation step: Permute the β-expansion at a8 towards the root and du-
plicate the substructure which starts with the β-expansion at ā3. Replace
B1 below {a16} in the left substructure with B1

1 = ε; replace B1 below {a16}
in the right substructure with B1

2 = ε.
3. Atom-expansion step: We have B1

1 = b11 = ε and B1
2 = b12 = ε. Consider the

following partial branches before permutation:
c11 = ā3 ·{a7}·a15 ·{a16}·a8 · ā10 ·b11 and c12 = ā3 ·{a7}·a15 ·{a16}·a8 · ā12 ·b12.
For c11 the connection {a16, ā10} and for c12 the connection {a19, ā12} satisfies
condition 2-(b) of Definition 10. After permutation we obtain:
ĉ11 = a8 · ā10 · ā3 ·{a7}·a15 ·{a16}·b11 and ĉ12 = a8 · ā12 · ā3 ·{a7}·a15 ·{a16}·b12.
We extend ĉ11 with an atom-expansion at ā10 and ĉ12 with an atom-expansion
at ā12. Thus, all branches remain leaf-connected in the permuted β-proof.
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The resulting β-proof (Figure 4) is minimal, but not optimal: The α-layer {a16}
of the rightmost β-expansion at a15 and hence, this β-expansion itself is pure.

Purity reductions in β-proofs. A split permutation in an optimal β-subproof
b · B results in a minimal but usually not optimal β-subproof b · B̂. But this
property is crucial in order avoid decomposition problems in ∝� during the
reconstruction process (Theorem 2). For this, we formalize the second operation,
i.e. a purity reduction, in β-subproofs. A repeated application of this reduction
to b · B̂ leads to an optimal β-subproof b · B̂′, which can be used for a complete
redundancy deletion in ∝�. The purity reduction is defined as follows:

Definition 11. (purity reduction) Let b·B be a β-subproof containing a subproof
b · b′ ·B′, such that succ(u) = {u1, u2} and B′ = u ·α(u1) ·B′

1 | u ·α(u2) ·B′
2. Let

the β-expansion at u be pure, containing a pure α-layer α(ui), i ∈{1, 2}. Then,
the purity reduction at u is defined by replacing B′ with B′

i in b ·B.

The purity reduction at u is correct since all branches, which are closed in
the β-subproof b · b′ ·u ·α(ui) ·B′

i, where α(ui) is pure, are also closed in b · b′ ·B′
i.

The following lemma shows minimality of the reduction (see [26] for a proof).

Lemma 3. Let b ·B be a minimal β-subproof, which contains a subproof b ·b′ ·B′

with a topmost pure β-expansion at u in B′ according to Definition 11. Then,
the β-subproof b · b′ ·B′

i resulting from the purity reduction at u is minimal.

Example 5. Reconsider the minimal β-proof B∝� after the split permutation
from Example 4 (Figure 4). It is not optimal since the rightmost β-expansion at
a15 is pure. We apply purity reductions according to Definition 11:
1. Replace this β-expansion at a15 with B′

1 = ā12 below its pure α-layer {a16}.
2. Then, the right β-expansion at ā3 becomes pure since its α-layer {a7} is

pure. Replace this β-expansion with B′
2 = ā12, occurring below {a7} now.

After every purity reduction, the intermediate β-proofs are minimal. The resul-
ting optimal β-proof is depicted in Figure 4 after removing the boxed part.

4.3 Guiding Proof Reconstruction by β-Proofs

Proof reconstruction is guided by the traversal of the reduction ordering ∝�

(Section 2.2). Integrating β-proofs into this process requires an optimal β-sub-
proof b · B that represents the actual ∝�. Before starting traversal, an initial
optimal β-proof B∝� has to be computed from the given matrix proof ∝� and
its connections C. For every (sub)branch b of a β-proof B∝� we define the sets

βb = {v | v is β-expansion on b} and αb =
⋃

{α(v) | α(v) is α-layer on b}.

Then, B∝� can be extracted from ∝� and C using the algorithm in Figure 5.
Observe that the β-proof B∝� of ∝�, i.e. the inference steps, is computed in-

dependently from a concrete proof calculus. The construction process terminates
with a β-proof, since all paths in ∝� contain a complementary connection c ∈C.
Every branch b ∈B becomes eventually leaf-connected with a singleton set {c}
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1. Construct a minimal β-proof B∝� from ∝� and C in a logic L.
1.1 Initialization: Let b0 be the original root of&. Start with the root branch

α(b0) and the leaf-connections CB∝� = ∅. Set B = {α(b0)}.
1.2 Construction: Select a branch b ∈B.

– If there exists a connection c ∈C such that c ⊆ αb and b is leaf-
connected with c, then set B := B \ {b} and CB∝� := CB∝� ∪ {c}.

– Otherwise, select a β-position a ∈αb \ βb and perform the β-
expansion at a on b. Set b1 = b·a·α(succ1(a)), b2 = b·a·α(succ2(a)),
and B := (B \ {b}) ∪ {b1, b2}.

1.3 Recursion: If B = ∅, then proceed with step 1.2.
1.4 Termination: If B = ∅, then the result B∝� is a minimal β-proof with

leaf-connections CB∝� of ∝� in L.
2. Apply the purity reduction to B∝� , resulting in an optimal β-proof of ∝�.

Fig. 5. Algorithm for computing an optimal β-proof B∝� of ∝�

and thus, B∝� is minimal. But B∝� is not necessarily optimal, since redundant
β-expansions might have been applied when selecting β-positions in step 1.2.
The purity reduction in step 2. removes these redundancies from B∝� and CB∝� .

During the reconstruction process, the optimal β-subproof b ·B representing
the actual ∝� needs to be modified, whenever a β-split is performed in ∝�. For
refining redundancy deletion in ∝� wrt. b ·B, the following operation is needed:

Definition 12. (connection deletion) Let ∝� be the actual reduction ordering
with its connections C during traversal, represented by an optimal β-subproof
b · B. Let Cb·B ⊆ C denote the set of all leaf connections in b · B, i.e. used for
branch closure. Then, C′ := Cb·B is called the connection deletion in C wrt. b ·B.

Lemma 4. Let b · B the optimal β-subproof of ∝� and let C′ := Cb·B be the
connection deletion. Then, every connection in C′ is relevant for ∝� wrt. b ·B.

Lemma 4 guarantees that all redundant connections will be removed from C
via connection deletion (see [26] for the proof). β-proofs will be integrated into
proof reconstruction by extending the split operation at β-positions in ∝�. Let
[∝�

1′ ,∝�
2′ ] := β-split (∝�, u) according to Definition 2. Then, we obtain:

(1) If the topmost β-expansion in b · B is also performed at u, then b · B is
compatible with the traversal order of ∝�. Thus, b · B is divided into two
β-subproofs b · u · α(u1) ·B1 and b · u · α(u2) ·B2, representing ∝�

1′ and ∝�
2′ .

(2) If the topmost β-expansion in b ·B is performed at some v with v �= u, then
b · B does not agree with traversal order of ∝�. A split permutation of u
above v yields b · B̂. Applications of purity reductions result in an optimal
β-subproof b · B̂′, which will be divided into two β-subproofs b ·u ·α(u1) ·B1
and b · u · α(u2) ·B2, representing ∝�

1′ and ∝�
2′ .

After this, we perform connection deletion by C′
i := Cb·u·α(ui)·Bi

, and finally
apply ∝�

i := (β,Θ)-purity (∝�
i′ , C′

i) (Definition 4) to delete pure subrelations from
the ∝�

i′ , for i = 1, 2. Recall that no further connections will be deleted from the
C′

i since all of them are relevant for ∝�
i′ (Lemma 4). The extended split operation

returns [〈∝�
1, B1〉, 〈∝�

2, B2〉], which is formalized by the following definition:
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Definition 13. Let u be the β-position in ∝� to be solved next, and let b ·B the
optimal β-subproof representing ∝�, where B = v · α(v1) · Bv1 | v · α(v2) · Bv2 .
Then, split2(∝�, b ·B, u) := [〈∝�

1, B1〉, 〈∝�
2, B2〉] is defined by the following steps:

(a) [∝�
1′ ,∝�

2′ ] := β-split (∝�, u),
(b) for i = 1, 2, set Bi = Bvi if v = u, or Bi = B′

i if v �= u, where B′
i is computed

as follows: (i) b · B̂ is the split permutation of u above v in b · B, and (ii)
b · B̂′ is the optimal β-subproof after purity reductions in b · B̂ with

B̂′ = u · α(u1) ·B′
1 | u · α(u2) ·B′

2,

(c) for i = 1, 2, set C′
i := Cb·u·α(ui)·Bi

(connection deletion),
(d) for i = 1, 2, set ∝�

i := (β,Θ)-purity (∝�
i′ , C′

i).

Example 6. Reconsider the optimal β-proof from Example 5 (Figure 4) and
the decomposition problem in ∝�

2 of Example 2 (see Figure 1). The optimal
β-subproof representing ∝�

2 is the single branch {ā3, a8, a15, a19} ·a8 · {ā12} · ā12,
closed with the connection {a19, ā12}. Application of connection deletion yields
C′
2 := {{a19, ā12}} as single connection in ∝�

2. This avoids the decomposition
problem and hence, the deadlock in ∝�

2 during further proof reconstruction.

5 Complexity and Adequate Completeness

We assume standard matrix calculi based on the matrix characterizations for the
logics L, such as the extension procedure [3,13] or analytic tableaux with unifi-
cation [2,22]. We measure the complexity of proof calculi by the length of their
proofs. The length of a matrix proof is defined by the number NC of inference
steps in a standard matrix calculus, for testing a mating C to be spanning. The
length of a cut-free sequent proof is defined by the number of its axiom-rules. We
have analyzed the complexity of matrix and sequent calculi by comparing the
length of shortest matrix and sequent proofs for a particular class of formulae.

We were able to show that cut-free sequent calculi cannot polynomially si-
mulate standard matrix calculi for all logics L (see [26] for details). This means,
that there exist formulae for which every sequent proof has exponential length
wrt. the length of a matrix proof for these formulae. The intrinsic complexity
result is independent from a particular matrix calculus and thus, generally de-
termines the worst case complexity of every proof reconstruction procedure.
Efficiency of β-proofs. Although we cannot overcome this general worst-case
complexity, the integration of β-proofs eliminates the additional complexity of
search behavior during the reconstruction process. As a result, redundant proof
steps are avoided in the reconstructed sequent proofs. In a search-based ap-
proach, the selection function fd has to consider all isolated subrelations of a
decomposition problem in ∝�, until the proof relevant subrelation is found (see
Section 3). The occurrence of a decomposition problem itself indicates redun-
dancies in ∝�, which cannot be eliminated with naive methods. This leads to
redundant proof steps in the sequent proofs, even before the search of fd starts.

β-proofs provide a technically elegant elimination of search behavior, inde-
pendent from the considered logics and particular proof calculi. For this reason,
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they realize the high-level interface for efficient and goal-oriented proof recon-
struction, while avoiding redundant proof steps in the resulting sequent proofs.

The length of a β-proof B∝� is measured by the number #Ax (B∝�) of its
inference steps (see algorithm in Figure 5). This corresponds to the length NC of
a matrix proof in a particular matrix calculus, i.e. NC = #Ax (B∝�). Due to the
nature of proof calculi, NC can in the worst case grow exponentially in the size
of its mating C, i.e. multiply used connections appear as different inference steps
in NC (see [26]). Since proof search returns only the inference steps wrt. the used
matrix calculus, we either have to extract a mating from these inference steps
and proceed with search-based proof reconstruction, or we have to recompute
generalized inference steps in a β-proof B∝� for a search-free reconstruction
process. Hence, the use of β-proofs in every respect improves the efficiency of
proof reconstruction due to the above mentioned elimination of search.

Correctness and adequate completeness. Proof reconstruction guided by
β-proofs is correct, since the split2 operation cuts subrelations from ∝� without
violating the relation � in ∝�. In order to prove completeness, we need to show
that the split2 operation deletes all redundancies from the ∝�

i after splitting.
According to Lemma 4, no redundant connections will survive after connection
deletion. Since the β-subproofs for the ∝�

i remain optimal, no decomposition
problems can occur in the ∝�

i due to Theorem 2. Hence, deadlocks will be avoided
due to Lemma 1, leading to a search-free proof reconstruction process:

Theorem 3. Proof reconstruction guided by β-proofs is correct and adequately
complete for all logics L under consideration.

6 Related Work

Transformations from classical matrix proofs into natural deduction proofs have
been developed independently by Andrews and Bibel [1,3]. Andrews’ approach
has been refined and extended to higher order logic, using so-called expansion
tree proofs in [20,23,24]. Proof generation in natural language has been developed
with the ILF system [8]. Proof reconstruction from resolution-based proofs has
been considered in [23,17,10,9]. In [10,9], the resulting natural deduction proofs
are structured into macro steps for further processing into natural language.

Most of these approaches gain their advantages from a certain pre-structuring
of the input proofs and thus, are restricted to classical logic only. As an excep-
tion, the expansion tree proofs as used in [23] correspond to the data structure
of a reduction ordering used in our work: i.e. the formula tree of the input
formula, its expansion by multiply used subformulae, ordering constraints on
certain subformulae, and a mating. However, expansion tree proofs will not pro-
vide a sufficient data structure for a uniform extension to non-classical logics.
This is due to additional non-permutabilities and deletion of sequent formulae
during rule applications. Then, additional search would be involved, producing
redundant proof steps in the resulting proofs, even when deleting redundancies
with so-called focused matings, as presented in [20]. Our proof reconstruction
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approach works for a class of logics without restricting the input proofs, while
integrating the inference steps to avoid search. In earlier work [29], we have fol-
lowed this approach by focusing on a single matrix calculus, the extension proce-
dure [3,13]. The β-proofs in this paper abstract from particular proof calculi.

7 Conclusion and Future Work

We have presented β-proofs as a uniform, tableau-like representation framework
for the inference steps of matrix proofs. Two operations on β-proofs have been de-
veloped, providing an elegant method for a complete redundancy deletion during
proof reconstruction. As a main result, the framework yields a general relation
between matrix and sequent calculi that makes it independent from particu-
lar proof calculi and proof reconstruction methods. Thus, β-proofs enable us to
add a new dimension of uniformity to our proof reconstruction approach, which
shows the most important and significant generalization to previous work [29].

We have illustrated the integration of β-proofs into our proof reconstruction
procedure [28,12,15], resulting in an adequately complete, i.e. search free, recon-
struction process for classical, intuitionistic, and the modal logics K,K4, D,D4,
T, S4, S5, as well as for fragments of linear logic (see [26] for details).

As a further main contribution, we have discussed the improvement of effi-
ciency when using β-proofs during proof reconstruction: β-proofs are indispens-
able in order to eliminate search behavior, while avoiding redundant proof steps
in the reconstructed sequent proofs. We have shown that the representation
overhead of β-proofs does not influence the gained efficiency during proof recon-
struction. Thus, the established framework serves as a general and independent
interface for building efficient and uniform proof reconstruction components.

In the future we will combine our uniform approach with existing proof pro-
cedures in order to guide derivations in interactive proof assistants. Currently, we
work on an implementation for intuitionistic logic within the NuPRL system [7].
We will also consider extensions to larger fragments of linear logic [18,19].
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The Semantic Tableaux Version of the Second
Incompleteness Theorem Extends Almost to

Robinson’s Arithmetic Q

Dan E. Willard

Dept. of Computer Science, University at Albany, dew@cs.albany.edu. ��

Abstract. We will generalize the Second Incompleteness Theorem al-
most to the level of Robinson’s System Q. We will prove there exists a
Π1 sentence V , such that if α is any finite consistent extension of Q+V
then α will be unable to prove its Semantic Tableaux consistency.

1 Introduction

As originally formulated by Gödel, the Second Incompleteness Theorem discus-
sed the inability of any possible extension of Peano Arithmetic (PA) to verify
its self-consistency when it examined a proof-encoding that used a Hilbert-style
methodology [5] as the underlying deductive calculi. Many generalizations of the
Second Incompleteness Theorem were developed subsequently. For instance, let
us recall that Robinson’s Arithmetic system Q differs from Peano Arithmetic by
containing no Induction axioms [10,16]. In 1985, Pudlák strengthened a theo-
rem by Bezboruah and Shepherdson [3] to show that Q was subject to many
limitations similar to Peano Arithmetic. In particular, Pudlák established that
if α is any extension of Q then α must be unable to prove the non-existence
of a proof of 0=1 when the proof formalism uses simultaneously a Hilbert-style
calculi for deduction [5] and α represents its set of proper axioms. Moreover,
Robert Solovay (private communications, [18]) combined several formalisms of
Pudlák, Nelson [11] and Wilkie-Paris [22] to observe that Pudlák’s theorem ge-
neralized to systems weaker than Q in that they would recognize Successor (but
not Addition and Multiplication) as total functions.

The main gap left by the prior literature was that it had not resolved whether
or not the Second Incompleteness Theorem was also valid for weak systems with
respect to cut-free forms of deductive calculi, such as Semantic Tableaux. In
particular, let us say an axiom system α has an ability to verify its tableaux-
based self-consistency iff α can formally prove the non-existence of a proof
of 0=1 in a deduction system that uses simultaneously α as the set of proper
axioms and Fitting’s precise rules for Semantic Tableaux [5] as the employed
deductive calculi. The prior literature had not clarified fully to what extent the
Second Incompleteness Theorem prohibits weak axiom systems α from proving
this particular notion of their self-consistency.
�� Supported by NSF Grant CCR 99-02726
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For example, consider an axiom system that uses a special atomic symbol
M(x, y, z) to represent that the multiplicative product of x times y equals z.
Such a system would not necessarily recognize that Multiplication is a “total
function” (i.e. it need not recognize that “∀x∀y ∃z : M(x, y, z) ”). We devised
in [23,24] a consistent axiom system of this type, called IS(A), that could

1. recognize its tableaux-based self-consistency (in the particular sense that was
defined on the preceding page).

2. recognize Addition as a total function, and
3. prove all the Π1-like theorems of Peano Arithmetic in a slightly modi-

fied language that replaces the the Multiplication Function symbol with a
M(x, y, z)−atomic predicate symbol.

A very different type of partial caveat for the Semantic Tableaux version
of the Second Incompleteness Theorem has been described by the literature
[8,9,11,14,20,22]. The strongest version of this caveat has been described by
Pudlák, and we will therefore use [6,14]’s notation. Say a formula Υ (v) is a
definable cut for an an axiom system α if α can prove both : Υ (0) and
∀v { Υ (v) ⊃ Υ (v + 1) } . Then [8,9,11,14,20] have illustrated several examples
of different formulae Υ (v), which are Definable Cuts for α, such that α
can prove its Semantic Tableaux consistency local to these Cuts. Thus if the
notation “ SemPrf α (x, y) ” designates that y is a semantic tableaux proof of
the theorem x and if 6Ψ 7 designates Ψ ’s Gödel number, the prior literature has
shown how several quite different axiom systems α can prove the cut-localized
statement of their semantic tableaux consistency indicated below:

∀y { Υ (y) ⊃ ¬SemPrf α ( 6 0 = 1 7 , y ) } (1)

In light of these examples about how the Semantic Tableaux version of the Se-
cond Incompleteness Theorem can be partially evaded by certain types of forma-
lisms, it is noteworthy that Adamowicz [1] has proven that the very-frequently-
studied [6,22] axiom system IΣ0 + Ω2 satisfies the Second Incompleteness pro-
perty for semantic tableaux. Since IΣ0 +Ω2 has an ability to prove the totality
of functions growing substantially faster than Multiplication, Adamowicz’s theo-
rem raises the following two questions:

1. Where between the axiom system IS(A)’s evasion of the Second Incompleten-
ess Theorem and IΣ0 + Ω2’s obeying of it, does the Second Incompleteness
effect become valid for Semantic Tableaux deduction?

2. Does the Second Incompleteness Effect for Semantic Tableaux proofs become
valid for Robinson’s System Q, or other axiom systems very near it?

We will offer a partial (albeit not complete) answer to these questions. We will
prove there exists a Π1 sentence, henceforth called V , such that if α is
any consistent and finite extension of Q+V then α will be unable to formally
prove a theorem asserting its own tableaux-based self-consistency. Moreover, this
result will generalize for axiom systems α with infinite cardinality (although we
will have insufficient space to prove this generalization here.)
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2 Notation and Intuition

For simplicity, our base language will be the language of Robinson’s Q. Thus only
Addition and Multiplication function symbols will appear in its terms t , and
the existential and universal quantifiers in “∃x ≤ t φ(x)” and “∀x ≤ t φ(x)” will
be called bounded quantifiers. A formula will be called Δ0 if all its quantifiers
are bounded. Similarly if Ψ(x1, x2, ...xk) is Δ0, then we will use the term Π1 to
describe the normalized sentence ∀x1, ∀x2 ... ∀xk Ψ(x1, x2, ...xk) .

In our discussion, SemPrfα(x, y) will denote a Δ0 formula indicating that y
is a semantic tableaux proof of the theorem x from the axiom system α . For
simplicity, we shall use a definition of Semantic Tableaux proof similar to that in
Chapters 3.1 and 6.1 in Fitting’s textbook [5]. However with one minor caveat,
our version of the Second Incompleteness Theorem will actually generalize to all
the other major definitions of semantic tableaux. The caveat is that each different
definition of semantic tableaux deduction will be associated with a different Π1
sentence V such that Q + V is a threshold for the Second Incompleteness
Theorem. (This is essentially because the Π1 sentence V , constructed in the
next section, will contain a Δ0 subformula “SemPrf” that is dependent on the
particular definition of Semantic Tableaux proof used.)

Given a sequence of integers i1, i2, i3, ...im , we will say a Δ0 formula
Φ(g, j, x) makes g an encoding of this sequence iff Φ(g, j, x) is satisfied
only when x represents the j−th element in the sequence i1, i2, i3, ...im .
We will say g is a linear compressed encoding of this sequence if Log(g)
has a magnitude proportional to the size of

∑m
j=1 Log(ij + 2) . Buss, Hájek,

Paris, Pudlák and Wilkie [4,6,22] have all given examples of such Δ0 encodings,
and we will therefore not also do so here. The Linear Compressed Encodings
are considered to be the most efficient possible method to do a formal Gödel
encoding of a sentence or proof, and we will therefore study it in this paper.

Let the symbol ⊥ denote the Gödel number of the sentence 0 = 1 . The
weakest possible definition of α’s Semantic Tableaux Consistency is:

∀p ¬ SemPrfα ( ⊥ , p ) (2)

If Def(α ) denotes the above definition of α’s tableaux consistency then there
are also other available definitions, denoted as say Def∗(α ) , such that the two
definitions are equivalent in adequately strong fragments of arithmetic, but not in
sufficiently weak fragments (see for instance [24,25,26]). It is preferable to employ
the weakest available definition when generalizing the Second Incompleteness
Theorems. This is why our present article uses Equation (2)’s definition.

An alternate definition of a “semantic tableaux proof” appears below:

Definition 1. Let Log(x) denote Base-2 Logarithm, with downwards rounding
to the lowest integer. Let Log(x, k) denote Log(Log(Log...(Log(x)))) − where
there are k iterations of logarithm. For any fixed constant K > 1 , the symbol
SemPrfKα ( x , y , z ) will denote a Δ0 formula indicating that SemPrfα ( x , y)
is valid and that y < Log( z , K ) .
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Oddly, our final theorem will be couched solely in terms of Equation (2)’s more
desirable SemPrf( x , y) formalism, but the intermediate steps of our proof
will be much simplified by using as well Definition 1’s “SemPrfKα (x, y, z)” for-
malism to shorten their analysis.

In particular, let D(α) denote the following diagonalization sentence:

* There is no Semantic Tableaux proof of this sentence.

Also, let DK(α) denote the following SemPrfKα (x, y, z) modification of this dia-
gonalizing sentence:

** In a context where one employs the slightly modified “ SemPrfKα (x, y, z) ”
proof-notation, there exists no code (y, z) that “proves” this sentence.

It is very easy to formally encode DK(α) as a Π1 sentence following the example
of the prior literature on diagonalization. Thus, let Subst(g, h) denote Gödel’s
classic Δ0 substitution relation, defined below:

Subst(g, h) = The integer g is an encoding of a formula, and h
encodes a sentence identical to g, except that all free variables in g
are replaced with a constant, whose value equals g.

Then DK(α) can be defined as being the Π1 sentence Γ ( n̄ ) , where Γ (g)
denotes the formula (3) and n̄ denotes Γ (g)’s Gödel number.

∀h ∀y ∀z { Subst(g, h) ⊃ ¬ SemPrf K
α (h , y , z ) } (3)

In essence, our version of a proof of the Second Incompleteness Theorem will
be similar to the classic diagonalization proofs, except that many intermediate
steps will use DK(α) instead of D(α) .

Theorem 1. Let α �S Λ denote that there is a semantic tableaux proof of the
theorem Λ from the axiom system α . Then the combination of α �S Λ,
α �S Θ, and α �S Λ ∧Θ ⊃ Ξ implies α �S Ξ .

Proof. Immediate from Gentzen’s Cut Elimination Theorem [19,21]. ��

Theorem 2. Suppose α is a finite extension of Robinson’s system Q that (for
some constant K) proves the three theorems below. Then α is inconsistent.

A) ∀p ¬ SemPrfα ( ⊥ , p )
B) { ∃y ∃z SemPrfKα ( 6DK(α) 7 , y, z ) } ⊃ ∃x SemPrfα ( ⊥ , x )
C) ∀g ∀h ∀h∗ { Subst( g , h ) ∧ Subst( g , h∗ ) } ⊃ h = h∗

Proof. Let D∗ denote the Gödel-like “diagonalizing” sentence below:

D∗ =df { ∀ y ∀ z ¬ SemPrfKα ( 6DK(α) 7 , y, z ) } (4)

We will apply Theorem 1 several times to help shorten the proof of Theorem 2.
First, let us apply Theorem 1 with Λ and Θ denoting the sentences from (A)
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and (B) in Theorem 2’s hypothesis and with Ξ representing the sentence D∗

(from Equation (4)). For these three particular values for Λ , Θ and Ξ , it is
immediately apparent that α �S Λ ∧Θ ⊃ Ξ . Hence, Theorem 1 implies

α �S D∗ (5)

For any fixed K, DK(α) and D∗ are certainly equivalent sentences in suffi-
ciently strong models of Arithmetic. However, we need more than this fact to
duplicate Gödel’s diagonalization proof in the present setting. We need that the
weak axiom system α is yet strong enough to also recognize this equivalence !

To establish this fact, we begin by recalling that n̄ denotes (3)’s Gödel
number and that DK(α)’s definition implies Subst( n̄ , 6DK(α) 7 ) is true.
Since Subst( n̄ , 6DK(α) 7 ) is a valid Δ0 sentence and since Robinson’s System
Q can prove all valid Δ0 sentences, it follows that Q can prove this sentence.
Thus since Theorem 2’s hypothesis indicates that α is an extension of Q, we get:

α �S Subst( n̄ , 6DK(α) 7 ) (6)

We will now use Equation (6) to infer the validity of (7) below. In particular,
we do so by applying Theorem 1 with Λ representing the sentence Subst( n̄
6DK(α) 7 ) , with Θ representing the sentence (C) in Theorem 2’s hypothesis,
and with Ξ being the identity DK(α) ≡ D∗ . For these three values for Λ ,
Θ and Ξ , we can infer that α �S Λ ∧Θ ⊃ Ξ (because Λ ∧Θ enables α
to prove that the only value for h satisfying the left side of Equation (3) is the
quantity 6DK(α) 7 ). Hence, Theorem 1 implies:

α �S DK(α) ≡ D∗ (7)

Our final application of Theorem 1 is quite easy. We set Λ and Θ to be the
sentences D∗ and DK(α) ≡ D∗ and use Equations (5) and (7) to infer

α �S DK(α) (8)

We will now finish Theorem 2’s proof by following Gödel’s paradigm about
proving a sentence that states roughly “There is no proof of me”. Thus, let
p denote (8)’s proof of the theorem DK(α), q be a second integer satisfying
Log(q,K) > p , and r denote DK(α)’s Gödel number. Let us also recall that if
n̄ denotes (3)’s Gödel number, then DK(α) is the sentence:

∀h ∀y ∀z { Subst( n̄ , h ) ⊃ ¬ SemPrf K
α (h , y , z ) } (9)

We will follow Gödel’s example by observing that (9) must be false because if we
replace its three variables y, z, and h with the three constants p, q, and r then
(9)’s formal statement is negated. Moreover, Robinson’s System Q is known to
have the capacity to formally disprove any Π1 sentence that is invalid in the
Standard Model. Hence, since α is an extension of Q, we get

α �S ¬ DK(α) (10)

The combination of (8) and (10) shows that α is inconsistent. ��
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3 Main Theorems

We will assume that x−y = 0 when x < y (so that Subtraction can be viewed
as a total function). Also, Log(x, u) was defined by Definition 1.

Lemma 1. There exists two Δ0 formulae S(x, y, z) and P (x, u, z) such that:

1. The graphs of S(x, y, z) and P (x, u, z) represent the set of ordered triples
satisfying respectively the Subtraction and Logarithm functions

2. A Π1 sentence, henceforth denoted as V1 , will indicate that the two Δ0
formulae S(x, y, z) and P (x, k, z) represent total functions assigning Sub-
traction and Logarithm their usual properties.

Proof Sketch. Item 1’s claims about Subtraction are obviously true. The un-
abridged version of this paper (which the author can mail to any interested
readers) showed how P (x, k, z) can encode Log(x, k) = z as a Δ0 formula. (Its
proof essentially uses Benett’s dissertation [2] and the theory of LinH functions
[6,7,27]) in a routine manner.) The further claims of Item 2 require no proof
because they are an immediate consequence of Item 1 and of the fact that Sub-
traction and Logarithm are non-growth functions.

Lemma 2. Using the predicates S(x, y, z) and P (x, u, z) (from Lemma 1), one
can easily encode four Π1 sentences, henceforth denoted as A1, A2, A3 and A4,
that indicate that the functions Subtraction and Log(x, k) have the following four
well-known properties:

1. ∀x ∀y ∀z xy ≤ z ⊃ Log(z, 1) ≥Log(x, 1)+Log(y, 1)
2. ∀x ∀y x2 ≤ y ⊃ Log(y, 2) ≥Log(x, 2) + 1
3. ∀x ∀y Log(x, y + 1) =Log ( Log(x, y) , 1 )
4. ∀x ∀y y ≤ x ⊃ [ y = x ∨ y ≤ x− 1 ]

Proof. A trivial consequence of Lemma 1. ��
Let FinAx(α) denote a Δ0 formula, which will return the Boolean value of

TRUE when the integer α is a Gödel number that represents a finite-length
list of logical sentences. The formula FinAx(α) will serve as a mechanism for
recognizing when α represents a finite list of axioms. It thus allows us to treat
“ SemPrf α (x, y) ” as a Δ0 formula with three input variables x , y , α (rather
than just x and y ). Likewise, “SemPrfkα (x, y, z)” will now denote (in this section)
a Δ0 formula free in five variables x, y, z, α and k.

Lemma 3. There exists a Δ0 formula, henceforth denoted as Map(α, k, d) ,
which has the property that the triple (α, k, d) satisfies this formula if and only
if d equals the Gödel number of Section 2’s diagonalization sentence Dk(α) .
(This implies that Paradox(y, z, α, k) , defined below, also has a Δ0 encoding.)

Paradox(y, z, α, k) =df ∃ d < z Map(α, k, d) ∧ SemPrfkα ( d , y , z ) (11)

Justification. We will omit giving Lemma 3’s proof here because its under-
lying structure is similar to Section 4 of our earlier paper [26]. It thus relies on
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[6,7,27]’s theory of LinH functions. It uses the fact that every LinH procedure
can be transformed into an analogous Δ0 formula, in a context where the the
tuples satisfying Paradox(y, z, α, k) and Map(α, k, d) can be identified by
LinH decision procedures.

We are now ready to define the “V” used by our axiom system Q+V. It can
be thought of as either one long Π1 sentence, representing a conjunction of five
Π1 clauses V1∧V2∧V3∧V4∧V5 or as a list of five different Π1 axiom-sentences. Its
sentence V1 was defined by Lemma 1. In our discussion, FinAx5 (α) will denote
a Δ0 formula indicating α is a Gödel number which encodes some finite list
of axioms that includes all the axioms of Q + V . Also, FinAx4 (α) will have
an identical definition as FinAx5 (α), except it will require α’s list of axioms
include only Q + V1 + V2 + V3 + V4 . Below are defined V2 , V3 , V4 and V5 .

V2 =df A1 ∧ A2 ∧ A3 ∧ A4 where Lemma 2 defines these Ai (12)

V3 =df { ∀g ∀h ∀h
∗ { Subst( g , h ) ∧ Subst( g , h∗ ) } ⊃ h = h∗ } (13)

V4 =df { ∀α ∀k ∀g ∀h ∀y ∀z [ Υ (α, k, g, h, y, z) ⊃ (14)

∃h∗ ≤ h ∃y∗ ≤ y ∃z∗ ≤ z Υ (α, k, g, h∗, y∗, z∗ ) ] }

WHERE Υ (α, k, g, h, y, z ) =df { Subst(g, h) ∧ SemPrfkα(h , y , z ) }

Comment: Since V4 is provable from Q, some readers may wonder why it is
needed? The answer is a redundant axiom can super-exponentially shorten the
length of some cut-free proofs (a fact that we will use when we prove Lemma 9).

V5 =df { ∀y ∀z ∀α ∀k { [ FinAx4(α) ∧ k ≥ α ∧ Paradox(y, z, α, k) ] ⊃ (15)

∃x < z SemPrfα ( ⊥ , x ) }}

Below are listed our two main theorems about Q+V.

Theorem 3. The axiom system Q+V is consistent.

Theorem 4. Suppose α is a consistent axiom system that is a finite extension
of Q+V. Then α cannot prove a theorem asserting its Semantic Tableaux
consistency (i.e. it cannot verify ∀ x ¬ SemPrfα (⊥ , x ) ).

Comment : Before presenting the proofs of Theorems 3 and 4, it is desi-
rable to briefly reflect upon our overall goals and strategies. The chief goal is, of
course, to establish the existence of some Π1 sentence V where Q+V satisfies
simultaneously Theorem 3’s consistency property and Theorem 4’s Incomple-
teness property. It turns out that there are many different Π1 sentences V
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that possess both these properties. Some of these V will oddly cause Theorem
3’s half of the proof to be shorter, while others will cause Theorem 4’s portion
of the proof to be shorter. After some experimentation with this subject, we
discovered that the paper’s overall presentation would be best abbreviated if we
chose to work with a particular axiom-sentence V where Theorem 4’s portion
of the proof would become extremely short, but Theorem 3’s part of the proof
would become much longer. The reason we are informing our readers about this
trade-off is that some readers might otherwise find Theorem 4’s proof (below) to
be so alarmingly abbreviated to make them initially troubled by it. The best way
to soothe such concerns is to remind our readers that it is possible to find some
sentences V , where Q + V ’s Incompleteness property has an astonishingly
short proof, provided Theorem 3’s proof of Q + V ’s consistency property then
becomes correspondingly longer.

Proof of Theorem 4. Suppose for the sake of contradiction the theorem was
false. Then there would exist some fixed integer constant, denoted as say ᾱ ,
such that FinAx5( ᾱ ) is true and where ᾱ , viewed as an axiom system, is
consistent and verifies its own Semantic-Tableaux-Consistency.

Hence, we may begin our contradiction proof by letting ᾱ represent a consi-
stent axiom system satisfying

ᾱ � ∀ x ¬ SemPrfᾱ (⊥ , x ) (16)

Our goal is to show how Equation (16) will lead to a contradiction.
Let us now introduce a second constant k̄ = ᾱ + 1 . We claim that the

ordered pair ( ᾱ , k̄ ) will satisfy the hypothesis of Theorem 2. To establish
this fact, we must show that ᾱ can prove the three theorems (A), (B) and (C)
required by Theorem 2’s hypothesis. Below is the justification for this claim:

1. Equation (16) shows that ᾱ can prove Item (A) from Theorem 2’s hypothesis.
2. We will next show that ᾱ also proves Theorem 2’s needed sentence (B).

Let Λ and Θ denote the following two sentences:

FinAx4(ᾱ) ∧ k̄ ≥ ᾱ∧Map(ᾱ, k̄, 'Dk̄( ᾱ )( )

∀y ∀z { [ FinAx4(ᾱ) ∧ k̄ ≥ ᾱ ∧ Paradox(y, z, ᾱ, k̄) ] ⊃ ∃x < z SemPrfᾱ (⊥ , x)}

Both these sentences are provable from ᾱ. In particular, ᾱ � Λ holds
because ᾱ can prove every Δ0 sentence that is valid in the Standard Model
of the Natural Numbers, and ᾱ � Θ holds because Θ’s formal statement is
identical to ᾱ’s V5 axiom except that V5’s universally quantified variables
α and k are replaced by the constants ᾱ and k̄ . Moreover, if we let Ξ
denote the sentence (B) from Theorem 2’s hypothesis, it is straightforward
to obtain ᾱ � Λ ∧ Θ ⊃ Ξ from the underlying structure of these three
sentences. Hence from Theorem 1, we immediately obtain that ᾱ can prove
(B) from Theorem 2’s hypothesis.

3. Since Theorem 2’s sentence (C) and ᾱ’s axiom V3 are the same sentence, ᾱ
can trivially prove (C).
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Hence since ᾱ satisfies Theorem 2’s three requirements, the theorem implies ᾱ is
inconsistent. This observation completes our proof-by-contradiction because its
first paragraph assumed ᾱ was consistent. �

4 The Consistency of Q+V

The axiom system Q+V and the preceding Theorem 4 would obviously both
be entirely useless if Q+V was inconsistent. Therefore to establish their signifi-
cance, we must prove Q+V’s consistency. Our proof of Theorem 3 will require
introducing several preliminary lemmas.

Lemma 4. The first four axioms of V are valid in the Standard Model of the
Natural Numbers, and these axioms can be written as Π1 sentences.

Proof. Lemmas 1 and 2 indicate the axioms V1 and V2 are valid Π1 sen-
tences in the Standard Model of the Natural Numbers. It is trivial that V3
is also a valid Π1 sentence. Finally for any Δ0 formula φ(x, y), the sentence
“ ∀d ∀e [ φ(d, e) ⊃ ∃f ≤ e φ(d, f)] ” is clearly a valid Π1 sentence. This implies
that V4 is also a valid Π1 sentence, since its Equation (14) has a form identical
to the preceding sentence except that it replaces d with (α, k, g), e with (h, y, z)
and f with (h∗, y∗, z∗). ��

The remainder of this section will finish the proof of Theorem 3 by showing
that the axiom V5 satisfies a logical validity property similar to V1 through V4.

Lemma 5. If the clause on the left side of the axiom V5’s implication symbol
is true then y < Log( z , 23,000 ).

Proof. The formula on the left side of the axiom V5’s ⊃ symbol is:

FinAx4(α) ∧ k ≥ α ∧ Paradox(y, z, α, k) (17)

Clearly k ≥ 23,000 because (17) indicates that k ≥ α and α must require more
than 3,000 bits to encode an axiom system that includes Q+ V1 + V2 + V3 + V4.
Moreover since (17) indicates that Paradox(y, z, α, k) is satisfied, Equation (11)
and Definition 1 imply y < Log(z, k)). ��

Lemma 6. Let φ (x1 , x2 ... xm ) denote a Δ0 formula. For any m-tuple of
constants ( c̄1 , c̄2 ... c̄m ) with each ci ≤ n , assume that the semantic tableaux
proof (or disproof) of φ ( c̄1 , c̄2 ... c̄m ) from the axiom system α requires
a tree with no more than s nodes. Let the symbol “ Qi (xi ≤ k̄i ) ” be an
abbreviation for either a bounded existential or universal quantifier. (In other
words, “ Qi (xi ≤ k̄i ) ” is an abbreviation for either “ ∃xi ≤ k̄i ” or for
“ ∀xi ≤ k̄i ”.) Let Ψ denote a canonical Δ0 sentence of the following form:

Q1 (x1 ≤ k̄1 ), Q2 (x2 ≤ k̄2 ) ... Qm (xm ≤ k̄m ) { φ (x1 , x2 ... xm )} (18)

Assume α is an extension of Q + V2 and n ≥ MAX ( k̄1 , k̄2 , ... k̄m ) .
Then it follows that:
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1. If the sentence Ψ (formally defined by Equation (18)) is TRUE then there
will exist a semantic tableaux proof of it of approximate size O( s · nm ) .

2. And if the sentence Ψ is FALSE then there will analogously exist a semantic
tableaux disproof of it of approximate size O( s · nm ) .

Proof Sketch. Since all the quantifiers in Equation (18) are bounded quan-
tifiers, it is immediately apparent that a brute-force algorithm can span the
cross-product space of approximate size O(nm) and determine via a trivial pro-
cedure whether or not the sentence (18) is true or false. The fundamental point
is that whenever an axiom system α is rich enough to include all four clauses
of Equation (12)’s V2 axiom, a corresponding a semantic tableaux proof from it
can simulate the exhaustive search paradigm and produce a similar-sized proof
or disproof of (18) having an approximate O(s · nm) length. (There is insuffi-
cient page space to provide more details about Lemma 6’s proof here, but the
preceding proof-sketch should be adequate to explain the main intuition.)

Definition 2. Given an axiom system α , say q is a closed subtree rooted
in Ψ iff q has a structure identical to a semantic tableaux proof, except that
the root of q consists of “ Ψ ” (rather than “ ¬ Ψ ”).

Lemma 7. Let ᾱ , k̄ and ḡ denote three constants and consider the following
sentence:

∀h∀y ∀z { Subst(ḡ, h) ⊃ ¬ SemPrfk̄ᾱ(h , y , z ) } (19)

Suppose p is a Semantic Tableaux proof from ᾱ of the theorem (19). Let Υ
denote the formula from Equation (14). Then for any triple (h̄, ȳ, z̄) , it is
possible to map p onto a “closed” tableaux subtree q where:

a. The root of q is “ ∃h∗ ≤ h̄ ∃y∗ ≤ ȳ ∃z∗ ≤ z̄ Υ ( ᾱ , k̄ , ḡ , h∗, y∗, z∗ ) ”
b. There will be a natural correspondence between the paths in p and the

corresponding paths in q . Under this correspondence, the resulting path in
q will have a length exceeding the path in p by no more than some constant
C whose value is independent of ᾱ, k̄, ḡ h̄, ȳ and z̄. (Different authors use
slightly different definitions of a “semantic tableaux deduction”, and these
minor variations will produce slightly different values of Lemma 7’s constant
C. Under a typical definition, such as say that in Fitting’s textbook [5], C
can represent a constant roughly ∼= 12. )

Proof. It is obvious that (19) is provable only if the root of q’s subtree is false
(and refutable). Thus, one would intuitively expect to be able to map the proof
p onto an analogous tree-proof q of roughly the same height. The formal nature
of this transformation is trivial, and omitted. ��

Definition 3. Given a natural number N , its canonical binary represen-
tation, denoted formally as “ N

︸︷︷︸
”, will be a term of length O( Log N ) that

defines the value N using only the constant symbols for the numbers 0, 1 and 2.
In particular, let b0, b1, ...bm denote a sequence of bits where N =

∑m
i=0 bi 2i

and bm = 1 . Then N
︸︷︷︸

will be the term:
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( b0 + 2 · ( b1 + 2 · ( b2 + 2 · ( ... (bm−1 + 2 · bm )))))

Lemma 8. Suppose n, z and e > 2 satisfy Log(z, e) > n. Let Ψ denote a
theorem which states “ ∃r Log( r , e

︸︷︷︸
) > n

︸︷︷︸
” (where “Log” is obviously

encoded using Lemma 1’s notation). Then there exists a constant C (whose
value is independent of n, z and e ) such that a semantic tableaux proof t of
the theorem Ψ from the axiom system Q+V can have its proof-length bounded
by O{ [ LogLog(z) ]C }.

Proof. Fitting’s definition of semantic tableaux [5] indicates that a proof of the
theorem “ ∃r Log( r , e

︸︷︷︸
) > n

︸︷︷︸
” will store the negation of this sentence in

its root. Thus, the root will be essentially:

∀r Log( r , e
︸︷︷︸

) ≤ n
︸︷︷︸

(20)

The remainder of t’s proof will consist of two fragments, which we shall denote
as x1 and x0 . The substring x1 will be the topmost section of the proof-tree
t . It will use the fact that Q+V recognizes multiplication as a total function to
create a series of newly-created constant symbols u0 , u1 , u2 , ...un , satisfying
u0 = 2 , ui+1 = (ui)2 and having its last term un satisfy z < un ≤ z2 .

The second portion of the proof tree t will be called x0. It will use the last
paragraph’s un > z inequality to formally contradict the root’s sentence (stated
in (20)). It is fairly straightforward to use the four clauses of the axiom V2 to
construct a formal semantic tableaux proof such that the proof substring x1 will
contain O { LogLog(z) } nodes, and x0 will contain O { [ LogLog(z) ]C }
nodes (for some constant C ). ��

Lemma 9. Suppose that the 4-tuple ( y , z , α , k ) satisfies the formula on the
left side of the axiom V5’s ⊃ symbol. This formula is duplicated below:

FinAx4(α) ∧ k ≥ α ∧ Paradox(y, z, α, k) (21)

Then there will exist some constant C whose value is independent of y, z, α, k
such that there exists a semantic tableaux proof x from α of the theorem 0=1 ,
where x ’s bit-length ≤ O { [LogLog(z) ]C } .

Proof. Although the statements of Lemmas 8 and 9 are very different, it turns
out that Lemma 9’s proof tree x has some very similar components to Lemma
8’s tree t . In particular, x will be divided into five fragments, denoted as
x0 , x1 , x2 , x3 , x4 . The first two of these five components will be identical to
the x0 and x1 fragments of Lemma 8’s proof tree t .

Some notation will clarify the differences between these two proof trees. If
xi denotes any one of x0 , x1 , x2 , x3 , x4 , let us use the following terminology:

1. The fragment xi , viewed as an integer encoding a string of bits, will
be said to be z-tiny iff Log(xi) ≤O( LogLogLog(z) ) (there are three
iterations of “Log” attached here to z ).
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2. The bit-string xi will be said to be z-adequately small when xi satisfies
the inequality Log(xi) ≤ O { [ LogLog(z) ]C } .

Our proof-tree x will be essentially the concatenation of two “z-adequately
small” parts, x0 and x1 , with three “z-tiny” subtrees, x2 , x3 and x4 .
As we already noted, x0 and x1 will be identical to their counterparts from
Lemma 8’s tree t . (Thus, it will turn out that the sole differences between the
proof-trees, t and x , will be three very minuscule-sized “z-tiny” fragments.)

We will now formally describe the proof-tree x . Since x is a proof of the
theorem 0=1, the root of its proof-tree will obviously be “ 0 �= 1 ”. Immediately
below this root will be the fragment x1 from Lemma 8’s proof. It will thus
consist of an iterated series of newly-created constant symbols u0 , u1 , u2 , ...un ,
satisfying u0 = 2 , ui+1 = (ui)2 and having its last term un satisfy

z < un ≤ z2 (22)

At the bottom of the proof fragment x1 will appear two further sentences. The
first will be Equation (14)’s axiom V4 . (It is permissible to include this axiom
in the proof x because Equation (21)’s FinAx4(α) clause indicates that the
axiom system α includes this axiom.) The last sentence at the bottom of the
segment x1 is formally defined by Equation (23) at the end of this paragraph.
This last sentence will be identical to the axiom V4 , except that V4 ’s six
universally quantified variables will now be replaced by six terms, denoted as
α

︸︷︷︸
, k
︸︷︷︸

, g
︸︷︷︸

, h
︸︷︷︸

, y
︸︷︷︸

and un. The following rules will define these terms:

1. Let us recall that Lemma 9’s hypothesis indicated that ( y , z , α , k ) would
satisfy Equation (21). The values of α

︸︷︷︸
, k

︸︷︷︸
and y

︸︷︷︸
will represent

the corresponding quantities in the tuple ( y , z , α , k ) . Formally, these
three terms will be encoded using the “Canonical Binary” form of Definition
3. (The last term un will obviously satisfy Equation (22).)

2. Let us recall that Equation (21)’s Paradox(y, z, α, k) formula indicates that
y is a proof of the theorem Dk(α) . Let h denote Dk(α)’s Gödel number.
We saw previously in Equation (3) of Section 2 how h was constructed.
(It basically was constructed using methods similar to Gödel’s construction
of a sentence that states “There is no proof of me”. In particular, h was
constructed by taking a “masking formula” g , that was free in one variable,
and letting h denote the unique integer that satisfies the Gödel-like formula
of Subst(g, h). ) Our formal definition of the terms g

︸︷︷︸
and h

︸︷︷︸
is

that they will be canonical binary terms that represent the particular integer
values associated with these two numbers g and h .

Thus in a context Items (1) and (2) define the terms α
︸︷︷︸

, k
︸︷︷︸

, g
︸︷︷︸

, h
︸︷︷︸

, y
︸︷︷︸

and un, the node immediately below V4 in our proof tree will be identical to
V4 , except that V4 ’s six universally quantified variables of α , k , g , h , y and z
will be replaced by these corresponding terms. This sentence is shown below.



Tableaux and Incompleteness 427

Υ ( α
︸︷︷︸

, k
︸︷︷︸

, g
︸︷︷︸

, h
︸︷︷︸

, y
︸︷︷︸

, un ) ⊃ ∃h∗ ≤ h
︸︷︷︸

∃y∗ ≤ y
︸︷︷︸

∃z∗ ≤ un

Υ ( α
︸︷︷︸

, k
︸︷︷︸

, g
︸︷︷︸

, h∗, y∗, z∗ ) } (23)

First Branch-Split in the Proof x Immediately below the node storing
the sentence (23) will occur the first branch-split in x’s semantic tableaux proof.
This split will be generated by the ⊃Elimination Rule. The two children of (23)’s
sentence are therefore given by equations (24) and (25) below:

∃h∗ ≤ h
︸︷︷︸

∃y∗ ≤ y
︸︷︷︸

∃z∗ ≤ un Υ ( α
︸︷︷︸

, k
︸︷︷︸

, g
︸︷︷︸

, h∗, y∗, z∗ ) } (24)

¬ Υ ( α
︸︷︷︸

, k
︸︷︷︸

, g
︸︷︷︸

, h
︸︷︷︸

, y
︸︷︷︸

, un ) (25)

Construction of the Substring x2 and the Proof of its z-Tiny
Size: The substring x2 will represent a closed subtree of z-tiny size that is
rooted in Equation (24)’s sentence. The reason it is possible to build x2 is that
the hypothesis of Lemma 9 indicated that Paradox(y, z, α, k) was satisfied. From
Lemma 7A, this implies x2 exists. Moreover, its size must be z-tiny (because
Lemma 7B implies x2 has the same magnitude as y and Lemma 5 indicated
y was actually much smaller than z-tiny).

The Remaining Fragments of the Proof-Tree x and Their Small
sizes: To complete Lemma 9’s proof, we must show how the subtree descending
from (25) is also closed and adequately small. This sentence is the statement
“ ¬ Υ ( α

︸︷︷︸
, k
︸︷︷︸

, g
︸︷︷︸

, h
︸︷︷︸

, y
︸︷︷︸

, un ) ” where Υ was defined by (14). After

applying the Semantic-Tableaux ¬ Elimination Rule to the preceding quoted
sentence, our remaining part of the proof-tree is rooted in the sentence

¬ Subst( g
︸︷︷︸

, h
︸︷︷︸

) ∨ ¬ SemPrf
k

︸︷︷︸
α

︸︷︷︸
( h
︸︷︷︸

, y
︸︷︷︸

, un ) (26)

Applying the ∨−Elimination Rule to (26), we get a branch-split generating the
following two sibling nodes:

¬ Subst( g
︸︷︷︸

, h
︸︷︷︸

) (27)

¬ SemPrf
k

︸︷︷︸
α

︸︷︷︸
( h
︸︷︷︸

, y
︸︷︷︸

, un ) (28)

Moreover from Definition 1, it is apparent we can make another branch split
below (28) that will generate the sibling nodes given in (29) and (30).

¬ SemPrf α
︸︷︷︸

( h
︸︷︷︸

, y
︸︷︷︸

) (29)
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¬ y
︸︷︷︸

< Log(un, k
︸︷︷︸

) (30)

Thus to show that the subtree descending from (25) is closed and also sufficiently
small, we must analyze the three subtrees that descend from the corresponding
sentences (27), (29) and (30). These three subtrees will be called x3 , x4 and
x0 , and their size analysis is given below:

1. The quantities g and h from (27)’s formula “ Subst( g
︸︷︷︸

, h
︸︷︷︸

) ” must

be integers less than y (simply because y is a proof of the theorem whose
Gödel number = h ) . Since, Subst is a Δ0 formula, it then follows from
Lemma 6 that the subtree x3 descending from (27) has a size approximately
equal to y ’s magnitude. The final point is that Lemma 5 indicated that
y was actually much smaller than z−tiny. Hence, the subtree x3 must
certainly have a z-tiny magnitude (since its length is governed by y’s size).

2. The proof that the subtree x4 descending from (29) is z-tiny is almost
identical to Item 1’s analysis of x3 essentially because SemPrf α

︸︷︷︸
( h
︸︷︷︸

, y
︸︷︷︸

)

is also a Δ0 formula. Thus once again, Lemma 5 allows us to assume that
y (and therefore again also h ) are sharply smaller than z-tiny. Also, an
obvious analog of Lemma 5 is similarly applicable to α . Hence since all
three of SemPrf α

︸︷︷︸
( h
︸︷︷︸

, y
︸︷︷︸

)’s terms are sufficiently small, we can again

apply Lemma 6 to conclude that the subtree x4 is z-tiny.
3. The proof that the subtree x0 descending from (30) is z-adequately small

is essentially an immediate consequence of Lemma 8. In particular, the tree
t , constructed in Lemma 8’s proof, contained a subtree, which was also
called x0, whose structure is identical to the object descending from (30)’s
sentence. Thus by our preceding discussion, x0 is z-adequately small.

The above observations have completed our proof of Lemma 9 because they
have shown that each of the five subtrees x0 , x1 , x2 , x3 , x4 are sufficiently
small to satisfy Lemma 9 ��
Lemma 10. The axiom V5 is valid in the Standard Model of the Natural Num-
bers.

Proof Sketch. Almost all the details needed to establish Lemma 10 already
appeared in Lemma 9’s proof. This is because the formal statement of Lemma
9 is almost identical to the formal statement of axiom V5 . Thus Lemma 9’s
formal statement indicated that any tuple ( y , z , α , k ) satisfying the formula
(21) can be mapped onto an element x, representing a semantic tableaux proof
of 0=1, whose bit-length is bounded by O { [ LogLog(z) ]C } The point is
that V5’s formal statement differs only by indicating that x < z .

The additional details to convert Lemma 9’s Log(x) < O { [ LogLog(z) ]C }
bound into a strict x < z inequality are extremely routine, albeit a bit tedious.
For the sake of brevity, these final details are omitted. �

Finishing the Proof of Theorem 3: The combination of Lemmas 4 and
10 implies Theorem 3’s validity because they show all Q+V ’s axioms are valid
in the Standard Model (hence establishing its consistency). �
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Recapitulating This Proof: It is now possible to offer a pleasantly short
2-sentence intuitive summary of Theorem 3’s proof. The heart of the proof rested
on showing the existence of a proof-tree x that was sufficiently small to assure
the validity of the axiom V5’s requirements for x . The intuitive reason such an
x must exist is that its bit-length has the same order of magnitude as Lemma
8’s proof-tree t, and Lemma 8 showed the latter was sufficiently small.

5 Final Remarks

Section 1 explained the basic reason for our interest in this subject. It was
because our prior papers [23,24] established that significant exceptions to the
semantic-tableaux version of the Second Incompleteness Theorem do occur when
one transforms Multiplication from a total function into a 3-way relation. (Thus,
our prior papers [23,24] showed that some axiom systems can verify all Peano
Arithmetic’s Π1 theorems while simultaneously proving their Semantic Tableaux
consistency when Multiplication is changed from a total function into a 3-way
relation.) Since Theorem 4 isolates a single Π1 sentence preventing the same
effect when Multiplication serves as a total function, the combined results of our
several papers establish a fairly tight characterization of exactly when the Second
Incompleteness Theorem is and is not valid for Semantic Tableaux.

It should be emphasized the particular Π1 sentence V defined by equations
(12) through (15) is not the main point, since Section 4 noted many other Π1
sentences can also satisfy Theorems 3 and 4. Rather what is noteworthy is that
this paper has established the first documented example of some Π1 sentence
V with these Second Incompleteness properties.

A slightly longer version of the present article has also been prepared, and
it can be emailed to any interested readers. It includes fuller proofs for Lem-
mas 1 and 10 and a stronger version of Theorem 4 (which indicates that the
Semantic Tableaux Incompleteness Effect is also valid for axiom systems α
with infinite cardinality). Moreover, with a little additional work, our variant of
the Second Incompleteness Theorem can also be generalized to other cut-free
methods of deduction, such as Herbrand deduction, the cut-free version of the
Sequent Calculus, and Resolution.

Finally, we wish to end this article on a mildly amusing note. Many readers
will smile with amusement when they learn the true reason that the Semantic
Tableaux version of the Second Incompleteness Theorem breaks down when Mul-
tiplication is changed from a total function into a 3-way relation. It is essentially
that Lemma 8 and its short proof then become no longer valid. (Lemma 8 was
crucial because Lemma 9’s proof used the x0 and x1 substrings from Lemma 8’s
proof as an interim step. Without it, our proof of the Semantic Tableaux version
of the Second Incompleteness Theorem collapses entirely ! )
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Abstract. Lemmatization is a promising way for solving “hard” pro-
blems with automated theorem provers. However, valuable results can
only be reached, if the employed lemmata are restricted to useful records.
The automated model-elimination theorem prover AI-SETHEO was de-
signed for using such a controlled lemmatization from the beginning.
Mainly responsible for the success of the newest version of AI-SETHEO
is the implementation of an algorithm for eliminating lemma redundan-
cies. Here, a lemma f is called redundant to other lemmata f1, . . . , fn, if
f can be generated within very few inferences from f1, . . . , fn. Conflicts
between redundacies are resolved with an importance criterion. First ex-
periments with AI-SETHEO give promising results.

1 Introduction

When dealing with difficult problems, automated theorem provers (ATPs) are
still inferior to skilled human mathematicians. Obviously, the method of mo-
dularization used by humans is better suited for this area of applications than
the brute-force search typically perfomed by ATPs [3]. It is suggestive to utilize
a mechanized form of modularization like lemmatization [2] in ATPs as well.
Technically, this approach can be realized as a procedure which generates unit-
lemmata fi and uses them for constructing the proof of the actual problem P
(given as clause set) [1].

In order to avoid a disadvantageous knowledge-intensive search [1,9], only
probably “useful” lemmata have to be retained in a small knowledge base F .
This includes the restriction of the knowledge base elements f ∈ F to nontrivial
lemmata, i.e. lemmata requiring many inferences for their proof [2]. Only their
use can guarantee an appreciable progress while processing a problem. However,
the required nontriviality of all lemmata f ∈ F with respect to the original
problem P does not exclude a possible triviality of f with respect to P ∪F \{f}.
In such a case, f is called redundant to F \ {f}. Despite being useful for itself, f
is not useful as element of F , because F and F \{f} represents the same state of
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knowledge. Experiments have given an overwhelming evidence that every useless
and hence superfluous lemma contained in such a knowledge base leads to a
considerable diminuation of the prover performance. Thus, it is suggestive to
eliminate these redundant lemmata in the knowledge base F .

The paper is organized as follows. Section 2 is devoted to the basic ideas
of redundancy elimination. Section 3 describes the implementation of this al-
gorithm. Section 4 contains an assessment of experimental results. The paper
closes with new perspectives in section 5.

2 Redundancy Elimination

As defined in the introduction, a lemma f is called redundant to F \ {f}, if
f is trivial with respect to P ∪ F \ {f}. Aiming at the removal of as many
redundant lemmata as possible, a brute-force algorithm will give the best results.
Unfortunately, the resulting super-exponential complexity is not tractable in
practice. Hence, instead of this brute-force approach a heuristic approach based
on a stepwise procedure is pursued. Indeed, a high computational complexity
can be avoided in this way; however, some additional complications occur. The
most severe one is the occurrence of conflicts.

Let us consider the following situation. If an equality a = b is considered
as useful and thus contained in the knowledge base F , it is very probable, that
the lemma b = a is an element of F , too. These two lemmata f1, f2 are trivial
consequences of each other because of the equality axiom X = Y ⇒ Y = X.
It means that f1, f2 are redundant to each other. In such cases, the intended
redundancy elimination algorithm has to decide, which one of f1, f2 should be
deleted and which one should remain in the knowledge base. This can be done
with an importance evaluation of all lemmata f ∈ F . If a conflict is identified
between two lemmata, the lemma with higher importance should retain in F . In
this way the redundancies are stepwise eliminated as far as possible using the
algorithm described below.

At first all proofs for all f ∈ F requiring only very few inferences are sy-
stematically produced from P ∪ F . A lemma f is identified as redundant to
F ′ ⊆ F \ {f}, iff a proof exists using only the clauses contained in P ∪ F ′. A
lemma f is considered as important, iff f is often usable and rarely producable.
This discrimination allows a suitable handling of redundancy conflicts during
the actual elimination of the identified redundancies; at its start all flags u(f)
labelling a lemma f ∈ F as undeletable are set to false, i.e. u(f) = 0. Let F0 := F
denote the original knowledge base.

The (or a) lemma f ∈ {g ∈ F | u(g) = 0} with the lowest importance E(f)
is chosen as best candidate for an elimination. Every lemma f ′ ∈ F0 \F already
deleted must be redundant to a set Sf ′ ⊆ F \ {f}; otherwise f is labelled as
undeletable, i.e. u(f) := 1, and the next best candidate for an elimination is cho-
sen. Now, f is eliminated from F . Let S1

f , . . . , S
n
f ⊂ F \ {f} denote the lemma

sets, to which the lemma f is redundant; the lemmata {f1, . . . , fn} := Si
f con-

tained in the set Si
f with the highest average importance

∑

f∈Si
f
E(f)/|Si

f | are
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marked as undeletable, i.e. u(f1) := 1, . . . , u(fn) := 1. The lemmata f1, . . . , fn

must remain in the knowledge base, because otherwise f would eventually not be
trivial to the resulting final knowledge base anymore. The described elimination
is iterated as long as candidates for an elimination exist.

3 Implementation

The proposed redundancy elimination algorithm, which can be utilized in all
theorem provers using lemmatization, was implemented in the ATP AI-SETHEO,
which was designed for the usage of a controlled lemmatization from the begin-
ning; hence the implementation could be done very easily. AI-SETHEO in its
original implementation without redundancy elimination procedure is described
in [2]. It is a completely automated system based on the generation, evaluation,
and selection of unit-lemmata. Its core is the goal-oriented theorem prover SE-
THEO [6], which is based on the model elimination calculus [7,8] for first-order
clause logic as refined special tableau method. In the model elimination calcu-
lus a given query is recursively decomposed into new sub-queries until each of
them can be solved either by a unit-lemma of the axiomatization, or by one of
the assumptions made during the decomposition. In this way possible decom-
positions are enumerated until a proof can be constructed [5]. The other two
main modules of AI-SETHEO besides the theorem prover SETHEO itself are
the lemma generator and the lemma selection procedure. In detail, the lemma-
tization mechanism including redundancy elimination of AI-SETHEO works as
follows.

At first, AI-SETHEO tries to solve the original problem P with help of
SETHEO [10] in a certain amount of time. If this attempt is unsuccessful, a set
S of additional unit-lemmata is generated in a brute-force way with the DELTA-
Iterator [11], which is also based on SETHEO. Then AI-SETHEO evaluates the
usefulness of all f ∈ S. This is done by calculating a measure of nontriviality with
respect to P , which simply counts the minimal number of inferences contained
in the proof of f , and a relevancy measure [4,13]. A lemma f considered as useful
in both respects is transferred to the knowledge base F . Now the redundancy
elimination is applied to F . For efficiency reasons it is scheduled as two stage
process. The first stage consists in the removal of subsumable lemmata. The
prover system avoids such specialisations, because general lemmata can finish the
actual proof task alike and represent much more powerful aids. This criterion can
easily be applied. It makes the application of the general redundancy elimination
to F as second filter stage much more easily. The general redundancy elimination
is performed as described in section 2. The resulting considerably compressed
knowledge base F is appended to the original formula P . Then the whole process
is repeated with the modified formula P ∪ F . The iteration process stops in the
case of success or when a time limit is reached. In this way, many more proofs
are found than with the application of SETHEO on P [2,4,13].
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4 Experiments

The performance of AI-SETHEO without and with redundancy elimination was
tested on all hard problems contained in the problem collection TPTP [12].
Here, a problem is called hard, if SETHEO can not solve it within 100 seconds.
The very promising results are shown in the following table. The entries in the
first three columns give the theory domain in the TPTP, the total number of
problems in this domain and the number of hard problems in this domain. The
entries in the last three columns give the performances of SETHEO and AI-
SETHEO without and with redundancy elimination for an overall time limit of
1000s. All experiments were carried out on Sun Ultra 10.

Domain Problems Problems SETHEO AI-SETHEO AI-SETHEO
Total Hard - RedElim + RedElim

BOO 68 52 5 1 21
CAT 58 29 2 15 25
COL 163 68 11 10 31
FLD 281 188 8 13 27
GEO 165 103 6 19 48
GRP 375 249 13 24 48
HEN 64 35 1 9 34
LAT 35 34 0 4 7
LCL 281 181 10 41 78
LDA 23 22 0 6 14
NUM 309 285 2 10 14
PUZ 60 15 3 7 6
RNG 100 82 3 5 17
SET 1018 735 23 35 100

Others 1005 421 15 13 28
Total 4005 2499 102 212 498

As can be seen, significantly more problems can be solved with redundancy
elimination than without. With respect to ‘hard’ problems an increase of perfor-
mance by an average factor 2 was reached; in several domains, the performance
increase peaked up to a factor of 3 and more. The amount of the size reduc-
tion of the lemma set due to the redundancy elimination algorithm is subject
to strong variations; it strongly depends on the actual problem under considera-
tion. Hence for this parameter no typical numbers can be given. Unfortunately,
the redundancy elimination is not always advantageous. It prefers the use of the
most general version of a lemma, which produces sometimes an unnecessarily
large search space compared to a lemma specifically instantiated for the actual
problem under consideration. Hence it is possible, that in a few cases the search
space is enlarged rather than reduced after application of the redundancy elimi-
nation contrary to the intention of this algorithm. Indeed, some solutions found
by AI-SETHEO without redundancy elimination were lost in this way.
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5 Outlook

Despite the prototypical implementation of the presented algorithm, the results
are very promising. Although the proposed methods have been tested using a
model elimination theorem prover for first-order predicate calculus, the under-
lying concepts are more general and can be applied to other logics, calculi, and
inference rules as well. The paper confirms the overall tendency, that a better
discrimination between useful and useless lemmata leads to a smaller knowledge
base, improving the performance of the theorem prover. Indeed, the number of
solved problems is considerably higher with application of the redundancy eli-
mination algorithm than without. The full potential of controlled lemmatization
has yet to be discovered. Further improvements are possible, e.g. the selection
of lemmata on demand controlled by failed proof trials. It can be expected, that
the implementation of such techniques will yield further improvements.
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Abstract. We have developed a method for strategy evaluation and
selection based on test data generated from the problem domain. We
present the theorem prover e-SETHEO, which automatically handles
training data management, strategy evaluation and selection, and ac-
tual proof tasks. We also give some experimental data produced with
this system. We address the problem of test set extraction and give an
assessment of our work.

1 Introduction
When using systems for Automated Theorem Proving (ATP), often tremendously
large search spaces have to be examined. Such a search problem is usually solved
by a uniform search procedure. In automated deduction, different search stra-
tegies may behave significantly different on a given problem. Unfortunately, in
general, it cannot be decided in advance which strategy is the best for a given
problem. This motivates the competitive use of different strategies, especially
when the available resources are restricted. For us, a strategy is one particular
way of traversing the search space. Many ways of combining and applying diffe-
rent strategies in parallel have already been studied. Some of these are applicable
to automated theorem proving. A discussion of the related work is available in [7]
as well as an introduction to the paradigm of strategy parallelism. The system
abstract [8] of p-SETHEO, an earlier (and much simpler) version of the prover
described in this abstract, may be interesting for the reader, too. Here, we only
sketch the key facts. Strategy parallelism is, from a certain point of view, a com-
petition approach. Different strategies are applied to the same problem and the
first successful strategy stops all others. Since not all strategies are equally pro-
mising or require equal effort, it is advisable to divide the available resources in
an adequate way. The selection of more than one search strategy in combination
with techniques to partition the available resources such as time and processors
is called strategy parallelism [7]. Different, competitive agents traverse the same
search space via different paths in such a way that the repeated consideration
of identical parts is largely avoided. Such a selection of strategies together with
a resource allocation for the strategies is called a schedule.

2 Implementation
Using SETHEO as the basic underlying inference machine, we have developed
p-SETHEO [8], a prototypical strategy parallel theorem prover. This system in
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the meanwhile has been further developed into e-SETHEO1, the most important
improvements being the full automation of the prover configuration process and
the augmentation by the new E prover, a superposition calculus equality pro-
ver [3]. We have used e-SETHEO to collect experimental data and successfully
participated with that system in the ATP system competition at the CADE-16
conference. While in the early stages of development nearly all stages had been
variants of SETHEO (that is, e-SETHEO would invocate different instantiations
of SETHEO with different parameterizations), in the meanwhile we have begun
to incorporate a much wider variety of different strategies covering special pro-
blem classes. E-SETHEO is able to incorporate all state of the art ATP systems,
provided these ATP systems adhere to minimum standards regarding issues such
as resource allocation or input-output behaviour.

3 Prover Configuration
E-SETHEO has been designed to automatically perform the prover configuration
for the given problem set. A principal scheme of the functionality of the system
is given in the Figure below.

j

Proof

Prover Run

Encoding in the Prover

Selection of the Best Resource Distribution

Optimization by Gradient Procedure

Syntactic Classesji

User Prover Author Prover Author

Actual Problem

Run-Time

Tuning

Data Generation
Genetic Selection of Initial Resource Allocations

i

Available Strategies s ( )Representative Test-Set f ( )

Matrix of All Values of s  (f  )

We capture the strategy allocation problem by using a set of training ex-
amples from the given domain and optimizing the admissible strategies for this
training set using a genetic algorithm [1] followed by the application of a gra-
dient procedure to the best individuals. Providing the necessary training data,
however, is a very extensive task. We want to determine a combination of stra-
tegies which solves a maximal number of problems from the training set within
the given resources. To compute this combination, we have to determine the so-
lution times on all problems in the training set for all admissible strategies. We
perform automated data generation on a loosely connected workstation cluster.
1 e-SETHEO differs from its sister system AI-SETHEO in that it employs different

single provers in parallel, whereas AI-SETHEO pursues a modularization of big proof
tasks into smaller ones.
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Using a system of independent distributed software components, we execute the
necessary prover runs and generate the performance data matrices for the pro-
ver tuning phase. This tuning is done in the course of the automated strategy
evaluation and schedule determination. The multitude of settings of the basic
SETHEO inference machine and the considerable number of additional prover
tools employed by e-SETHEO result in a vast number of different configurations
in which the prover system can be used. It is obvious that it is not feasible to test
all these possible configurations for their performance on a given problem do-
main. Using heuristics, intuition and experience, a number of about one hundred
of these configurations has been identified as potentially useful and implemented
as strategies. We obtain the strategy selection and resource partitioning using
a number of pseudo-optimal solutions we acquire by evolving a set of schedules
for each problem class by the genetic algorithm described in [4]. The best of
these schedules in each class are selected for refinement by applying the gradient
method explained in [9]. This process results in a set of schedules, one for each
syntactic class, that are then used for configuring e-SETHEO. The run-time
automated proof search follows the principles already used by p-SETHEO [8].

4 Experimental Results
Our experiments were conducted in two phases. First we intended to verify the
feasibility of the approach described above with reduced problem and strategy
sets. Therefore we used the 547 eligible TPTP problems [6] of the CADE-15
ATP systems competition as our training data set. Our prover p-SETHEO [8]
employed 91 different strategies at that time, these formed our strategy set. We
extracted all these strategies and ran each strategy on all problems using the
standard sequential SETHEO [2]. The successful results of all those runs were
collected. 398 problems can be solved by at least one of the strategies in at most
300 seconds. Then we ran the genetic algorithm described in [4] followed by the
gradient procedure from [9] on the collected data.

The Figure above shows the average number of problems solved after 0 to 100
generations for 10, 20, 40, and 160 individuals (numbers at the curves) in 300
seconds on a single processor system. Our experimental results indicated that
the combination of a genetic approach and a gradient one is extremely useful for
automatically configuring a strategy parallel theorem prover, and therefore we
tested each of the 110 strategies on all 4004 TPTP problems. These test runs
were conducted on a cluster of Sun Ultra 10/60 workstations of 384 MB memory
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each with a time limit of 300 seconds per problem and strategy and took about
two months. Using the data from these runs we generated a set of schedules for
the different syntactic problem classes. After having configured e-SETHEO with
these schedules, we ran e-SETHEO on the TPTP v2.2.0 again, with 1 processor,
and 300 seconds resources. The results of these tests are shown in the Table
below. A detailed description of the experiments can be found in [4] and [5].

Problem Class
problems

in
class

# solved
by some
strategy

# solved
by best
strategy

# solved
by

schedule

strategies
in

schedule
Groundable 753 685 410 682 4
Unit Equality 446 365 330 341 5
Pure Equality 132 96 85 93 6
Horn w. Equality 226 183 175 183 3
Horn w/o Equality 373 293 275 291 3
non-Horn w/o Eq. (large) 268 98 74 96 6
non-Horn w/o Eq. (small) 266 227 191 227 6
non-Horn w. Eq. (large) 841 140 78 132 9
non-Horn w. Eq. (small) 699 445 317 416 12
TOTAL 4004 2532 2201 2461 -

5 Test Set Extraction
The applicability of the system described in the previous sections strongly de-
pends on the amount of time required to configure the prover. Given an applica-
tion environment, training the prover system on the entire domain does not make
sense, or even more probably, is not possible. So, it is necessary to minimize the
training period as much as possible while maintaining a sufficient overall perfor-
mance of the final system. We decided to try a simple randomized approach to
this problem: Using the given categorization of problems into problem classes,
we randomly selected subsets of varying sizes of each class and used these subsets
for configuring our prover system in the way specified in the previous sections.
We tested the validity of this approach by doing the following for each problem
class: We extracted random subsets consisting of 10, 20, 30, 50 and 75% of the
problems in the problem class, generated and optimized a schedule for each such
subset, and finally tested the performance of all schedules on the entire problem
class. This entire process was repeated 10 times and the results were compared
with our optimized schedules based on the entire TPTP library. The results for
the class of groundable problems and for the class of non-Horn problems with
equality given in a short formula are depicted in the Figure below.

The diagrams contain three curves. The upper/lower dashed curve indicates
the performance of the best/worst of the 10 schedules, and the solid curve de-
scribes the median element in each schedule set. It becomes apparent from the
data displayed in the Figure that the problem classes differ in the homogeneity
of their problems with respect to search space behaviour. The Figure shows the
performance of schedules depending on the size of the training sets for a homo-
geneous and a non-homogeneous formula class. While for the class of groundable
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problems a test set of 10% is enough to obtain 98% of the performance of the
schedule based on the full problem domain (with the best of the 10 schedules),
for the other class (small non-Horn w. eq.) to achieve those 98% performance
the test set has to comprise 30% of the problem domain.

6 Assessment
The search procedures of ATP systems are not generic enough to be applied
to new problems without modification. Therefore we consider the adaption of
the prover system to the problem domain a basic necessity. Due to the generic
nature of our tuning mechanism we are optimistic that we can adapt e-SETHEO
to perform well on even large arbitrary sets of application problems. A problem
that remains to be solved is the categorization of problems into problem classes.
Fixed problem classes have worked reasonably well in our given research context,
but still a more generic approach to the categorization problem should be in-
vestigated. There are large formula classes without an apparent inner structure
implied by syntactic characteristics. The categorization of problems according
to their syntax remains a reasonable idea but has to be supplemented by other
methods. One might use the existing knowledge about the problems in a given
class to make reasonable subdivisions. Future work is also required on the refi-
nement of the test set extraction. How can we determine what a representative
problem from a certain domain should look like? Such knowledge might reduce
the effort necessary to configure the prover system as well as help minimizing
the required test set size.
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